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Preface

To understand quantum mechanics one ought to see how this remarkable
world picture was discovered, and one must work through the details of
some nontrivial applications that show how the theory works. Most of us
also require a good deal of practice working physically interesting prob-
lems. My approach in this book, that grew out of a heavy but I hope
not impossibly hard one-year course, is to introduce the full details of
the theory as needed, so one can see specific and interesting applica-
tions, and to make room for this by dropping things like the analysis of
special functions that are not important for the chosen applications. My
hope is that this book will find a niche between introductory surveys,
that can give some idea of what is going on but may leave the reader
with the feeling that there are mysterious corners to the theory, and the
standard treatises, which contain more than most of us want to know
about quantum mechanics.

My arrangement of material roughly follows standard precedents,
but with some exceptions that should be explained. The first chapter
presents the origins of quantum mechanics in the usual pseudohistor-
ical style of physics. It is important to convince the reader that the
theory was not derived from measurements, nor discovered by a single
theoretical stroke, but instead grew by a complicated interplay of ex-
perimental hints, theoretical insights, and good luck, intermingled with
many wrong turns. An adequate study of this development would take a
whole course; the survey presented here is misleading because it ignores
the wrong turns, and incorrect because it doesn’t even present the main
advances in the right order, but there is not time to do better. Instead,
I attempt to give some flavor of what went on by presenting a set of
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examples of physics that are well worth knowing independent of their
historical interest. Here, and throughout the book, sections marked by
an asterisk contain material I do not always include in the course for
lack of time. For example, I like the treatment of phonons in section 12¢
as an introduction to the eigenvalue problem, but usually conclude that
it takes more time than I can afford.

I hope the introductory chapter shows how people could have hit
on wave mechanics, if not how it really happened. Chapter 2 develops
the wave mechanics formalism. The emphasis here is on symmetries and
conservation laws: parity, linear and angular momentum, and the elec-
tromagnetic interaction. The only specific physical application is the
completion of the study of an isolated hydrogen atom, with some dis-
cussion of the motion of a particle in a magnetic field. This is a little
dry, but of course it is needed if one is to do grown-up quantum me-
chanics, and I think the symmetry methods are clarified by presenting
the standard cases all in the same chapter.

The formal development could end here, but I find it more satisfy-
ing, and not a lot more time consuming, to redevelop the theory in the
abstract Dirac bracket formalism. It is fairly easy, and I think fascinat-
ing, to see how wave mechanics follows from the position representation
and the canonical commutation relations. The main new application in
this chapter is the treatment of spin.

At this point, which is about midway in the course, one is ready to
practice quantum mechanics by applying it to real physical problems,
but I think it is good to pause and consider measurement theory. Since
this undoubtedly is part of the physics, it is striking to see how little
space is devoted to it in many of the standard books (with notable excep-
tions, including David Bohm’s Quantum Theory, and some more recent
books such as Hans Ohanian’s Principles of Quantum Mechanics). One
reason is easy to see: a physicist can spend a career working on quantum
mechanics without thinking about measurement theory beyond the bare
prescription that can be written down in a few paragraphs. Another
likely reason is that the attempt to decide what the measurement pre-
scription really is telling us about the deeper nature of physical reality
is a slippery business that so far has led to no fully satisfying conclu-
sion. But much the same is true of any open research problem, and a
discussion of open questions in the measurement puzzle may be a useful
antidote to our tendency in physics textbooks to gloss over complexities.
There is considerably more material on measurement theory in chapter 4
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than I ever got through in the lectures, but I hope the notes may grab
the imagination.

The next three chapters present a selection of the usual applications
drawn from perturbation theory, atomic and molecular structure, and
scattering theory. The particular choice of applications is less important
than that one has a chance to see in detail how the computations go.
The main topic in perturbation theory is the energy and spontaneous
decay rate of the 21 cm hyperfine line in atomic hydrogen. I like this
problem because it requires grown-up computations that can be pre-
sented in a reasonably short space. Chapter 6 presents some examples
from atomic and molecular structure. I go somewhat further into atomic
structure than is standard in books at this level, because the rich physics
of atoms offers interesting and not overwhelmingly complicated compu-
tations. Chapter 7 presents some basic methods in scattering theory. I
simplify the partial wave analysis by concentrating on s-wave scattering;
this allows an easy treatment of interesting effects such as resonances
and absorption.

I have placed more emphasis than is usual in a textbook on numerical
quantities and order of magnitude estimates. People looking into physics
for the first time tend not to like this part of the subject, but since it is
an essential part of the game one does well to get used to it as early as
possible.

I have not followed the movement toward the adoption of a stan-
dardized set of scientific units. The purpose is laudable: if we all used
the same units it surely would aid communication with colleagues in
different disciplines and subdisciplines. But the first imperative is to
communicate with people working in the same field, and since progress
toward adoption of fully rationalized units has not been rapid I have felt
free to adopt the units I suspect most of us feel comfortable with in this
subject. These include Gaussian cgs units for electromagnetism and the
usual heterogeneous set of units for length, frequency, and energy.

I should also warn the reader that this book is not the place to find
mathematically complete discussions. Some theorems are hinted at, but
none of any substance is proved, and I have not even been careful to
state the conditions under which theorems apply. This is a shortcoming,
but I hope not one that will interfere with the communication of the
physical ideas.

I have associated a few ideas with prominent physicists, but have
made no attempt to identify these people or otherwise systematically to
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trace the history of ideas in quantum physics. However, if this book is
successful it gives the basic physics needed to understand articles on the
history of quantum mechanics, as well as a good start on the enormous
variety of modern applications.

This book is the final form of the lecture notes I have distributed to
the students in the quantum mechanics course I taught off and on for the
last twenty years at Princeton University. Early generations of students
suffered through handwritten and usually hard to read Ditto copies of
the equations. The notes evolved into a printed version because I learned
the word processing language TEX (and probably also because I did not
anticipate how long it would take to add the words to the equations).
I am grateful to the students and graders for their input; they made
a considerable contribution to whatever merits this book may have. I
particularly thank David Reiley for a thorough reading of the semifinal
draft, and Jim Hartle and David Eichler for discussions of measurement
theory.

It goes without saying, but nonetheless ought to be said, that the
provenance of many of the problems in this book is only vaguely known
to me. I made up some, others were adapted from the Princeton grad-
uate general exams, and the rest were suggested by colleagues. Many
problems, as well as my understanding of this subject, trace back to the
people who taught me quantum mechanics: Sam Neamton at the Uni-
versity of Manitoba; Murph Goldberger at Princeton; and my professor
of continuing education, Bob Dicke.
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CHAPTER 1

HISTORICAL DEVELOPMENT

The story of how people hit on the highly nonintuitive world picture
of quantum mechanics, in which the physical state of a system is rep-
resented by an element in an abstract linear space and its observable
properties by operators in the space, is fascinating and exceedingly com-
plicated. The theory could not have been deduced from experiment, for
the elements of the linear space are in principle not observable. It is also
true that the theory did not arise from one person's great insight, as
happened in Einstein’s discovery of general relativity theory. The much
greater change from the classical world picture of Newtonian mechanics
and general relativity to the quantum world picture came in many steps
taken by many people, often against the better judgment of participants.

The goal of this chapter is to show how classical physicists could
have hit on wave mechanics. The strategy is to select topics that still
are (or ought to be) part of the fundamental lore of any modern physicist.
There are three major elements in the story. The first is the experimental
evidence that the energy of an isolated system can only assume special
discrete or quantized values. The second is the idea that the energy
is proportional to the frequency of a wave function associated with the
system. (This is the famous de Broglie relation £ = hv, for energy E and
frequency ). The third is the connection between the de Broglie relation
and energy quantization through the mathematical result that a wave
equation with fixed boundary conditions allows only discrete quantized
values of the frequency of oscillation of the wave function (as in the
fundamental and harmonics of the vibration of a violin string). Some
substantial computations are presented in this chapter, but the physics
is introduced piecemeal, as needed. The principles of wave mechanics are
collected in the next chapter, and are generalized to an abstract linear
space in chapter 3.
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1  Energy Quantization and Heat Capacities

The Boltzmann Distribution

Consider an object—an atom, molecule, rock—in a mechanically stable
state and well isolated from its surroundings. In classical or quantum
theory the object has a definite energy, E, that is conserved. Also, if
the object consists of several weakly coupled parts E is the sum of the
energies of the parts. In classical mechanics, E can assume any value
from some minimum to the maximum allowed by stability. In quantum
theory the possible values of the energy are discrete, or quantized,

E=E;, i=0,1,2,..., (1.1)

with Ey the ground state energy, E; the energy in the first excited state,
and so on. This remarkable quantization concept first appeared in 1900,
in Planck’s derivation of the blackbody radiation spectrum, as described
in section 2. We will consider first the relevance of energy quantization
to heat capacities of material objects, because the analysis is a little less
lengthy.

To describe what happens when an object is heated to a given tem-
perature 7', let us imagine we have a statistical ensemble of M > 1 me-
chanically identical copies of the object, each of which has been placed in
contact with a heat reservoir at temperature 7', allowed to come to equi-
librium, and then isolated. The reservoir is a macroscopic body much
larger than the object. The ensemble might literally be a collection of
objects, such as a large number of nearly free atoms, or we can think of
the ensemble as representing one almost isolated object that is sampled
at widely separated times.

The accidents of interaction of each object with the enormous num-
ber of atoms in the reservoir determine the probability distribution of
final energies of the objects in the ensemble. Let N; be the number of
the M objects that are found to be in the i*" energy level. Then in the
limit M — oo the probability of finding that a randomly chosen object
from the ensemble is in level i is defined to

P, = N;/M. (1.2)

The value of M is required to suppress sampling fluctuations. If the
ensemble represents one object sampled at many different times, P; is
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the probability that the object observed at a randomly chosen time is
found to be in level i.

It will be assumed that the probability P; in equation (1.2) depends
only on the temperature 7' of the reservoir and on the energy E; of
the object (or more generally on the conserved quantities, which could
include particle number), so at fixed temperature T the probability P;
is some function of energy,

P, = F(E;). (1.3)

This assumption is justified below, in section 26 on measurement theory.
For now the problem is to find the function F(E;).

Suppose the object consists of two weakly interacting parts, 1 and
2, so the allowed values of the energy of the object are of the form

E;=E! +E}, (1.4)

for all combinations a, b of energy levels E} of part 1 and E} of part 2.
The probability that part 1 is found to have energy E} is P} = F(E}),
and part 2 has energy E}? with probability P? = F(EZ). Since the two
parts are not interacting, the probability that one part has a given energy
cannot depend on what the energy of the other part happens to be,
that is, the parts are statistically independent. Since probabilities for
independent events multiply, the probability that the object that consists
of the two parts is in the energy level E; in equation (1.4) is

P, = P}P2. (1.5)
By equation (1.3) this is
F(E} + E?) = F(E})F(E?). (1.6)

Since this equation is supposed to hold whatever the energies, we can
write it as
F(E, + Ey) = F(Ea)F(Ea), (L.7)

for any values of E, and Ej.

If it is not obvious that the solution to the functional equation (1.7)
is an exponential, take the logarithm and differentiate with respect to
Ea or Eg,:

1 dF 1 dF 1 dF

d
a5, 8 'B) = FEydE = F(B,) dE, ~ F(Ew) dBs

dE,

-3, (1.8)
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where E = E, + F3. Here and always the natural logarithm is written
as log F. The first step follows from the chain rule in calculus. The
second step follows from equation (1.7), and the third step follows by
differentiating with respect to F, instead of E,. The final step is to
define the expression to be equal to the negative of 3, the minus sign
being chosen to make the solution (eq. [1.9]) look sensible.

We see from the third part of equation (1.8) that 3 cannot depend
on Ey, and from the fourth part that it cannot depend on E,. That
means [ is a constant. The solution to equation (1.8) therefore is

P=F(E) x e PE. (1.9)

With S positive, the probability P in equations (1.3) and (1.9) ap-
proaches zero at £ — oo, as is reasonable.
We will define the temperature T of the reservoir by the equation

== (1.10)

where Boltzmann’s constant is
k=1.38x10""®ergdeg™!, (1.11)

and the temperature is measured in degrees Kelvin. (Recall that zero
degrees Centigrade is 273° K.) This has the reasonable feature that the
higher the temperature the higher the probable values of the energy.
Equation (1.10) is equivalent to the more formal definition of tempera-
ture in statistical mechanics.
The definition of temperature in equation (1.10) brings equation
(1.9) to
P x e B/*T, (1.12)

This is the Boltzmann probability distribution for the energy E of an
object prepared by allowing it to relax to thermal equilibrium with a
heat reservoir at temperature 7.

The normalization condition on the Boltzmann distribution is that
the probabilities summed over all possible values of the energy have to
add to unity:

Y B=1 (1.13)
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A useful symbol for expressing the normalization is the partition func-
tion,
Z=y gty /R (1.14)
i i

in terms of which the form of the normalized Boltzmann distribution is

e—Ei/kT

Pi=—frn. (1.15)

The mean thermal energy of the object is the result of averaging
the energies across the ensemble. Thus, if V; of the M objects in the
ensemble have energy E;, the arithmetic mean value or expectation value
of the energies of the objects is

o D2 EiNg
(B) =U = =i, (1.16)
With P; = N;/M (eq. [1.2]), the average is
U=) EP. (1.17)

For the Boltzmann distribution (1.15), this is

_ Z Eie_'BE"

where (8 always means 1/kT (eq. [1.10]). Finally, using the partition
function (1.14), we can write this expression for the average energy in
the handy form

d
U= —Elogz. (1.19)

Here and always log means the natural logarithm.
The Thermal Energy of a Simple Harmonic Oscillator

The Hamiltonian (the expression for the total energy) of a one-
dimensional simple harmonic oscillator with displacement variable z(t)
is

- 2m 2 (1.20)
w = 2rv = (K/m)'/2.
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The momentum is p = m& = mdz/dt, with m the mass, so the kinetic
energy is p?/2m. The spring constant is K, and the potential energy is
Kx?%/2. As is readily checked, the natural frequency of the oscillator is
w = (K/m)'/? (units of radians per second) or v = w/(27) (units of
cycles per second = Hertz).

As discussed in the next section and in section 37, an electromag-
netic radiation field can be described as a set of simple harmonic oscil-
lators, one for each mode of oscillation. In working through the theory
of thermal blackbody radiation, Planck introduced the constraint, as an
intermediate step in the calculation, that the energy of each oscillator is
only allowed to assume the discrete values

E, = nhv = nhw, n=0,1,2,.... (1.21)

(We will use h and h = h/2m, as convenient.) Planck’s sensible plan was
to take the limit h — 0 at the end of the calculation, but he noticed that
the predicted blackbody spectrum would agree with the measurements
if instead he took h to be a nonzero constant,

h= % = 1.05457 x 10~ %" ergs. (1.22)

The value quoted here is the modern result. The only other improvement
to the energy spectrum (allowed values of the energy) of a simple har-
monic oscillator is to replace the integers n with n + 1/2. The additive
constant of course does not affect a heat capacity (which is the rate of
change of mean energy with temperature).

Einstein proposed that Planck’s quantization rule might apply to
a material oscillator such as an atom oscillating about its equilibrium
position in a solid. Let us see how that would affect the heat capacity.

With Planck’s quantization rule (1.21), the partition function (eq.
[1.14]) for a one-dimensional simple harmonic oscillator is

Z = ie—nhv/k’r’ = ZAH., (123)
0

with A = e~ "/kT = ¢=Bhv The trick for evaluating this sum is to note
that we can write it

Z=1+A+A%24+A%3+...
=14+A1+A+ A%+ ] (1.24)
=1+ AZ.
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Thus we see that the sum is

1 1 1

Z={CA~ 1=ePw = [t g
Equation (1.19) gives the mean thermal energy,
U= . log(1 — e Phv). (1.26)
dp
On differentiating this expression out we get
U= e""’/}’:—i—l' (1.27)

This is the wanted expression for the mean thermal energy of a one-
dimensional simple harmonic oscillator with natural frequency v at tem-
perature T'.

The classical limit is obtained at high temperature, kT > hr. When
hv/kT is small, the Taylor series expansion of the exponential in equa-
tion (1.27), keeping only the first nontrivial term, is

MIRT 1 4 h_”

= (1.28)

This brings equation (1.27) to
U = kT. (1.29)

The heat capacity in this limit is C = dU/dT = k. This is a special case
of the classical energy equipartition theorem. The theorem says that for
every quadratic term in position or momentum in the Hamiltonian there
is a contribution kT/2 to the mean thermal energy of the system. There
are two quadratic terms in equation (1.20), giving a net value of kT,
which checks equation (1.29). Of course, a reasonable quantum theory
must agree with classical physics in the high energy limit where we know
classical physics works.

In the opposite low temperature limit, k7" < hv, the mean energy
in equation (1.27) is suppressed by the exponential in the denominator,
as is the heat capacity. That is, Planck’s energy quantization assump-
tion in equation (1.21) leads to a characteristic temperature T, = hv/k
for an oscillator with natural frequency v. If the temperature is much
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larger than T, the energy quantization is scarcely noticeable, and we see
classical behavior. If the temperature is well below T, the situation is
decidedly nonclassical: the oscillator is forced to the ground state that
has the minimum allowed value of the energy. As discussed next, a sim-
ilar effect applies to the kinetic energy of tumbling of a molecule in a
gas.

Heat Capacity of Molecular Hydrogen

From the energy equipartition theorem of classical statistical mechanics
we would have expected that the mean thermal energy of a gas of N
hydrogen molecules is

1

U =§N kT[3 (for the kinetic energy of translation in 3 dimensions)
+ 2 (for rotation of the axis in two directions)
+ 2 (for vibration along the axis)

+ 1 (for rotation about the axis)],

(1.30)
plus maybe more for vibrations of the internal structures of the individ-
ual atoms.

At T < 100K the measured heat capacity is dU/dT ~ 3Nk/2, so
the hydrogen molecules act like a gas of pointlike particles, the only
energy being the kinetic energy of translation. Following the discussion
of the simple harmonic oscillator, we conclude that the energy levels
corresponding to the kinetic energy of translation are close together
compared to kT at T ~ 100 K, so classical energy equipartion applies to
the motions of the molecules, and that the energy levels corresponding to
the other modes of motion in equation (1.30) are more broadly separated,
so these modes are not appreciably excited at 7' ~ 100 K.

At T ~ 200 to 400K the heat capacity of molecular hydrogen gas
is close to dU/dT ~ 5Nk/2, which is that of a classical gas of rigid
dumbbells (the first two lines of eq. [1.30]). This means the energy of
the first rotationally excited state of the molecule exceeds that of the
ground state by the amount

Ey - Eo~kTg,  Tg~200K. (1.31)
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The allowed values of angular momentum in quantum mechanics will
be computed in section 17. A useful order of magnitude approximation
is Bohr’s assumption, that the rotationally excited states are spaced at
increments of angular momentum equal to k. (This is discussed in section
4 below.) Let us check that these numbers make sense.

If the hydrogen molecule has angular momentum # in the first ro-
tationally excited state, and the moment of inertia of the molecule is I,
then the kinetic energy of rotation in this state is

B2
Ur = 27 ™ kTg, (1.32)
with Tr ~ 200K. The first equation is the classical expression for kinetic
energy of rotation. The second equation with equation (1.11) for k and
(1.22) for h gives I ~ 2x 10~*! gcm?. We are only interested in checking
the orders of magnitude, so let us approximate the moment of inertia of
the molecule as I ~ m,r?, where

mp = 1.67 x 10724 g (1.33)

is the proton mass and r is the separation of the two protons in the
molecule. That gives 7 ~ 3 x 107% cm = 0.3 A. The size of a hydrogen
atom is set by the Bohr radius (eq. [4.9] below). Our result is about half
a Bohr radius, reasonably close considering the rough approximations.

At T ~ 2000 K the heat capacity approaches that of a classical gas
of dumbbells each of which can vibrate in length. This means the first
vibrationally excited state of the molecule has energy roughly an order
of magnitude above the first rotationally excited state. At T ~ 3000 K
the gas dissociates into atomic hydrogen.

Einstein and Debye Solids

A solid stores energy in the vibrations of the atoms about their equilib-
rium positions. In the simplest approximation, which Einstein consid-
ered, each atom vibrates with the same frequency, v, in each of three
dimensions, so a solid containing N atoms can be thought of as 3N one-
dimensional simple harmonic oscillators. The thermal energy of the solid
is then, by equation (1.27),

3Nhv

b= ehv/kT _ 1"

(1.34)
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The high temperature limit is U = 3NkT, as in equations (1.28) and
(1.29), so the heat capacity at high temperature is the classical energy
equipartition expression

ou

C = T - 3Nk. (1.35)
By 1900 it was known that equation (1.35) is a good approximation to
the heat capacities of solids at room temperature (this is the empirical
law of Dulong and Petit), but Nernst had found that the heat capacity
drops well below this value at low temperature, approaching zero at
T — 0. Einstein (1907) showed how the energy quantization assumption
allows us to understand the decrease of heat capacity at low temperature:
the heat capacity in equation (1.34) is strongly suppressed at T < hv/k.

Though the Einstein model gives the right qualitative picture, it
says the heat capacity goes to zero at low temperature much faster than
the measurements. It is easy to see why. When an atom moves it can
bring its neighbors with it. This lowers the restoring force, which greatly
lowers the frequency. That is, a solid acts like a collection of oscillators
with a wide range of different frequencies. The lower frequency modes
of oscillation are thermally excited at lower temperatures, so the heat
capacity varies more slowly with temperature than it would if all the
frequencies were the same. The Debye model to be discussed next ap-
proximates the low frequency modes of vibration of the solid as sound or
pressure waves. The computation is lengthy but worth knowing, because
it is used not only here but in the theory of blackbody radiation (section
2) and radiative transitions (section 37).

The low frequency modes that can be excited at low temperatures
have long wavelengths and so are not much affected by the fact that the
mass is in discrete lumps, in the atoms. For these long wavelength modes
it is a good approximation to treat the solid as a continuous fluid, with
smoothly varying mass density p(r,t) and velocity v(r,t).

The mass and velocity functions obey two equations that express
mass conservation and momentum conservation. The former is

%tg+v-pv =0, (1.36)
while Newton’s law F = ma generalizes for a fluid to
s +(v-V)v=-VP/p. (1.37)

ot
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The pressure is P, and —VP is the pressure force per unit volume.
This force per unit volume divided by the mass per unit volume is the
acceleration of a given fluid element. On the left-hand side of equation
(1.37), Ov /0t is the rate of change of the fluid velocity at a fixed point,
and the second term converts this to the rate of change of velocity of a
fixed fluid element. This combination is called the convective derivative.
We see the same combination in the mass conservation equation (1.36)
if we rewrite it as

%J,v.vp:_pv.v. (1.38)

Gauss’s law can be used to rewrite the mass conservation equation

M d _ ap _ _
=—fd;4n-pv.

The last integral is over a fixed surface that contains mass M. The last
line says the time rate of change of M is fixed by the surface integral of
the mass flux,
F = pv, (1.40)
which is the rate at which mass is flowing through the surface.
We are interested in low amplitude vibrations, for which v is small
and p close to homogeneous, so we will write the mass density as

,O(I‘, t) = pg(l + 6(1'1 t)): (1-41}
where p, is the constant mean value, and keep only terms of first order

in the perturbations § or v. In this approximation, we can write the
pressure as

P=P(p)=P,+c3p,6, =—. (1.42)

As indicated, we are assuming the pressure P is a single valued function
of density alone. The function has been expanded in a Taylor series,
keeping only the constant part at 6 = 0 and the first order correction.
In this order in perturbation theory, where we drop terms of order §2,
vé, and v?, equations (1.37) and (1.38) become

e O -,
gj (1.43)
— = —c2Vs.
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We can eliminate the velocity by taking the time derivative of the first
equation and the divergence of the second, and exchanging order of
differentiation. The result is
926
o = c2V28. (1.44)
To see why equation (1.44) is called a wave equation note that, as
is readily checked, a solution is

8 = F(z — cyt), (1.45)

where F is a differentiable function of the single variable w = x—¢,t, and
z is the position along the z axis in a cartesian coordinate system. This
solution represents a pressure wave moving without change of shape at
the speed of sound, ¢,, in the z direction.

The allowed frequencies of sound waves in an isolated solid depend
on its shape. To simplify things, let us consider a cube of the solid
with volume V, side L = V''/3, The surface will be assumed to be free,
meaning that the pressure at the surface vanishes. Therefore the constant
P, in equation (1.42) has to vanish, and é has to vanish at the surface. A
set of solutions of the wave equation that satisfy this boundary condition
is

6 = Acos(wt — ¢) sin(kzz) sin(k,y) sin(k. z), (1.46)

where A and ¢ are constants. This function satisfies the wave equation
(1.44) if the frequency w satisfies the relation

w=kes, K =kI+ki+kL (1.47)

To assign the boundary condition é§ = 0, equation (1.46) places the sides
ofthecubeat z=0andz=L;y=0andy=L;and 2=0and z = L.
Then we satisfy the boundary conditions if the constants k., k,, and
k. are chosen so k. L, kyL, and k.L are integer multiples of 7. We will
write these conditions as

kuLo=igm, R I S (1.48)

where the index a = 1,2,3 refers to the z, y, and z components. (A
word about notation: a vector may be specified by a boldface symbol,
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as r, or by its components, as r = (z,y, z), or by the index notation r,
with ry =z, ro =y, and r3 = 2.)

Equations (1.46) to (1.48) describe the normal modes of pressure
oscillations of the solid in the fluid model, which we have noted is a good
approximation at low temperatures where only the low frequency long
wavelength modes are excited. (In a normal mode each mass element
vibrates with the same frequency, as in eq. [1.46]. The word normal
refers to the orthogonality relations discussed in section 12.) Since each
mode behaves as a simple harmonic oscillator, we will follow Planck
and Einstein in assuming that the allowed values of the energy of each
mode are quantized, E = hrv = hw, where w is the classical frequency
of vibration of the mode (eq. [1.21]). (This assumption is justified in
section 12 below.) Then at temperature 7' the mean thermal energy of
the solid is given by equation (1.27):

fiwn
U=} gapr—7 W4

N =20

The sum is over the triplets of nonnegative integers, with w, given by
equations (1.47) and (1.48),

e
Wy = Ts(nﬁ +nZ +n2)l/2, (1.50)

The sum in equation (1.49) can be approximated by an integral, as
follows. Let us write the change in k, in equation (1.48) when n, is
incremented by unity, to n, + 1, as

(1.51)

Z:%ZAkc,N%/Dmdka. (1.52)

The last step is a good approximation if the temperature is not exceed-
ingly low, so that the sum extends to large n, before the exponential
in the denominator in equation (1.49) becomes large. In this case the
fractional increment in k. on each increment of n, is small, so the sum
is well approximated as an integral.
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In three dimensions, equation (1.52) generalizes to

L3/ 3 (
= — d’k. 1.53
Z 73 ko>0 )

At this point it is convenient to introduce new and even simpler
boundary conditions. If the thermal energy is dominated by modes with
wavelengths much shorter than the size of the solid, the heat capacity
cannot depend on the shape of the object—we just have to specify some
shape in order to fix definite boundary conditions for the wave equation.
Mathematically convenient boundary conditions are that the solid fills
a space periodic in a cube of width L, volume V = L3, so the point
(z,y, z) is the same as the point (z + L,y, z) and so on for the other
three directions. We can write solutions to the wave equation that satisfy
these periodic boundary conditions as the real part of

Sox kTt = ke, (1.54)

The periodic boundary condition is that § cannot change if x is shifted
to z + L, so the propagation vector k has to satisfy

- o BB (1.55)

y i3 or 7

Here n means the triplet of integers n, of either sign,
ne =0,4+1,4+2,.... (1.56)

Note that in the standing wave solution in equation (1.46) negative
and positive integers (which means negative and positive k,) are phys-
ically equivalent, the only difference being a change of sign which can
be absorbed in the phase ¢. Equation (1.54) represents a running wave,
so a change of sign of n, means a change in the direction the wave is
running, which is a physical difference. Thus here we must sum over
all eight octants of n, while the sum in equation (1.53) is over the first
octant only. A second difference is that here the increment in &, for a
unit increment of n, is, by equation (1.55),

2m
Ak, = — 1.
ke It (1.57)
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twice the value in equation (1.51). Thus with periodic boundary condi-
tions the sum over modes is approximated as the integral

3= %f:ﬁk (1.58)

The integral is over all octants, 8 times the volume of the integral over
the first octant in equation (1.53). This cancels the extra factor 23 in
the denominator in equation (1.58).

Collecting equations (1.49) and (1.58), we see that the thermal en-
ergy of the solid is

V. [ hw
U= (Msfd T (1.59)

Because of the appearance of the factor V' from the conversion of the
sum to an integral, this equation says the energy per unit volume, U/V/,
is independent of the volume of the solid, which makes sense.

Since the integrand in equation (1.59) depends only on the magni-
tude of k, we can write the volume element as d°k = 4wk?dk. Then with
w = ke, (eq. [1.54]) and the change of variables

y= kT’ {160)

(and taking care not to confuse Boltzmann’s constant and the magnitude
of the propagation vector) we get

_ VED)* [ yidy
U= 212(?163)3]0 S (1.61)

The dimensionless integral is

oo ,3 4
ydy _
| oo (162)

The final step is to note that energy can be stored also in shear
waves, of which there are two for every pressure wave (shear in the
two orthogonal directions perpendicular to the propagation vector k),
so we should multiply U by three and replace ¢; with a mean velocity ¢,
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suitably averaged over pressure and shear modes. This gives the Debye
equation,

(5]

_ =2 (kT)
710 (he,)?

=

U
7 (1.63)
It will be recalled that this equation applies at low temperature where
only long wavelength modes are excited. It gives a good approximation
to the low temperature heat capacity of many solids. In others there
are significant additional contributions, such as from thermal motions of
electrons.

2  Blackbody Radiation

What Was Known in 1900

Consider a black cavity with walls at temperature 7' and a small hole
to let us sample the radiation it contains. “Black” means that any light
that enters the hole from outside is absorbed; any radiation coming out
was emitted by the walls. At thermal equilibrium, the radiation energy
with frequency in the range w to w + dw found in the volume element
dV in the cavity is

du = u,dVdw. (2.1)

As indicated, the energy has to be proportional to the size dV of the
volume element and to the bandwidth dw. The constant of proportion-
ality, u,, is the spectral energy density, the energy per unit volume and
unit bandwidth.

The second law of thermodynamics says u,, can only depend on w
and on the wall temperature, T, independent of the nature of the wall.
For we can imagine connecting two cavities made of different materials
at the same temperature by a light pipe that passes only frequencies in
the range w to w + dw. If the radiation energy densities were different
in the two cavities, we would find that heat is moving spontaneously
from one reservoir to another at the same temperature, which alas is
forbidden by the second law.

The net energy density is

u = /:J Uydw = aT. (2.2)
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This 7% law was found empirically by Stefan (1879) and derived (apart
from the value of Stefan’s constant, a) by Boltzmann (1884) from ther-
modynamics.

A Quick Review of Electromagnetism

As a first step in the derivation of wu,,, let us write down Maxwell’s equa-
tions. We will use Gaussian cgs units, where the electric and magnetic
fields satisfy

V'E=47Tp} V-B:O‘

10B
VXE+E_(§?_'O’ (2.3)
10E 4dn
VxB—-—-—=—].
% c Ot ot

The charge density is p, and the charge conservation equation is

dp -
7 HVi=0, (2.4)

where j is the current density. This can be compared to equation (1.36)
for mass conservation. The force on a charge ¢ moving at velocity v is

F=¢g(E+vxB/e). (2.5)
The charge is measured in electrostatic units, where the static electric
field at position r relative to a point charge g is

gr
The electric and magnetic fields have the same units; for B the unit is
called a Gauss. The velocity of light is c.

To get the electromagnetic wave equation we need the identity
Ax(BxC)=B(A-C)-C(A-B). (2.7)

This also applies to the gradient operator and a vector function of posi-
tion, as long as we are careful not to change the order of differentiation.
Thus we find from equation (2.7)

V x(VxE)=V(V-E)-V2E. (2.8)
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In a pure radiation field there are no charges or currents: p = 0 and
j = 0. In this case the result of taking the curl of the third of Maxwell’s
equations (2.3), applying the identity (2.8), and then simplifying with
the help of the other Maxwell equations is
O’E
= *V2E. (2.9)
This is a wave equation for each component of the electric field, as in
equation (1.44).
Just as for sound waves in a solid (eq. [1.54]), we can write a complete
set of solutions to the vector wave equation (2.9) as the real part of

E =E, e*T¥¢, (2.10)

where E, is a complex constant vector. This expression in the wave
equation (2.9) gives the relation

w = ke. (2.11)

To describe radiation in a cavity, let us adopt the periodic boundary
conditions from the last section. Then the propagation vector k has to
satisfy (eq. [1.55])

ko = 2mn4/L, T =0, L1200 (2.12)

There also is a transversality condition: on substituting equation
(2.10) into the condition V - E = 0 in the absence of charges we get

k-E, =0. (2.13)

This says the electric field E has to be perpendicular to the direction k
of propagation of the wave.

It is left as an exercise to get the magnetic field B in terms of E,
and k.

The Planck Spectrum

Planck’s blackbody spectrum follows by the same procedure used in the
last section to find the low temperature heat capacity of a solid. The
increment of k, per unit increment of the integer n, is dko, = 2w/L
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(egs. [1.57], [2.12]), so the number of independent modes of oscillation
of the electromagnetic field with wave number k in the range d>k is

Vdk
(2m)*

This is a factor of two larger than in equation (1.58) because, by the
transversality condition (2.13), there are two independent (orthogonal)
directions for the electric field E for given k, so there are two independent
modes of oscillation for given k. Summing over directions gives d°k =
4wk?dk. Using k = w/c (eq. [2.11]), we find that the number of modes
with frequency between w and w + dw is

dN =2 (2.14)

Vw?dw
= e

(2.15)
On multiplying this by the mean energy per mode (eq. [1.27]), and di-
viding by the volume V', we arrive at the thermal energy per unit volume
and per unit frequency interval,

du 1 huw?

dw ~ W3 h/FT _ 1" (2.16)

Uy =
This is the Planck blackbody radiation spectrum.
In the classical limit, hw < kT, we have as before e™/kT ~ 1 4+
hw/kT (eq. [1.28]), so equation (2.16) becomes

kTw?

Planck’s constant does not appear in this Rayleigh-Jeans law, as ex-
pected because the equation can be derived from classical statistical
mechanics.

The net energy density is obtained by integrating equation (2.16)
over all frequencies. On changing variables to £ = hw/kT and using
equation (1.62) we get

U= /00 Uy dw = Tr—2 (kT)4. (2.18)
0

This is the Stefan-Boltzmann law. Using the measured values of Stefan's
constant a, the frequency at the peak of the spectrum (2.16) at a given
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temperature, and the velocity of light ¢, Planck could solve for Boltz-
mann’s constant & and h; both were within 2 percent of the modern
values.

Planck emphasized that, if his approach has any validity, i ought to
show up somewhere else in physics. Einstein gave the first two examples:
heat capacities, as discussed in the last section, and the photoelectric
effect to be discussed next.

3 Photons

Light shining on a metal knocks out electrons. Einstein (1905) proposed
an interpretation of this effect based on Planck’s prescription E = nhw
(eq. [1.21]) for the energy of an oscillator. Planck’s prescription indicates
that light can only transfer energy in discrete units—photons, or quanta
of the electromagnetic field—of amount Aw. If one of these units of energy
is given to an electron in a metal, then the electron ought to leave the
metal with energy

E < hw- o, (3.1)

where @ is the binding energy (the work required to pull an electron
out of the metal). The inequality takes account of the fact that the
electron may lose energy before reaching the surface. By 1917, Millikan
had found that there is a linear relation between the maximum energy of
the electrons released and the frequency of the incident light, consistent
with equation (3.1), and had found that the slope h of the relation agrees
with Planck’s value within the errors, again about 1 percent.

As discussed in chapter 8, the relativistic relation between the energy
E of a particle, its momentum p, and its rest mass m is

E2 = p2l22 + m2€4. (32)

If the energy in light acts as discrete units, photons, perhaps the photons
move as particles. Because these particles would have to move at the
velocity of light, their rest mass would have to vanish, m = 0. The
relativistic relation (3.2) indicates E = pe for massless particles. Thus a
photon with energy F = hw would be expected to have momentum

p=FE/c=hw/c. (3.3)
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Einstein was cautious about referring to the momentum of a photon;
that it really has momentum in agreement with this equation was made
clear by the Compton effect, that refers to the recoil of an electron that
scatters a photon, as follows.

Imagine a photon of energy pc and momentum p incident on an
electron of mass m that initially is at rest. The net energy and momen-
tum of the system are therefore E = pc + mc¢? and p. If the photon
scatters off the electron and leaves with momentum p’, then to conserve
momentum the electron must end up with momentum P = p — p’. The
final energy, which must be the same as the initial, is

E =pc+mc? =p'c+ [(p — p')2c + m2ct]M2, (3.4)

On subtracting p'e, squaring, and simplifying we get

, mep
=—: 3.5
# me+p—pcosf’ (5:9)
where 6 is the angle between p and p’.
Using equation (3.3), we can write equation (3.5) as a relation be-
tween the initial and final frequencies w and w’ of the photon,

1 h
i + W(l — cos#). (3.6)

Compton experimentally found this relation between the initial and final
frequencies and the scattering angle, §. This shows that light does scatter
like a gas of massless particles, photons, with the usual relation (3.2)
between energy and momentum.

4  Spectra and Energy Quantization of Atoms

The Combination Principle

A hot dilute gas of atoms or molecules emits light at sharply defined
frequencies, v;. The set of values of these frequencies for a given material
can be written as differences among a list of quantities called terms:

¥ =T, <TG, (4.1)
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This provides a handy way to record the frequencies, because a list of
terms gives a much longer list of term differences. But this combina-
tion principle also is telling us something about physics. If we multiply
equation (4.1) by Planck’s constant, we get

E; = hy; = h(T, — Tj). (4.2)

Since hy; is the energy of the photon produced by the atom, this equation
suggests the possible values of the energy of the atom are the discrete,
or quantized, quantities £, = hT,. The atom would produce a photon
with frequency »; when it makes a transition from the energy level o
to the level B in equation (4.2). This is yet another example of energy
quantization.

In atomic hydrogen, the terms have the particularly simple form

T, =Re/n®, n=123,..., (4.3)

where R is called the Rydberg constant. The frequencies corresponding
to transitions from term n > 2 to term n’ = 2 are the Balmer series,

1 1
v=Rc|-—-—={, 4.4
-] (.4)
with n = 3 giving the prominent red line seen in the spectrum of atomic
hydrogen. The next series to be discovered in atomic hydrogen were
the Paschen series n — n’ = 3, in the infrared, and the Lyman series,
n — n/ =1, in the ultraviolet.

The Bohr Model

Equation (4.3) is so simple it ought to be understandable. Bohr found the
first successful model. He started with the assumption that the angular
momentum, L, of the electron in orbit around the proton in a hydrogen
atom is quantized,

L = nh, n=123,.... (4.5)

The original reasons for this assumption, adduced by Bohr and Ehren-
fest, are not worth going into here.
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Following Bohr, let us imagine the electron with charge —e is moving
in a circular orbit of radius a at speed v around a fixed proton in a hy-
drogen atom. (The proton is fixed because it is much more massive than
the electron.) The proton has charge e. The balance of the electrostatic
force of attraction of the electron to the proton and the acceleration of
the electron moving in a circle is

L Ly (4.6)

where m is the mass of the electron. Bohr’s condition (4.5) says the
angular momentum of the electron

L = mav = nh, (4.7)

where n is a positive integer. The result of eliminating the velocity from
these equations is
a =n’a,, (4.8)

where the Bohr radius is

h? 0
@G =— = 5.3 x 107" cm. (4.9)

The energy of the electron is the sum of its kinetic and potential energies,

mv?  e? e? e‘m 1

b=~ e =T T L
where the last steps follow from equations (4.6), (4.8), and (4.9).

We have argued that the energy AE = E, — E, released in the
transition of an atom from level n to level »n’ is given to a photon with
frequency w = AE/h, so the frequencies of the radiation emitted by the
atom are predicted from equation (4.10) to be

4 1 1

With Planck’s value for i, Bohr found excellent agreement with the
measured frequencies in the spectrum of atomic hydrogen. This was
considered a great but certainly mysterious triumph.
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5 Matter Waves

The de Broglie Relations

Since light, which clearly exhibits the properties of a wave (interference
and all that), can also act like a gas of particles, as discussed in section
3, one might guess that material particles exhibit wave properties. The
connection between the energy and momentum of a particle like an elec-
tron and the frequency and wavelength of the wave associated with the
particle was introduced by de Broglie.

Let us begin with some definitions. Consider the plane wave function

P x e'®, ¢=k r—uwt (5.1)

The propagation vector in this function is k, the magnitude of k is the
wavenumber, and the angular frequency of the wave is w. An example
is the pressure wave discussed in section 1 (eq. [1.54]). We will assume
here that w depends on the magnitude of k alone; the function w = w(k)
is called the dispersion relation.

As indicated in figure 5.1, the positions r at which the phase ¢
at a fixed time t has a fixed value define a plane perpendicular to the
propagation vector k. (This is because a displacement of r in a direction
perpendicular to k does not change the value of k - r in eq. [5.1]). The
distance between planes with ¢ differing by 27 at a fixed instant of time
is the wavelength,

A= 2n/k. (5.2)

A surface of fixed phase advances along the direction of k at the phase
velocity,

vp = w/k, (5.3)

as one sees by considering the displacement 67 that would balance the
time shift é¢ to hold ¢ in equation (5.1) constant.

We saw in section 2 that the dispersion relation for a photon is w =
ke (eq. [2.11]). According to the Planck relation (1.21), the photon has
energy E = hw, and equation (3.3) says the photon has momentum p =
E/e = hw/c = hk. De Broglie proposed that electrons may exhibit the
same wave-particle duality with the same de Broglie relations between
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prom ¢

I/

A= 2T/k

Fig. 5.1 The propagation vector for a plane wave is k. The positions r that lie in a
plane of constant phase at a given instant of time satisfy r - k = constant. The plane
of constant phase is normal to the propagation vector k. Two planes of constant
phase with phase difference 27 are separated by the wavelength A = 27 /k.

energy and frequency, and momentum and propagation vector,

E = hw,
(5.4)
p = hk.
The wavelength (5.2) is then
A=2n/k =2nh/p=h/p. (5.5)

This is equivalent to the second of the de Broglie relations (5.4).

The de Broglie momentum relation offers a way to understand the
Bohr-Ehrenfest angular momentum condition in equation (4.5). Equa-
tion (4.6) refers to an electron moving around a circle of radius a. Imag-
ine the electron is represented by a wave with wavelength A = h/p (eq.
[5.5]) that runs around the circle. We want the wave to be continuous,
so there has to be an integral number, n, of wavelengths around the
circumference of the circle:

circumference = 2wa = n. (5.6)



28 Chapter 1

The de Broglie relation (5.5) thus says the angular momentum of the
particle is
L = ap = ah/A = nh/27 = nh. (5.7)

This is equation (4.5).
A nonrelativistic particle of mass m moving with momentum p has

kinetic energy E = p?/2m. Thus the dispersion relation derived from

the de Broglie relations (5.4) is

E hk?

i ey D 5.8
“TR T om (58]
The phase velocity (eq. [5.3]) in this case is v, = w/k = hk/2m = p/2m.
This differs from the usual relation between momentum and velocity by
a factor of two. However, as we will now discuss, that is because we need
another measure for the velocity.

Group Velocity of a Wave Packet

De Broglie assumed that the plane waves (5.1) can be superimposed
(added together) to get more general wave functions, of the form

(e, ) = f a3k f(i)ek T b, (5.9)

The factor f(k) is the weight assigned to each plane wave. With periodic
boundary conditions, the allowed values of k are discrete, as discussed in
section 1 (eq. [1.55]), so with periodic boundary conditions the integral
(5.9) would be replaced with a sum.

Now let us choose the function f(k) so ¢ is a wave packet, which
is to say v is fairly sharply peaked at one position. This is done by
taking f(k) to be bell-shaped, with its maximum at k = k,, having a
width Ak in all three directions, and with f rapidly approaching zero at
|k—kg| > Ak. To find the values of r and ¢ for which ¥ is large, consider
the phase

¢=k -r—w(k)t, (5.10)

in the exponential in the integral in equation (5.9). For most choices of
r and £, the phase ¢ varies rapidly as k varies over the range Ak around
k, where f is appreciably large. This variation of ¢ makes e'? oscillate,
and the oscillation makes the integral ¢ small. But if ¢ as a function
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Fig. 5.2 Behavior of e*®(%) near an extremum of the function @(k). The upper
curve shows the parabola ¢(k), in radians, as a function of wave number, k. The

bottom curve shows the real part of e"“’(k}, in arbitrary units. This function oscillates
rapidly except near the extremum of ¢(k).

of k happens to have an extremum at k = k,, the oscillation of e*¢
near k = k, is suppressed, because ¢ varies only slowly with k£ near the
extremum. This is illustrated in figure 5.2. When the oscillation of e®
is suppresed where f(k) is large, the integral % is large.

The condition for a large value of ¥(r,t) is then that ¢ have an
extremum at k ~ k,. This means the first derivative of ¢ vanishes at
k ~ k,. Since we want ¢ to be an extremum with respect to variations
of each component of k, large ¥ requires

%{k-r—w(k)t]zﬂ at k=Kk,. (5.11)
This is three equations, @ = 1,2,3 representing the three orthogonal
components of k. On differentiating out equation (5.11), we see that the
peak of ¥ is at

r = Vvgt, (5.12)
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where the group velocity is

Ow  dw Ok

YT Ok dk 0Ky

(5.13)

The result of differentiating the expression k? = ) k% with respect to
the component k, is

ok ka
—_—— .14
Okq k (6a4)
This brings the group velocity (5.13) to
dwk
Vg = EEE' (515)
with k = k,. The magnitude of this expression is
dw
'Ug = E. (516)

The speed of motion of a wave packet thus is determined by the disper-
sion relation w(k).
The group velocity (5.3) agrees with the phase velocity (5.16) if
w x k, as in a pressure or electromagnetic wave (eq. [1.54]). For the
nonrelativistic de Broglie dispersion relation in equation (5.8), the mag-
nitude of the group velocity is
dw hk p

T (5.17)

This is the usual relation between velocity and momentum.

6  Schrodinger’s Equation

Single-Particle Wave Equation

Schrodinger in 1926 wrote down the differential equation satisfied by
the matter wave associated with a nonrelatistic particle moving in a
potential well. He was guided by an analogy Hamilton had noted between
the motion of a particle in classical mechanics and the short wavelength
limit of the motion of a light wave in a medium with index of refraction
that is a function of position. There is another clue. As we have seen in
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sections 1 and 4, the allowed values of the energy of an isolated atom
are quantized. According to de Broglie’s relation E = hw (eq. [5.4]),
that means the matter wave associated with the atom can only oscillate
at discrete frequencies. One gets discrete frequencies from the solutions
to a wave equation with fixed boundary conditions, as we saw in the
normal mode analyses in sections 1 and 2 (eq. [1.50]). Thus a theory for
the discrete energies might be based on a wave equation.
By de Broglie’s relations, a wave with energy E oscillates with fre-
quency w = E/h,
P ox e, (6.1)

The wave function therefore satisfies the differential equation

. Oy
ih— = E1. 6.2
= By (62)
If the wave has momentum p, de Broglie's relations say it has wave
number k = p/h. That means the wave function varies with position as

P o eXT, (6.3)
as in equation (5.1). Equation (6.3) satisfies the relation
—ihVip = hk ¥ = peb. (6.4)

Applying this equation twice, and recalling that the kinetic energy is
E = p?/2m, one might guess that the wave equation for a free particle
with energy E would be

P Wi

Ey = —n—lf«'i = —%V . (6.5)
A particle in a potential well, such as an electron in a hydrogen

atom, has potential energy, V(r), as well as kinetic energy. Schrodinger

generalized the wave equation for the case of a particle with energy E

and potential energy V(r) by adding the potential energy to the kinetic

energy in equation (6.5), to get

h?
Ep = -~V + V(r)y, (6.6)
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This is Schrodinger’s equation for a single particle with definite energy
E.

The more general time-dependent Schrédinger equation is obtained
by eliminating E from equations (6.2) and (6.6), to get

=i

ih 3t

[-%vz + V(r}] V. (6.7)

We arrived at equation (6.7) from equations (6.2) and (6.5), in which
the system has a definite energy, E. We will assume that the more general
solutions to this equation, where 1 does not vary with time as e~*£¢/%,
also are allowed. (Thus has the interesting consequence, that Schrodinger
was reluctant to accept, that in states represented by such solutions the
system does not have a definite energy.)

It is customary to write equation (6.7) in the form

., O

1 _(?T — H’ﬂf’): (6‘8)

for the time-dependent case, and, when the energy is known to be E,
Hy = Ev. (6.9)

Here H is the derivative operator

#e i
H=——V"+V(r). (6.10)

In equation (6.9) it is understood that the wave function for the system
is of the form (r)e~*Ft/" where 1(r) is a time-independent solution
to equation (6.9). This requires that V' be a function of position alone;
when V varies with time energy is not conserved, and one must use the
more general equation (6.8).

The Schriodinger differential equation (6.8) has to be supplemented
with boundary conditions. For a bounded system like a hydrogen atom
it is reasonable to require that the ¢ wave be bounded too, that is, that
1 go to zero at large distance from the proton. This will be formalized
in section 8 in the condition that the wave function, %), for a physical
system be square integrable, that is, that the integral of |1|? over all
space be finite.
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The expression in equation (6.10) is called an operator, because it
yields a new function when applied to a given function, as in equa-
tion (6.6). The operator in equation (6.10) is called the Hamiltonian,
for reasons that will become clear in sections 14 and 19. Some other
jargon might be mentioned: equation (6.9) is called an eigenvalue equa-
tion; the solutions 1) that are square integrable are the eigenfunctions of
the operator H, and the constant F is the eigenvalue belonging to the
eigenfunction 1. The prefix “eigen” refers to the result that the energy
eigenvalues E for a bounded system are discrete.

Schrodinger’s guess has proved to be remarkably successful: equation
(6.8) still is the basic dynamical equation of quantum physics. Before
developing the formalism any further let us look at two applications: the
ground state energy of a hydrogen atom, to see that Schrodinger can
do as well as Bohr, and the energy levels of a one-dimensional simple
harmonic oscillator, to see that Schrodinger can do as well as Planck.

Ground State of a Hydrogen Atom

Techniques for solving (or approximating solutions to) the Schrodinger
energy eigenvalue problem Hv = Ev will be developed below at some
length. Here for the purpose of a preliminary exploration of what Schrod-
inger’s equation has to offer we will suppose that the potential energy
is spherically symmetric, V' a function only of distance r = |r| from the
origin, and we will consider only those eigenfunctions that happen to be
spherically symmetric. '

We need the form of V2 when the wave function v is spherically
symmetric, ¥ = ¥(r). A useful relation is obtained by differentiating the
expression 72 = 22 + y? + 22 with respect to z and rearranging:

> = (6.11)

ar =z
-

The same of course applies to ¥y and z. When ¥ is a function of the
radius r alone, we have from this relation

290 ¢

dx  drdz  rdr (6.12)
The result of applying this operation again is
2 2 d2 1d 2 d
vy _gan 2o = v (6.13)

8z r2dr? " rdr ridr’
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Similar expressions of course apply to the second derivatives with respect
to ¥ and 2. Since

0%y 0% 9%
i i, AW AV
V= a2 " Gy - 8%’ (6.14)
equation (6.13) gives
d*>y  2dy
4 dr? = rdr (6:15)

An equivalent way to write equation (6.15), as may be checked by
differentiating the expression out, is

1 d?
V3 = — 3Ty (6.16)

This is the wanted expression for V24, under the assumption that 1 is
spherically symmetric, a function of radius r alone. The general expres-
sion for V24 is given in equation (18.13) below.

On substituting equation (6.16) into Schrédinger’s equation (6.6)
and multiplying through by r, we get

h? a2

—%Wu(r) + V(r)u(r) = Eu(r), (6.17)

where the product 7(r) has been written as the radial wave function,

u(r) = ri(r). (6.18)

Equation (6.17) is just the Schrédinger equation for motion in one
dimension, with the added constraint that the radial wave function u(r)
has to vanish at r = 0, because we want 1) to be well behaved at the ori-
gin. It will be seen in section 18 below that this very convenient relation
between the three-dimensional problem and a simpler one-dimensional
case applies more generally: when the potential energy is spherically
symmetric and the wave function is not, the potential energy in the one-
dimensional problem has an added centrifugal term, in close analogy to
what is done in classical mechanics.

Let us consider now the wave function for an electron in a hydrogen
atom. The radius of a proton is much smaller than an atom, so it is a
good approximation to write the potential energy of the electron in the
electric field of the proton as

V =—é?/r, (6.19)
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where 7 is the distance from the proton approximated as a point charge,
the electron having charge —e and the proton charge e. Because the
proton is much more massive than the electron, we will imagine that the
electron is moving in the fixed electric potential well produced by the
proton.

Equation (6.17) with (6.19) for the potential is

2 d‘2 2
_S_md?“(r) - Zu(r) = Bu(r) = ~Bu(r). (6.20)

Because the energy E is negative for bound states, the binding energy
(the energy that must be added to the system to pull the electron away
from the proton and leave it at rest at large separation) has been written
as B=-F.

A solution to equation (6.20), that we will see represents the ground
state, has the functional form

u=re . (6.21)

The result of substituting this function into equation (6.20) and differ-
entiating out is

2
—(a?re ™" — 20e™°") + €%¢ %" = Bre™°". (6.22)
2m

This equation is consistent if the coefficients of e=*" and of re™®" agree
on both sides of the equation. This requires that

a=me?/h*=1/a,, o =2mB/h>. (6.23)

On eliminating « from these two equations, we get
B=_" (6.24)

Equation (6.24) agrees with Bohr’s equation for the ground state
energy of a hydrogen atom, n = 1 in equation (4.10). Since Bohr’s result
agrees with the measurements this is a Good Thing. It will be noted
also that the reciprocal of & in the first of equations (6.23) is the Bohr
radius (eq. [4.9]). In the Bohr model, a, is the radius of the orbit of the
electron in the ground state. In the Schrédinger equation solution, the
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ground state wave function (6.21) spreads over a region on the order of
this radius.

One-Dimensional Simple Harmonic Oscillator

This is a one-dimensional problem, with the wave function a function of
one space variable, . The potential energy is the quadratic form

V = Kz2/2, (6.25)

as in equation (1.20). In classical mechanics, K is the spring constant.

Schrodinger’s energy eigenvalue equation (6.9) with this potential
can be solved by a direct analysis, that shows that the eigenfunctions are
products of a Gaussian and a polynomial function g of x, ¢ = g(:r)e_ﬁ:‘z,
with O a constant. We will instead find the energy eigenvalues and
eigenfunctions by an operator technique that figures heavily in quan-
tum physics.

The Schrédinger equation (6.9) belonging to a simple harmonic os-
cillator state with definite energy F is

2
1
LA + §Ka:2. (6.26)

2m

Hy = Ev, H=-

The symbol d means the derivative operator:

3‘1?:@:

dz I (6.27)
2 = . . — e e e i
& 9=08-8-9=0-2L =1L,

That is, O operating on any given (and differentiable) function 1 maps
1 into a new function ¢:

. _W
dz)=90 -y = 25" (6.28)
This is a linear operation: if 91 = ¢ and 9y = 6 then d(cy) + dx) =
cd+df, where ¢ and d are constants. Another linear operator is z, which
maps the function #(z) into the new function, zy(x).
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The usual rules for adding and multiplying apply to linear opera-
tors such as @ and z, with the exception that the operators need not
commute. For example, we have

3-$-w=6-(mw)=%x¢=1,b+x3w‘ (6.29)

This can be written as the relation
(Oz — 2d)yp = . (6.30)
Since this is true for any 1, the operator in parenthesis is the identity:
Or —zd=1. (6.31)

This combination appears often enough to deserve a symbol. The com-
mutator of the operators A and B is

[A,B] = AB — BA. (6.32)

Equation (6.31) is the commutation relation
[0,z] =1. (6.33)
This particular commutation relation will play an important part in the
discussion of momentum in quantum mechanics. Here we are interested
in using it to find an operator solution to the Schrodinger eigenvalue

equation for the energy of an oscillator.
Consider the operators

a—(K)I/ZaH— L 15)
2 2m)72" (6.34)

Their product is
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In the cross terms of the product a'a the operators z and 8 appear in the
combinations 8 and Oz with opposite signs; that gives the commutator.

The first two terms on the right-hand side of equation (6.35) are the
Hamiltonian operator in equation (6.26). In the last term we recognize
the classical natural frequency of the oscillator (eq. [1.20]),

w = (K/m)/2. (6.36)

Since the commutator is [z, ] = —1 (eq. [6.33]), the product in equation
(6.35) is

ala=H — hw/2. (6.37)

The same calculation in the other order gives
aa' = H + hw/2. (6.38)
The difference of equations (6.37) and (6.38) is the commutation relation
[a',a] = —hw. (6.39)
Now let us find the commutator of a' with H. Equation (6.37) says
[al, H] = [a',ata + hw/2). (6.40)

This is a sum of two commutators, the second of which vanishes because
fuw/2 is a constant, and the first of which is

[a',a'a] = a'ata — alaal
= a'[af, q] (6.41)
= —ﬁwa*,
by equation (6.39). Thus the wanted commutator is
[af, H] = —hwa!. (6.42)
The same calculation yields

[a, H] = hwa. (6.43)
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We can use these operator relations to find the allowed values of
the energy, as follows. Suppose 1) is an eigenfunction of the oscillator
Hamiltonian H with eigenvalue E,

Hvy = Ev. ) (6.44)

Operate on both sides of this equation with a':

a'Hy = a'Ev,
([a', H) + Ha' )y = Ea'y, (6.45)
(~hwa' + Ha'yy = Ea'y.

The second line uses the definition (6.32) of a commutator. The third
line uses equation (6.42) to eliminate the commutator. On rearranging
the third line, we get

H(a'y) = (B + hw)(a'y). (6.46)

Equation (6.46) indicates that E + huw is an eigenvalue of the Hamil-
tonian H belonging to the eigenfunction af+. For this reason, a' is called
a raising operator (or ladder operator): it maps the eigenfunction ¢ with
energy E to the eigenfunction a1y with energy E + hw.

A similar calculation, which you are invited to check, yields

H(ay) = (E - hw)(ay). (6.47)

Thus a is another ladder operator, a lowering operator for energy.
Equation (6.47) says that the result of applying a to at is a new
function a1 with eigenvalue E — 2hw. And this procedure can of course
be iterated. Can E be lowered indefinitely? Not in classical physics,
because the energy is the sum of two nonnegative numbers, p?/2m and
Kz?/2 (eq. [1.20]). As will be seen in the next section, the same applies
in quantum mechanics: the energy has to be larger than the minimum
value of the potential energy, which for this Hamiltonian means the
energy eigenvalues must satisfy E > 0. Let us see what this implies.
The function ¢ = 0 clearly solves the eigenvalue equation Hy = Ev,
but trivially, so that cannot be an acceptable solution. The chain of lower
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energies obtained by iteratively applying the lowering operator a thus
stops if at some point the eigenfunction satisfies

ayy = 0. (6.48)

The energy belonging to ¢y follows from equation (6.37):
t fuw
Hipo = (a'a+ hw/2)¢po = —E—%- (6.49)

The state represented by v thus has energy Ey = hw/2. We know this
is the lowest possible value for the energy, for if it were assumed that
has lower energy, then ay)_ could not vanish, so ai’_ would represent a
state with negative energy, which we are asserting (and will check in the
next section) is not possible.

The ground state wave function thus is 1y, and the ground state
energy is fuw/2. The result of applying the raising operator a' to ¥ n
times is the n*® energy level,

En=(Mn+1/2hw, n=0,12.... (6.50)

This sequence has to include all energy eigenvalues, because the lowering
operator a applied enough times to any eigenfunction has to lead back
to aygy = 0.

Equation (6.50) agrees with Planck’s assumption in equation (1.21)
up to the zero point energy term hw/2. This constant term does not
affect heat capacities because it is a fixed addition to the energy, so all
the preceding discussion is unaffected. As we shall see, however, the zero
point energy certainly is part of the measurable energy of the system.

Equation (6.48) is a differential equation for the wave function g
(because a is the differential operator defined in eq. [6.34]). You are
invited to check that the solution to this differential equation is a Gaus-
sian, which is a square integrable function. The eigenfunction for the n'®
energy level is found by applying the raising operator a! to ¥ n times.
Because (a')™ contains n powers of z or the derivative with respect to
&; (a")"y’)o is a Gaussian multiplied by an n*® order polynomial, which
is square integrable.

The functions (a)™y we have generated by the algebra of the op-
erators are not the only solutions to the differential equation Hy = Ev
with H given by equation (6.26); they are the special subset of square
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integrable functions. As will be discussed in section 8, this condition is
required so the wave functions can be properly normalized. The con-
dition entered the operator algebra through the bound E > 0 to be
discussed next.

7  Remarks on Motion in One Dimension

Curvature and Quantization

To get some feeling for the origin of energy quantization and for the be-
havior of the wave function 1 it is useful to consider the general features
of the shape of ¥(z) for a particle that moves in one dimension as a
bound state in the potential well V(z).
In a one-dimensional problem with definite energy E, Schrédinger’s
equation (6.6) is \
2
—2%% + V()Y = Ev. (7.1)

This is a real differential equation, so we can demand that the wave
function v be real. Let us rewrite the equation as
2

Ce) = ;s = 27 (V@) ~ B). (7.2)
The function C(x) measures the curvature of ¥(z), in the sense that the
larger the magnitude of C' the more rapidly the slope of ¢ varies with x.
Where C is positive, 9 is convex toward the axis. That is, if C > 0 and
1 > 0 then the second derivative of 1 is positive, so ¥ bends upward
away from the axis ¥ = 0. If C > 0 and ¢ < 0, the second derivative
is negative, and ¥ bends downward, again away from the axis. If, on
the other hand, C is less than zero, then 1 is concave toward the axis:
where 1 > 0, the second derivative of ¢ is negative, so the function bends
toward the axis, and where ¢ < 0 the second derivative is positive, so ¥
again bends toward the axis.

A potential well and its ground state wave function, v¥o(z), are
sketched in figure 7.1. In the classically allowed range of values of z,
the energy Fy of the system is greater than the potential energy. (In
classical mechanics, Ey is the sum of the potential and kinetic energies,
and since the kinetic energy cannot be negative the total energy Ey has
to be greater than the potential energy V(z).) In this classically allowed
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8.4

-8.4 2.8

Y B I T L 1
-4 8

Position x

Fig. 7.1 Solutions to Schrodinger’s one-dimensional time-independent wave equa-
tion. The bottom curve shows the potential well V(z), with the short horizontal
dashes marking the ground state energy, Egp = —0.35 in the units of the vertical
axis. The middle of the top three curves is the ground state energy eigenfunction.
The lower of the top three curves shows the solution to Schrédinger’s differential
equation with the boundary conditions on the left side of the graph that are the
same as for the ground state wave function, but with the energy E 10% higher than
the ground state energy Eg. The top curve shows what happens to the solution when
the energy is 10% lower than Eg. Neither of these latter two functions is acceptable
because neither is square integrable.

region, the curvature C in equation (7.2) is negative. This means the
wave function always bends toward the axis in the classically allowed
region. This curvature toward the axis is seen in the central parts of
the functions shown in figure 7.1. In the classically forbidden regions, at
large and small z in this example, the total energy Ejy is less than the
potential energy V(z), so the curvature C' is positive. This means that
in the classically forbidden regions the wave function bends away from
the axis. This curvature away from the axis allows the ground state wave
function v(z) to approach zero in the limits of large and small z, so
as to make g square integrable. The curvature toward the axis in the
classically allowed region allows vy to bend over to join the decaying
parts of the function at large and small .
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The top curve in the figure shows what happens when the energy
E is taken to be slightly less than the ground state energy eigenvalue
Ej. The solution to the differential equation (7.1) has been started at
x — —oo with ¢ — 0 but positive. The function hooks away from the
axis in the left-hand forbidden region, because here C' > 0, and then the
function bends back toward the axis in the classically allowed region. But
in the classically forbidden region the curvature is stronger than for the
ground state wave function, because we have increased C' by reducing
E. Also, in the classically allowed region we have reduced the magnitude
of C by bringing E closer to V', so 1/(z) bends back toward the axis less
strongly than does ¥p(z). The net result is that where 1)(z) reenters the
classically forbidden region on the right-hand side of the graph it is not
sloping down steeply enough to allow the function to approach zero as
T goes to positive infinity. Instead, the function bends too sharply away
from the axis, so ¥(z) — oo as £ — oo. The function is not square
integrable, so it is not allowed for a bound state.

The lower of the top three curves in figure 7.1 shows what happens
to the solution to equation (7.1) if F is taken to be a little larger than
the ground state energy eigenvalue. Here ¢)(x) curves away from the axis
less strongly than 1g(z) in the left-hand forbidden region, because we
have reduced the curvature C in equation (7.1) by increasing the energy.
Then in the classically allowed region the function curves back toward
the axis more strongly than 1y(z), because here the magnitude of the
curvature has been increased. The result is that v(z) for this larger
energy passes through zero in the right-hand forbidden region and then
curves off to negative infinity, an equally Bad Thing.

If the potential well were deep or broad enough, there would be a first
excited energy eigenstate 1 (z). With increasing z, this function would
curve through 9,(z) = 0 at a point of inflection within the allowed
region, and then hook back toward zero, approaching the axis at the
right-hand boundary of the allowed region with slope just steep enough
that i, (z) asymptotically approaches zero at + — oo. Evidently, the
first excited state wave function v, has one zero, or node. The second
excited state, if it exists, has two nodes, the third three, and so on.

It will be noted that to have an acceptable wave function (z),
that approaches zero at |z| — oo, there must be an interval of z where
E > V so C(z) is negative and ¥(z) can bend toward the axis. That
is why it is clear that E > 0 for the simple harmonic oscillator in the
last section, where the minimum value of the potential is V = 0. A
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one-dimensional potential well like the one in figure 7.1, which vanishes
outside an isolated minimum where V(z) < 0, always has a bound state,
with energy between zero and the minimum value of V(z). There need
not be a bound excited state. As it happens, the potential well in figure
7.1 (V(x) o —e~*") has no bound excited state: at E — 0 the curvature
of the wave function in the classically allowed region is too weak to make
the function complete a full oscillation.

A standard and useful example of bounded one-dimensional motion
uses the square potential well,

V(z)=0, for 0<z<L,
(7.3)
=V, for z<0orz>L.

Here V, and L are real positive constants. The bound state energy eigen-
functions in this potential, with energy E < V,, curve away from the
axis at £ < 0 and x > L, and in between, in the classically allowed
region, the functions curve toward the axis. In the limit of arbitrarily
large V,, the curvature away from the axis at £ < 0 and ¢ > L is so
strong that the eigenfunctions are squeezed to negligibly small values
in the classically forbidden regions. In this limit, Schrédinger’s equation
becomes R 2y

e A Evy, (7.4)
for 0 < z < L, with the boundary conditions ¢ =0 at £ =0 and z = L.
The solutions are sine waves. The two lowest energy solutions to this
equation consistent with the boundary conditions are the ground state
and first excited state eigenfunctions,

Yo(z) o sin(mz/L),

(7.5)
¥1(z) o sin(2rz/L).

On substituting ¥ (z) into equation (7.4), we see that the ground state
energy is Ey = n2h?/(2mL?). Because Schrodinger’s equation is linear,
these eigenfunctions can be multiplied by any nonzero constant. The
normalization is discussed in the next section.

WKB Approximation

In the high energy limit of one-dimensional motion, the number of nodes
in the wave function is large because the large value of the magnitude
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of the curvature C' in equation (7.2) makes 9(z) oscillate rapidly in the
allowed region. The analysis of this limiting case of large energy is var-
iously called the wkB (for Wentzel, Kramers, and Brillouin), adiabatic
or semiclassical approximation.

To separate the rapid oscillation of the wave function ¥ (z) from the
slower variation with x of the amplitude of the oscillation, let us seek an
approximate solution to Schrédinger’s equation (7.1) of the form

¥ = A(z)e'?), (7.6)

where A and ¢ are real. It will be assumed that the amplitude A varies
relatively slowly with 2 compared to the oscillation of 1(z) due to the
advance of the phase ¢(z). Since the phase factor e!® completes one
oscillation when ¢(x) advances by 2w, the order of magnitude of the
distance between zeros of the real or imaginary part of 1 is

sz ~ 1/|¢'|, (7.7)

where the prime means derivative with respect to  (and 2r is of order
unity). If the potential energy were constant the wave function would
be a plane wave, with constant amplitude. The characteristic distance
Az over which the amplitude A(z) changes (by a factor ~ 2, say) thus
is fixed by the distance x over which the potential changes, so we have

Az~ |AJA"|M2, (7.8)

In the case to be considered here, Az > 6z, so A(z) varies with x slowly
compared to the oscillations of 1(z) due to the variation of ¢(z).
The first derivative of equation (7.6) is

Y = (A +iA¢)e'. (7.9)

On differentiating this again and substituting in Schrodinger’s equation
(7.2), we get

A"JA+i¢" +2iA'¢' A — (¢')? = - (E - V(z)). (7.10)

Since A and ¢ are real, we can separate the real and imaginary parts of
this equation as

" ! __2_m _ T
A'[A=-(#) = -2F(E-V(), _—

¢" +24'¢'/A=0.
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According to equations (7.7) and (7.8), the second term on the left
side of the first of equations (7.11) dominates when éz < Az, so we
have

(@) = 3 (E- V() (r.12)

with the solution
) = f " dz [2m(E — V(@))]2/h. (7.13)

This fixes the x dependence of the phase factor, up to an additive con-
stant.
The solution to the second of equations (7.11) is

A2 x1/¢' « (E—-V)~Y?, (7.14)
by equation (7.12).
In this adiabatic limit, where the variation of the amplitude with

position is slow compared to the oscillation of the wave function, the
wave function in the allowed region is, with equations (7.13) and (7.14),

exp (z f "l V(m))]m) . (7.15)

1
VX BV @)

h

We can use equation (7.15) to make wave packets, as was done in
section 5. Here the parameter we can vary is the energy FE rather than the
momentum, so we will make a wave packet by adding waves of the form
of equation (7.15) with amplitudes that are some smooth function g(F)
of the energy. The function g(E) will have a single maximum, with g(F)
small outside some range of values of the energy around this maximum.
This gives the wave function

x(z,t) = deg(E)m

X exp (z /I dI[Qm(E —ﬁV(m))]lﬂ — z%) .

(7.16)

The second term in the exponential is the time dependence of the func-
tion 9 in equation (7.15), that has definite energy E = hw, as in equation
(6.1).
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Now let us consider the values of position z and time ¢ for which the
function x(z,t) can be appreciably different from zero. The argument is
the same as for equation (5.11). For most values of z and ¢, the expo-
nential in the integral in equation (7.16) oscillates rapidly as E varies
over the range of values where g(E) is large, and the oscillation makes
x negligibly small. This does not happen if the phase of the exponential
function has an extremum as a function of F at the maximum value of
g(E). On writing the phase of the exponential as

T [2m(E -V(z))]'/? Et
P =f a2 (z)I'"* Et (1.17)
h h
we can write the condition that x(z,t) is appreciable as
90/0F = 0, (7.18)

at F equal to the maximum of g(F). On differentiating the expression
in equation (7.17) with respect to E, and using the extremum condition

(7.18), we get
T m 1/2
= [ (avam) e

We have taken the constant of integration from equation (7.13) to be
independent of E.

Because the classical kinetic energy is F — V(r), we see that the
denominator of equation (7.19) is the classical expression for the particle
velocity,

v = [2(E — V(z))/m]'/?, (7.20)
so equation (7.19) is
T dx
f= —. 7.21
o (7.21)

This is the usual classical expression for the time required to move a
given distance. That is, in WKB approximation the wave packet x(z,1)
moves through the potential well V' (z) at the same rate a classical par-
ticle moves through the well.

A second notable feature of equation (7.15) is that the amplitude
varies with position as 4 o< 1/(E — V)¥/4 l/viiﬂ. The significance of
this result will be discussed next.
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8 Probability Interpretation

Probability Distribution in Position

An electron undoubtedly acts as a particle whose position can be mea-
sured. What is the meaning of its wave function? Born introduced the
successful assumption: if the position of a particle with wave function
¥(r,t) is measured at time ¢, the probability that the particle is found
to be at position r in the range d°r is

dP  |[(r,t)|? d®r. (8.1)

Here |¢|2 = y*% is the square of the absolute value of the wave func-
tion. This expression is real and not negative, which is required for a
probability.

If the particle were constrained to move in one dimension, we would
rewrite equation (8.1) as

dP x |(z)|*dz. (8.2)

This is the probability for finding that the particle is found to be at
position in the range z to = + dz. In the semiclassical approximation,
where the wave function for a particle with definite energy E is given
by equation (7.15), we have from equation (8.2) the probability

dzx dz

TEEVEE "

(8.3)
where v is the classical velocity (eq. [7.20]). This makes sense: in the
classical limit, the time the particle spends in the interval = to z +
dr is inversely proportional to the speed of the particle at x, so the
probability of finding the particle in dz is inversely proportional to vy
at z, consistent with equation (8.3).

The probability in equation (8.1) must integrate up to unity, for
the particle must be found somewhere, so the wave function must be
normalized by the condition

[ o, O)2dPr = 1. (8.4)

The integral is over all allowed values of the position. The square inte-
grability condition just means that the integral of |1/|? has to be nonzero
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and finite so we can normalize 9 to equation (8.4) by multiplying it by
a suitable constant. Because Schrodinger’s equation (6.8) is linear this
multiplication by a constant does not affect the solution to Schrodinger’s
equation.

For motion in one dimension, the three-dimensional integral in the
normalization equation (8.4) is replaced by an integral over one dimen-
sion. For example, the normalized form of the ground state wave function
in equation (7.5) is

() = (%) v sin(rz/L). (8.5)

This function can be multiplied by a phase factor, e'®, where ¢ is real
and constant, without affecting the normalization or the probability dis-
tribution in position. For the wave function in equation (8.5), equation
(8.2) says the probability that the particle is found in the interval z to
T +dz is

2 .5
dP = 7 Sin (rz/L)dz. (8.6)

The particle is not likely to be found near the walls at t = 0and z = L,
where |t|? is small.

Because Schrodinger’s equation is linear in 1, we can always satisfy
the normalization condition (8.4) at a fixed instant of time (assuming the
integral of [1/|? is neither zero nor infinity) by multiplying 1 by a suitably
chosen constant. However, we must check that the normalization does
not change with time. Also, we have to decide what happens to 1 when
the position of the particle is measured.

Conservation of Probability

Schrédinger’s equation (6.7) for a single particle moving in three dimen-
sions is
h2

Lo
M =~ om

V24 + V(r, )3 (8.7)
The complex conjugate of this equation is

* 2
R

L *
o = 5 VYTV (8.8)
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We have then

olyl?
ot

Oy Oy

.hat v ot (8.9)
_ !'_ LA v 2 1%
= 5 WV — VoY)

It is important that the potential energy V(r) is real, so the potential
energy term cancels out of this expression. With the identity

YV — PVt = V- (*Vy — pVi*), (8.10)

we get from equation (8.9) a conservation equation like that for mass or
charge (egs. [1.36] and [2.4]),

ap

5 +V-§=0. (8.11)

Here the probability density in the particle position is

p= [y (8.12)

as in equation (8.1), and the probability flux density is
= — 2 (v - V) (8.13)
1= " om ' '

For motion in one dimension, the conservation equation (8.11) be-
comes 5 of
[ =
5 "oz
The probability that the particle is found between = and z + dz is dP =
[4(x)|?dz = p(z)dz, and the flux of the probability in the positive
direction is
ov o
oz or
For the wave ¢ = Ae®*®, with A and k real constants, the probability
density is p = |A|?, and the flux density is

0. (8.14)

fm ok ) (8.15)

f =|APhk/m. (8.16)

Since de Broglie's relations (5.4) say hk is the momentum p, this equation
shows that the probability flux for the plane wave ¥ = Ae*** is the
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probability density p multiplied by the classical velocity p/m, which is
reasonable.

The integral of the conservation law (8.11) over a volume bounded
by a fixed surface is, by Gauss’s law,

d 8. L
a/hﬂdr‘— /J n dA, (8.17)

where dA is a surface element with outward pointing unit normal n. The
left side of this equation is the time rate of change of the probability of
finding the particle within the surface. The right-hand side is the flux
of probability out of the surface. If |1)| goes to zero at r — oo faster
than || ~ r~3/2, the volume integral converges and the surface integral
approaches zero as the surface is moved to infinity, so in this limit we get

d 243, _
&fml‘”' d’r = 0. (8.18)
This means the normalization is independent of time, as required.

The condition quoted several times above, that the wave function
must be square integrable, is just the condition that the wave function
be normalizable. As we have also noted, a normalized wave function
still can be multiplied by the factor e*¢, with ¢ a real constant. The
significance of this freedom to adjust the phase of the wave function will
be discussed in section 19.

Collapse of the Wave Function

‘We come now to perhaps the most curious feature of quantum mechanics.
What happens to the wave function when the position of the particle is
measured?

In quantum physics, the wave function 3 (or its generalization to
an element of a linear space, as discussed in chapter 3) is the fullest
possible description of a physical system. The wave function predicts
among other things the probability distribution of where a particle can
be found if its position is measured (eq. [8.1]).

Suppose the particle position is observed at time ¢ and found to be
in the small volume element §V at position r. Suppose we look for the
particle again at time ¢ + ét, with 6t arbitrarily small. We might expect,
and experimental evidence shows, that the particle will be found to be
arbitrarily close to the same spot, 6V, at t + 6t; the particle has not
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had time to move away. It follows that the wave function after the first
measurement and before the second has to be

¥/ (r,t + 6t) = 0, for r not in 6V,
(8.19)
= constant, for r in §V.

That is, we are forced to the conclusion that the act of observing the
particle has changed the wave function from the original one, 1, to a new
one, 1), that is consistent with the result of the first observation. This
situation will be discussed at length in sections 26 to 29 on measurement
theory.

9 Cold Fusion”

A deuteron is the bound state of a neutron and proton, the typical
distance between the two particles being on the order of the character-
istic size r,, of a light atomic nucleus,

Tp ~1x 1073 cm. (9.1)

When two deuterons are separated by a distance ~ r,, the strong nuclear
interaction can rapidly exchange particles, perhaps changing the two
deuterons into a triton (the bound state of two neutrons and a proton)
and a free proton, or into a *He nucleus (two protons and a neutron)
along with a free neutron. Either of these fusion reactions yields energy.
If the reactions could be controlled in an efficient way it would provide
a considerable source of energy, because deuterium is quite abundant.

Two deuterons can be bound by one or two electrons in a molecule,
just like the hydrogen molecule discussed in section 44 below (but with
the slight difference that, because the deuterons are heavier than pro-
tons, the zero point contribution fuw/2 to the energy of vibration of
the molecule is smaller). The wave functions of the deuterons in such
a molecule overlap slightly, so there is a small probability that the
deuterons find themselves within separation ~ r,, and suffer one of the
above reactions. As an illustration of the techniques developed above, in
an interesting grown-up computation, let us find an order of magnitude
estimate of the rate of this reaction in a deuterium molecule.
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We can imagine that the two deuterons in the molecule move in the
electrostatic potential produced by the electric charges of the deuterons
and the mean charge distribution of the electrons. (This is discussed in
section 44.) Treatment of the two-body problem for the two deuterons
requires one more result, that is obtained in section 12 below: just as
in classical mechanics, the analysis of the relative motion of the two
deuterons is equivalent to a one-body problem, with reduced mass m.
(Here m is half the deuteron mass, or very close to the mass of a proton.)

The potential energy V(r) as a function of the separation r of the
two deuterons has the following features. Since the deuterons are bound
in a hydrogen-like molecule, we know V(r) has a minimum with depth
~ 4 eV (the binding energy of the two atoms in a hydrogen molecule) at
separation 7, ~ 0.7 x 1078 cm. At smaller separations, the two deuterons
see their bare charges, e, because the charge distribution in the electron
wave function is spread over a distance ~ r,. Thus the potential may be
approximated as

V(r)~é?[r, at 7, 571 ST, (9.2)

At a separation comparable to the characteristic nuclear radius
Tn ~ 1073 cm, the strong nuclear interaction becomes dominant. At
this radius, the potential rather abruptly drops from the large positive
value in equation (9.2) to the deeply negative value characteristic of the
nuclear interaction,

V(r) ~ Vo ~—1MeV = —10%eV, at 7 <ry. (9.3)

The potential energy function is sketched (in highly distorted scales) in
figure 9.1.

The wave function for the relative motion of the deuterons is spher-
ically symmetric, for this gives the lowest energy state (as will be
shown in section 18). As discussed in section 6, the radial wave func-
tion u(r) = r(r) satisfies a one-dimensional Schrédinger equation, as
in equations (6.17) and (6.18). (It is left as exercise, in problem 1.17,
to check that the probability density and flux one writes down in this
one-dimensional problem, using the radial wave function u(r) = ry)(r) in
eqs. [8.14] and [8.15], are consistent with the corresponding probability
density and flux in three dimensions obtained from (r).)

At radii r ~ rq, the radial wave function u(r) for the relative motion
of the deuterons has very nearly the shape of the ground state wave
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Fig. 9.1 The potential energy (dashed line) and real part of the radial wave func-
tion u(r) (solid line) for the relative motion of two deuterons in a molecule. The
horizontal and vertical axes have been strongly distorted so as to allow a sketch of
the behavior of the functions over a broad range of scales. At separations smaller
than the nuclear radius ry, ~ 10713 cm, the wave function is u o e_ikr, represent-
ing motion to destruction at small radius. In the classically forbidden region between
r» and an atomic scale of separation, r ~ 74 ~ 10~% c¢m, the wave function bends
sharply away from the axis. In the classically allowed region of motion, the wave
function bends back toward the axis.

function of a particle bound in an ordinary potential well. However,
u(r) has a small tail extending to very small r, that produces a small
flux of probability moving into the interaction region at r < r,. This
tunneling effect through the classically forbidden region is what causes
the eventual destruction of the deuterons. The goal is to find an order of
magnitude estimate of the probability flux into the interaction region,
that is, the probability per unit time that the deuterons react and turn
into something else, such as a triton and proton.

The first approximation in the computation is to ignore the effect
of the flux of probability at » ~ r,, on the behavior of the wave function
at r ~ r,. This is reasonable, because a deuteron molecule lasts a very
long time. In this approximation, the radial wave function u(r) satisfies
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Schrodinger’s time independent wave equation (7.1), with definite energy
E, and with the boundary conditions that u(r) is very small where r is
very large and very small compared to 7,.

Next, we have to say what happens when the deuterons find them-
selves separated by a distance less than ~ r,. For simplicity, it will be
assumed that they inevitably react. Then the boundary condition at
small r really is that pairs of deuterons never are found to be moving
apart at r ~ r,. This means the radial wave function at r = r, must
match onto the function

up e * T for T <1y (9.4)
In the example in equation (8.16), it was seen that the wave function
1) = Ae*® describes probability flux moving toward positive z. The flux
in equation (9.4) is moving toward smaller 7, to destruction at r < r,.

The wave function just outside the nuclear potential has to match
the value and first derivative of equation (9.4). (That is because Schrod-
inger’s equation contains second derivatives with respect to r. If the value
or slope of the wave function u(r) were discontinuous at a point where the
potential energy is finite, the wave function would not satisfy Schrod-
inger’s equation at that point.) The convenient way to deal with the
undetermined constant of proportionality in equation (9.4) is to express
this matching condition as

!

u; = Ed; logu = —ik, at r=r,. (9.5)
As in equation (7.7), the prime means a derivative with respect to r. The
derivative of the logarithm eliminates the constant of proportionality.
The value for the logarithmic derivative is given by equation (9.4). The
solution for the wave function immediately outside the nuclear potential
well has to have the same value of the logarithmic derivative. The wave
function, again in a highly distorted scale, is sketched in figure 9.1.

It is convenient to write the radial wave function outside the nuclear
interaction region in the form

u= A(r)e®™), (9.6)
where A and ¢ are real, as in section 7. The boundary condition (9.5) is

A'JA + i = —ik, (9.7)
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at r = r,. The real and imaginary parts of this expression are
(A'fA)n=0, ¢, =-F. (9.8)

The subscript reminds us that these equations apply at the edge of the
region of nuclear interaction, at r ~ ry,.
The probability flux (eq. [8.15]), with the wave function (9.6), is
h / h
f= —;—m(u*u’ —uu*) = —nzqﬁ’A?. (9.9)
This is the probability per unit time that the deuteron pair moves into
the nuclear interaction region. With the boundary condition (9.8), the
flux is
f=—-—A2 (9.10)

This expression is negative because the flux of probability is moving
toward smaller r. As in equation (8.16), the flux f is the product of the
classical velocity vy = p/m = hk/m in the nuclear interaction region
and the probability per unit length, |u|> = A2, of finding the particle
there.

The Schrédinger equation for the wave function in the form of equa-
tion (9.6) was written down in equation (7.11). The imaginary part is

" +24'¢'JA=0, (9.11)

with the solution

¢’ o 1/A%. (9.12)

This says the flux f in equation (9.9), which is proportional to A%¢/,
is independent of radius. This is reasonable because we are assuming a
steady state situation, in which the wave function u is assigned a definite
energy, E, so u varies with time as e~*Ft/"_ The probability for finding
that the separation of the deuteron pair is in the interval r to r + dr,
which is dP o< |u(r)|?dr, thus is independent of time, so the flux f(r+dr)
of probability entering the interval at r 4+ dr must be equal to the flux
f(r) of probability leaving the interval at r. That is not quite realistic,
for the probability of finding the deuteron at atomic separations ~ 7,
really is decreasing, but at such a slow rate that we can ignore it.
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The real part of equation (7.11), with equations (9.8) and (9.12), is

A kAL 2m
S-S = i) - B). (9.13)

The second term on the left side is normalized to the value A,, of the
amplitude A(r) at the edge of the interaction region r = r,, where
¢ =—k.

The next step is to solve equation (9.13), by numerical integration
if an accurate result is wanted, subject to the conditions that the ampli-
tude A(r) is very small at large r and satisfies equation (9.8) at r = 7.
This solution must then be normalized in the usual way, so the proba-
bility distribution dP/dr integrates to unity at r > r,. The normalized
solution fixes the value of the amplitude A, at r = r,. That amplitude
in equation (9.10) gives the probability flux into the interaction region.
This probability flux is the decay rate of the deuterium molecule in the
approximation that the deuterons inevitably destroy each other when
they interact.

The first thing one does at this point in a computation is to establish
orders of magnitude. For this purpose, we note that in the interesting
range of values of the separation r the second term on the left side of
equation (9.13) is small compared to the first, because A(r) increases
rapidly with increasing r. In the strongly classically forbidden region,
where V' >> |E|, we can take the potential to be approximated by equa-
tion (9.2). This brings the Schrodinger equation (9.13) to

A" 2me?

AT B:14)

In the adiabatic approximation of section 7, the solution to this equation

is
ome2\ % [T dr
e (32)" 2

8me? 1/2
o exp [( ’:': ) 2]

This is a crude approximation, but remember that we are only attempt-
ing to fix orders of magnitude.

We can find the normalization of equation (9.15), to an approxima-
tion consistent with the accuracy of our solution, by noting that most

(9.15)
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of the probability is concentrated in an interval of width ~ r, centered
on the minimum of the potential at r ~ r,, so the amplitude at r, is on
the order

A, ~1/rL/2, (9.16)

Because 1, is much smaller than r,, we see from equation (9.15) that
the amplitude at the edge of the interaction region is

An ~ 7Y% exp —(8me?r, JR) /2. (9.17)

The factor ik that appears in equation (9.10) is the momentum in
the interaction region. The kinetic energy is almost entirely due to the
depth V,, of the nuclear potential well, so the momentum is

hk = (2m|V,|)Y/2. (9.18)

Since our approximation (9.17) for A, is crude, it makes no sense to keep
the numerical factors multiplying the expression for the probability flux
f. Dropping these prefactors, we get from equations (9.10) and (9.17)

AN 9. FEINI/2
f,\,g = exp —(32me’r, /R7) /. (9.19)

This is the wanted estimate of the flux of probability into the nuclear
interaction region, that is, of the reaction probability per unit time per
molecule.

It is traditional and convenient to express the argument of the ex-
ponential in terms of some standard physical constants. The magnitude
of the electron charge, e = 4.80 x 10719 esu, defines the dimensionless
fine-structure constant,

el i
a= E ~ ﬁ
The mass m is very nearly equal to the proton mass; it defines the proton
Compton wavelength

(9.20)

A = L 2.1 x 107" cm. (9.21)
mc

The potential V(r) in a hydrogen molecule is minimum at r ~ 0.7 x
10~8 cm. Since we used the bare coulomb potential in equation (9.2)
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all the way to 74, it is reasonable to take r, ~ 0.5 x 108 cm, a little
smaller than the radius at the minimum of V(r), to take account of the
rounding of the potential near the minimum. With these parameters,
the exponential factor in equation (9.19) is

exp —(32ar, /)2 ~ 728, (9.22)

The argument of the exponential is large, and was only roughly esti-
mated; that is why it makes no sense to be careful about the prefactor
multiplying the exponential in equation (9.19). This prefactor is

1/2
£ (M) ~ e'%sec?, (9.23)

e \ me?

where the proton mass is mc? ~ 1GeV = 10%eV, and V,, ~ —10%eV.
The product is the reaction rate per molecule,

f~10"88gec™1, (9.24)

A more accurate computation is of course possible. One would use
a more realistic approximation to the potential V' (r), and a numerical
integration of equation (9.13). An additional refinement takes account
of the fact that some part of the flux entering the nuclear interaction
region is reflected: deuterons do not inevitably destroy themselves. The
result is not far from equation (9.24).

Could the deuteron reaction rate at room temperature be higher
in some other molecular or condensed matter environment? Since su-
perconductivity was not anticipated, but is consistent with quantum
mechanics, could the same be true for cold fusion? The central point
of the computation is that the wave function at the nuclear interaction
region is strongly suppressed by the repulsive coulomb potential ~ e?/r
of the charges of the deuterons. This repulsive potential, that is much
greater than the energy of atoms in a molecule, causes the wave func-
tion to curve strongly away from the axis, as discussed in section 7. The
curvature away from the axis makes the wave function very small at
r ~ r,. This makes the “tunneling rate” through the coulomb barrier
very slow. The two ways to increase the tunneling rate are to increase
the energy or reduce the width of the barrier through which the particles
must pass. Deuterons react rapidly in stars because of the high thermal
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energy, but of course that option is not available at room temperature.
If by mechanical compression the radius of the electron wave function
around the deuteron were reduced to ~ one fifth of r,, it would raise
the reaction rate to ~ 10~28sec™!, which would be detectable. How-
ever, that would make VZ%, for the electron wave function, 1., about
25 times its normal value. By Schrédinger’s equation, that would mean
the kinetic energy of the electron around each deuteron is ~ 25 times
its normal value, which is not a realistic possibility. The situation with
superconductivity is very different because it involves low energy inter-
actions among many particles. An appreciable cold fusion rate would
require a large compression of the electron wave function that shields
the charges of the deuterons, leading to energies that are known to be
unrealistically large. That is why, despite the fact that there are many
unresolved problems in condensed matter physics, people are confident
that, if conventional quantum mechanics is valid, the deuterium fusion
reaction rate in solids at room temperature is exceedingly slow.

10 Momentum

Short Review of Fourier Transforms

As one might expect from the de Broglie relation p = hk, where the
wavelength is 27/k, the momentum p of a particle is related to the
Fourier transform of its wave function. To begin, let us recall some prop-
erties of Fourier transforms.

Consider a periodic function f(z) of one variable, with period L.
The periodicity means that, for any value of x,

f(z) = f(z + L). (10.1)

If f(z) is reasonably well behaved (all wave functions in quantum me-
chanics are reasonably well behaved) it can be expanded in a Fourier

series in the periodic functions e2™2/L with integer n:
+o0
f(!l':) = Z fﬂe2ﬂ:nz/Ll (102)
n=—0o0

The sum is over all integers n, positive and negative. The Fourier ex-
pansion coefficients f,, are obtained from the function f(z) by using the
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orthogonality relation, which you are invited to check,

L
f dz ™0 =M/L = 0 if n % m,

0 (10.3)
=Lifn=m.
This is written for short as
L "
f dz e*in—m)e/L = 1§ . (10.4)
0

The Kronecker delta function is

(10.5)
=1lifm=n.

The result of multiplying the Fourier series (10.2) by e~ 2™m*/L  with
m an integer, integrating the result from =z = 0 to z = L, and using
equation (10.4), is

L
fm = % fn dz f(x) e~2mime/L, (10.6)

A useful relation that follows from equations (10.2) and (10.4) is

fbdwlf(x)ﬁ = ]L da:z,fﬂf* e2ri(n—m)z/L
a o m,n "

=LY 1fal

(10.7)

Another useful relation is obtained by substituting equation (10.6)
for the expansion coefficients into the Fourier series (10.2), and then
exchanging the order of the sum and integration:

L
@)= [ aust) Sy, (108)
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The function multiplying f(y) in the integrand has the property that it
always returns the value of f at z, whatever f(y). This is useful enough
to deserve special notation. The Dirac delta function is

e 1 2minz/L
6(z) = 7 En e ! (10.9)
so equation (10.8) is

L
f(z) = ] dy f(y) 8(z —v). (10.10)

It is apparent that the function é(z — y) can only be nonzero at y = =z,
because that is the only argument where the value of f(y) matters in
determining the value of the integral. And since §(z —y) =0 at = # y,
we can set f(y) = f(z) in equation (10.10) to get

/dz 6(z)=1. (10.11)

One can (perhaps should) think of the Dirac delta function as the
limit of a sequence of non-singular functions

1 +m )
bm(z) = 7 Y eminalL, (10.12)

n=-—m

The function é,,(z) has unit integral,

/Lém(:c)dx =1, (10.13)
0

in agreement with equation (10.11). The peak value at z = 0 is §,,, =
(2m + 1)/L, and the width of the peak is Az ~ L/m. In the limit
m — oo, the sequence of functions é,,,(z) approaches the Dirac function
8(x) that has unit integral and vanishes at & # 0.

Let us consider next the Fourier integral transform of a function
that is not periodic but does go to zero at || — co. We can take this to
be the limit of a periodic function as the period L — oo, as was done in
sections 1 and 2. Let

kn, = 2mn/L, 6k = 2n/L, g(kn) = Lf,/2m. (10.14)
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Then equations (10.2) and (10.6) can be written as

Flel="Y dkglh,)e" >,
n (10.15)

o(km) = f 2 fa)e=kne.

In the limit L — oo, the value of 6k goes to zero and we can replace the
sum with an integral to get the Fourier integral relations,

+o0 .
f(z) = / dk g(k)e, oo

+oo
o(k) 1/ dy fly)e ™.

=g -

On substituting the second of the Fourier integral relations into the
first and exchanging the order of integration, we get

f(z) = / dy f (y)% /_ " dk etz (10.17)

This is the same as equation (10.10) except that the integral has been
expanded to all y. Thus another expression for Dirac’s delta function is

8(z) L f " ke (10.18)

=2?r .

This expression is worth memorizing.

The discussion is readily generalized to three dimensions. The three-
dimensional § function is a product of delta functions of the three carte-
sian position components:

8(r) = 8(z)é(y)8(2). (10.19)

This is normalized to
/d% 8(r) = 1. (10.20)

We have from equation (10.18)

§(r) = (—23?? / d®k e'T, (10.21)
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The integral is over all k, positive and negative values of the three com-
ponents.
The three-dimensional version of equation (10.16) is

f(r) = ] @k g(k)e*T,

1

(10.22)
9(K) = 573 / d’y f(y)e ™.

This is consistent with equation (10.21) for the three-dimensional Dirac
delta function, as one can check by substituting the expression for g(k)
into the integral for f(r), and exchanging the order of integration.

Momentum Measurement by Time of Flight

The momentum of a single free particle (mass m, potential energy V =0
so there is no classical force) can be measured by the time of flight
method. The wave function, 1, of the particle is arranged so that at time
t = 0 the particle is localized to some bounded region around r = 0. At
some later time, ¢, the position of the particle is measured; if it is found
at r then we can say that since the particle moved a distance ~ r in time
t it had velocity v ~ r/t, and momentum p ~ mr/t. The measurement is
uncertain because of the uncertainty in the initial position of the particle,
but we can make that arbitrarily small by making ¢ large enough.

For simplicity, we will consider the one-dimensional case. Schréd-
inger’s equation for a free particle moving in one dimension is

oY _ PP

5% = 2moa? (10-2)

We can write the solutions to this equation as Fourier sums or integrals
over plane waves:
P gilpz—p?t/2m) /R (10.24)

This is a solution to equation (10.23), as may be checked by differentiat-
ing it out. Since the differential equation (10.23) is linear, we can write
the general solution as a linear combination of the solutions (10.24),

d; i — m
v= [ Gl @, (10.25)
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where the function f(p) is fixed by initial conditions. The factor (27h)'/?
is chosen to give a convenient form for the normalization integral

e dpdp’ (517 g o
2 _ i 1y* i((p")*—p®)t/2mh i(p—p')z/h
[ aor = [ T o))y [ase :
(10.26)
On changing the variable of integration in the last integral to y = z/h,

we see that the last integral becomes 2mhé(p—p’) (eq. [10.18]). Then we
can immediately do the integral over p’, as in equation (10.10), to get

400 400
[ - [ ol (o). (10.27)

-0 — Do

This can be compared to equation (10.7). As will be seen, the normal-
ization in equation (10.27) is particularly useful.

We want the particle to be in the neighborhood of z = 0 at time
t = 0. The way to do this was discussed in section 5: let the function
f(p) in equation (10.25) vary smoothly with p, with f(p) tending to be
positive at small p and approaching zero at large |p|. Then at ¢t = 0 and
large |z|, the rapid oscillation of the exponential in equation (10.25) as
p varies makes the integral 1) small. At small enough z, the exponential
is nearly constant over the range of values of p for which f(p) is large, so
the integral is large. That is, the wave function, ¥(z,0), is large only at
x ~ 0. Since the probability of finding the particle between x and =+ dz
is [¢(z,t)|>dz, the particle certainly is near z = 0 at t = 0.

To see the behavior of ¢ at large time, rewrite the argument of the
exponential in equation (10.25) by completing squares:

pT — % - —%(p2 — 2mazp/t) 1028
= _5%@_ ma/t)® + E;—Z
This in equation (10.25) gives
P = geimz /M, (10.29)

with .
‘b:]ﬁf@)%w%@—m/tﬁ (10.30)
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It will be noted that the exponential multiplying ¢ in equation (10.29)
does not affect the probability distribution of the particle position:
1> = |l

Now if the time ¢ is large, the exponential in the integral in equation
(10.30) tends to oscillate very rapidly as a function of p, except at p ~
maz/t, where the argument of the exponential is small and does not vary
rapidly because (p—ma/t) appears as the square. The oscillation makes
the integral over p very small everywhere save at p ~ ma/t, so that is
the only place where the value of f(p) can matter. Thus we can replace
f(p) with f(maz/t) in the integral, to reduce equation (10.30) to

f(ma/t)

With the change of variables

_mz (2mh)1/?

n ~—E-1—f2—z, (1032)

we get
my 1

6= (2)" rmaft) [ aze. (10.33)

The integral is along the real axis of z. To evaluate it, let z = (1 —
i)y/2'/2, and note that, because the integrand is an analytic function,
we can bend the contour back to the real axis of y, to get

g L fF _
[dze = W/_m dye ¥ = (1 —i)(m/2)/2. (10.34)
The last step follows from

o0 2
f dy eV =qxl/2 (10.35)

— 00

Collecting all this, we see that the wave function (10.33) approaches
m
(. 0)* = |g(z, ) = —|f (ma/t)P, (10.36)

at large time ¢. This result indicates that the probability of finding the
particle at  in the range dz approaches

dP = WPdz = | f(ma /)P -2 (10.37)
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at very large time.

If the particle is found at = then it has moved a distance ~ x because
it started at = ~ 0, so the velocity measured by the time of flight is ~ z/t.
The measured momentum is then

p=ma/t. (10.38)

Therefore, equation (10.37) says that the probability that the particle is
found to have momentum p in the range dp is

dP = |f(p)|* dp. (10.39)

It will be noted from equation (10.27) that, if ¢ is normalized, so is

[ap= [ipar= [ 1uia. (10.40)

Also, because ¥(z,0) in equation (10.25) at time ¢ = 0 is the Fourier
transform of f(p) (up to a multiplicative factor), we can use the Fourier
transform relations to write f(p) as an integral over ¥(z,0). On setting
t = 0 in equation (10.25), multiplying the equation by e“‘P"‘, integrating
over z, and using equation (10.18) to evaluate the integral over z, one
finds

flp) = f (2—17(%1,—2?5&(@ ) (10.41)

These equations refer to the result of a momentum measurement by
time of flight for a free particle. As discussed next, it will be assumed
that the momentum distribution in general is given by equations (10.39)
and (10.41).

Momentum Wave Function

The discussion is generalized to motion in three dimensions, and to a
particle that is not free (that is, may have potential energy V(r)), as
follows. The particle is associated with a wave function, ¥(r,t). This
function evaluated at time ¢ can be expressed as a Fourier sum '(under
periodic boundary conditions) or integral over plane waves. In the latter

case, we have

3
vt = [ o Bt (1042)
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The factor (27h)%/2 gives a convenient normalization in the inverse
Fourier transform relation, which follows from equation (10.21):

3
£0.0) = [ Gmrabe e (10.43)

According to de Broglie’s relation p = hk, the plane wave compo-
nent o eP*/" in equation (10.42) has momentum p. For a free particle,
this component has definite energy E = p?/2m, so the amplitude of this
component varies with time as f(p,t) = f(p,0)e"#"t/2™ a5 in equa-
tion (10.24). If the particle is not free, the time dependence of f(p,t)
has to be computed from Schrédinger’s equation.

The probability distribution in the result of a measurement of the
momentum of the particle at time ¢ is assumed to be

dP = |f(p,1)* d°p. (10.44)

If the particle is free, this follows from the time of flight argument, as
in equation (10.39). We shall adopt equations (10.42) to (10.44) as the
general definition in quantum mechanics of the momentum of a single
particle moving in three dimensions.

The functions #(r,t) and f(p,t) play symmetrical roles in the mea-
surement of position (eq. [8.1]) and the measurement of momentum
(eq. [10.44]). These functions are related by the symmetrical equations
(10.42) and (10.43). Just as ¥(r,t) is the position wave function, one
can call f(p,t) the momentum wave function. This prescription is gen-
eralized to other observables in section 14.

Uncertainty Principle

For a specific example, suppose a particle that moves in one dimension
has wave function

p=0, for |z]|>x/2,
(10.45)
=1/LY?, for |z|< L/2,

at time t. This function is properly normalized to [ |[?dz = 1. If the
position z of a particle with this wave function is measured at the given
time, ¢, it may be found to be anywhere between —L/2 and L/2 with
uniform probability: dP =dz/L at —L/2 < z < L/2.
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The momentum wave function follows on computing the integral in
equation (10.41):

2k \ /2 sinpL/(2h)
f(p)=(ﬁ) — (10.46)

The probability distribution in the momentum is then

2h sin? pL/(2h)

— 2 _
dP = |f(p)|* = -5 p dp. (10.47)
Using -
sin® z
/ o dz =, (10.48)
-0

you can check that this is normalized to [ dP =1, as we knew it had to
be. _

Equation (10.47) is maximum at p = 0, and is small at momenta
significantly larger than the characteristic width

8, ~ h/L. (10.49)

This means that in the state represented by equation (10.45) the momen-
tum is predicted to be p ~ 0 with an uncertainty §,. This uncertainty
can be made arbitrarily small by taking L to be large, but that means
the position is predicted with the large uncertainty é, ~ L. The result
of measuring the position can be predicted with small uncertainty by
taking L to be small, but that means the uncertainty in momentum is
large. The product of the uncertainties in the prediction of position and

momentum is
6z6p ~ h. (10.50)

A more general derivation of this Heisenberg uncertainty relation is given
in problem IIL.3 below.

The uncertainty relation (10.50) is a useful guide to an intuitive
understanding of the behavior of particles in quantum mechanics. For
example, the electron in the ground state of a hydrogen atom is confined
to a region of size ~ a,, the Bohr radius (eq. [6.23]). Since the position of
the electron is known to this accuracy, the momentum is uncertain by the
amount &, ~ h/a,. Since the mean value of the momentum vanishes if
the atom is not moving, the magnitude of the momentum must typically
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be p ~ &,, so the kinetic energy is ~ p?/2m ~ h?/(ma?). The electron
typically is at distance ~ a, from the proton, so the potential energy
~ —e?/a,. The net energy is the sum of kinetic and potential,
R? 3
= (10.51)

Qo

E ~

2
ma2

In the ground state this energy is as small as possible. The results of
minimizing the expression (10.51) are a, ~ h?/(me?) and E ~ me*/h?,
which are the right order of magnitude (egs. [6.23] and [6.24]).

11 Expectation Values and the Momentum Operator

Equations (8.1) and (10.44) give probability distributions for the result
of measuring either the position or the momentum of a particle with
wave function 1. These distributions are usefully characterized by the
expectation values of functions of position or of momentum, as follows.

Consider a random variable z that assumes discrete values ;. Sup-
pose the probability that the variable is found to have the value z; is P;.
That means that if we had a statistical ensemble of M > 1 cases, the
variable would be found to have the value z; in N; = M P; members of
the ensemble (as in eq. [1.2]). The arithmetic mean value of the result
of measuring the variable is

()= Nazi/M = Pz, (11.1)

This is the expectation value or ensemble average value of the random
variable z. The expectation value of the function V(z) of z similarly is

(V) =Y PV(z). (11.2)

If the random variable can assume a continuous range of values,
then the probability of finding that the result of measuring the variable
is between z and z + dz is written as

dP = f(z)dz, (11.3)

just as was done for position and momentum in equations (8.1) and
(10.44). The expectation value of a function V(z) of the continuous
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variable z is again the arithmetic mean value of the result of measuring
the variable in many members of an ensemble. In this continuous limit
equation (11.2) goes to

(V) :/V(x)f(:c)dx. (11.4)

This definition of the expectation value of a random variable can
be applied to the probability distributions of quantum mechanics. For
a particle that moves in three dimensions with wave function ¥, the
probability that the particle will be found at r in the range dr is dP =
[4(r,t)[2d®r. Thus the ensemble average value, or expectation value, of
the position of the particle if measured at time ¢ is

{r) = /dar r |y(r,t)|2 (11.5)

Because integrals of this form are so common they are given a special
notation: for functions ¢ and ¢, let

.4) = f & ¢ (1) (r). (116)

The integral is over all space, which may be the volume V of space
under periodic boundary conditions, or to infinity. The integral is called
the inner product of the function 1 with the function ¢, for reasons to
become clear in sections 13 and 22. In this notation, the normalization
condition is

W,¥) =1, (11.7)

and equation (11.5) is
(r) = (¥,r9y). (11.8)

The expectation value of the momentum follows from equation
(10.44):

®) = [ Epplse.0F. (11.9)

We can rewrite this in a simple form in terms of the wave function ¢ (r, t)
by introducing the momentum operator,

p = —ihV. (11.10)
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The hat (which will be dropped shortly; confusion between operators
and ordinary numbers is not likely) means this is an operator, as 9 in
equation (6.27). The result of applying this operator to the wave function
in equation (10.42) is

d3p

x(r,t) = py(r,t) = / Wf(l% t)pe® /", (11.11)

The inner product of this function x = py with the wave function 1 is

134/ 3 ) ,
(w’X)=/ dST/ (2:;)’3/2/ (2:?&;)3/21' *(p',t)f(p, t)peiP—P)*/R
= [ Erpls@f = @) (11.12

In the first line, the wave function ¢ has been written as the integral
over the momentum wave function in equation (10.42). This expression
is simplified by using equation (10.21): on evaluating the integral over
r first, we arrive at (27rh)3§(p — p’), and the integral over the delta
function is immediately evaluated to get the second line.

Since x = pt, equation (11.12) is

(p) = (¥, p¥). (11.13)

This bears a pleasant resemblance to equation (11.8). The same form
is obtained in sections 14 and 21 for all observables (egs. [14.14] and
[21.11)).

The momentum operator has some other useful properties. As dis-
cussed in section 6, the allowed values of the energy of a system are
the eigenvalues E of the equation Hy = Ev, and the system associated
with the eigenfunction 1 with eigenvalue E has the definite energy E
(eq. [6.9]). We have the same situation for the momentum operator: its
eigenfunctions are plane waves:

pe’P T/t = _ipVePT/h = pePT/h, (11.14)

By de Broglie’s relation (5.4), the particle associated with this plane
wave has definite momentum p. (To make this plane wave square inte-
grable, one would have to go to periodic boundary conditions with vol-
ume V; the normalized wave function is then ¢ = e®*/?/V1/2)) That
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is, just as for energy, if the wave function for a particle is an eigenfunc-
tion of the momentum operator, with eigenvalue p, then the particle has
definite momentum p.

In section 14 this relation between observables and eigenfunctions is
generalized to the prescription that the allowed values of any observable
are the eigenvalues of an operator associated with the observable.

We can use the momentum operator to simplify the energy operator
(eq. [6.10]) in Schrodinger’s equation to

PP
H=—+4V(r). 11.15
T V() (11.15)
This is the usual form for the Hamiltonian for a single particle moving
in the potential V (r), with operators replacing ordinary numbers. Fol-
lowing Dirac, one sometimes calls operators g-numbers (for quantum),
whereas ordinary numbers are called c-numbers (for classical). From now
on hats usually will not be used to distinguish g-numbers; the context

does that.

12 Many-Particle Systems

Schrédinger’s Equation

The wave mechanics formalism generalizes to a many-body system in a
straightforward way. The wave function for N particles moving in three
dimensions is a function of time and of 3N variables for the 3N cartesian
position coordinates,

Tﬁzw(rl;---,l‘mt)- (121)

The joint probability of finding that particle 1 is at position r; in the
volume element 6V;, that particle 2 is at ry in §V5, and so on, is

0P = |‘(,b(l'1,...,rN,t)l26V1...6VN. (122)

The inner product of wave functions ¥ and ¢ in equation (11.6) gener-
alizes to

(¥, ¢) = fd3r1 ..y 9. (12.3)
The normalization condition for equation (12.2) is then

(¥,9) =1, (12.4)
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and the expectation value of the position of the i*® particle is

(ri) = (¥, riv), (12.5)

as can be checked by repeating the argument that led to equation (11.5)

The Hamiltonian for a system of N particles with potential energy
V that is some given function of the r; is the natural generalization of
equation (11.15):

=Z;— +V(Es,.,EN). (12.6)
1,N

The mass of particle j is m;, and the momentum operator belonging to
particle j is

P = —ihv’j. (127)

This means the z-component of the momentum operator for particle j
is
a
;= —th—. 12.8
pIJ 85,"3 ( }
Two examples are presented here, the two-body problem with a
central force, because it is simple and important, and the description of
phonons in a solid, because it is important and a good introduction to
the linear vector spaces of quantum mechanics.

Two-Body Problem

Consider a system of two particles, such as the electron and proton in a
hydrogen atom, with particle masses m; and ms. The potential energy
is assumed to be a function only of the relative position of the particles.
The Hamiltonian (12.6) is then

Pf Pz
H'= = + —= i + V(r; —r2). (12.9)

Schrédinger’s energy eigenvalue equation Hy = E thus is a linear
partial differential equation in six variables, the three components of r;
and of rg.
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The differential equation is simplified by changing to center of mass
and relative position variables, as in classical mechanics:
r= (E!y1z) =Tr; —rg
R =(X,Y,Z) = (mr; +marz)/M, (12.10)
M= mi + mea.

As an aid to rewriting the differential equation Hiy = E% in terms of
these new variables, let us define new momentum operators,

a 0

Pz = —zﬁb? Px = *zhé-)—(, (12.11)
and so on, or for short
p = —ihV,, P = —ihVp. (12.12)

The wave function can be considered a function of the new position
variables,
11{) = "ffﬁ(r; Rs t): (1213}

where r and R are the functions of r; and ry in equation (12.10). Ac-
cording to the usual rules for a change of variables in a function, we
have

o0 OYox OYoX 0P m oY

Bz, Oz 0z | 0X0z; 0z | M OX’ (12.14)

oY Oy Ox oY 0X  OY  mo Oy

Ozy Oz dzy  0X Oz, Oz MOX'
Since this is true for any 1), the relations between old and new momentum
operators are

m
p1= ﬁlPer,
(12.15)
.
p2= 3P -p.

Equation (12.15) is the same as the relation in classical physics be-
tween the momenta of the two particles, p; and p2, and the center of
mass and relative momenta, P and p. The usual algebra in classical me-
chanics by which the total kinetic energy p?/2m; + p3/2ms is expressed
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in terms of P and p works equally well for these operators, because p and
P commute with each other (because partial derivatives can be taken in
either order). So on substituting equations (12.15) into the Hamiltonian
(eq. [12.9]) we find by the usual algebra
2 p2
H=—+—+V(r)=Hgp+H,, 12.16
a7+ op TVE =Hr + (1216)
where M = m; + mo is the total mass, and the reduced mass is defined
as
©=mymy/M. (12.17)

The Hamiltonian in equation (12.16) is the sum of two terms,
H = Hp + H,, with Hp = P2/2M and H, = p?/2u + V(r). The first
Hamiltonian, Hg, involves only the center of mass variables R (through
the derivative operator P). The second, H;, involves only the relative
position variables r. This means Schrédinger’s equation can be simplified
by separation of variables, as follows.
If the functions ¥(R) and ¢(r) satisfy the separate eigenvalue equa-
tions
Hp¥U = ERV¥, H.¢ = E.¢, (12.18)

then, as is readily checked, the product,
Y(R,r) = ¥(R)4(r), (12.19)

satisfies the energy eigenvalue equation, Hy = Ev, with H = Hg + H,.,
and energy
E=Er+E,. (12.20)

The first of equations (12.18) is the Schrodinger equation for a free
particle with mass M. A complete set of solutions is the plane waves

U x PR/ Egr = P?/2M. (12.21)

The second eigenvalue equation (12.18) is a one-particle problem with
reduced mass p and potential energy V (r).

The conclusion is that, as in classical mechanics, a two-body problem
with potential energy V that depends only on the separation r; — ry of
the two particles can be reduced to two single-body problems, one for
the free motion of the center of mass, the other for the relative motion
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of the particles. The solutions we have presented assume the special
product form in equation (12.19) for the two-body wave function. The
general solution to Schriodinger’s equation may be expressed as a linear
combination of these products, as discussed in chapter 2 (section 13).

Phonons™

The experimentally successful Debye theory in section 1 for the low
energy lattice vibrations in a solid assumes the classical normal modes
of vibration of the solid, with frequencies w,, have energies £, = nyfiw,,
with n, =0,1,2,.... Let us see how this follows in quantum mechanics.

The dynamical variables will be taken to be the positions of the ions,
ignoring the electrons, and the ions will be taken to have all the same
mass, so the Hamiltonian is

H=) p}2m+V(r1...ry). (12.22)

The position variables may be set to r; = 0 at the classical equilibrium
positions, where the gradient of V' vanishes (so the classical force van-
ishes). We are interested in low energy excitations, for which displace-
ments from equilibrium are small, so we will expand the potential energy
V in a Taylor series in displacement from classical equilibrium and keep
only the lowest nontrivial terms, which are quadratic in position. This
brings the Hamiltonian (12.22) to

2

P; 1

H = E 515 =+ é‘ E Vij:c,-a:j. (1223)
1,3N 1,3N

To simplify the expressions, the N position vectors for the N parti-
cles have been replaced with the set of 3N coordinates z;. As usual,
p; means the derivative operator with respect to the i*® one of these
3N coordinates, p; = —thd/0z;. The V;; are the constant coefficients
0%V /dz;0z; in the Taylor series expansion. These coefficients are sym-
metric, V;; = Vj;, because the partial derivatives can be taken in either
order.

Now the game is to change variables from the z; to normal mode
coordinates, just as one does in the classical theory of small vibrations.
Recall that one introduces a linear transformation to 3N new coordinates

yﬂ)
2= L{ye, (12.24)



78 Chapter 1

with the constants L{ chosen to simplify the potential energy term in
the Hamiltonian. This is done by seeking the eigenvectors of the matrix
Vij-

Some elements of the matrix eigenvalue problem might be recalled.
A symmetric M-by-M matrix, H;;, can multiply a column vector, v;,
'by the rule

Z H;v; = w4, (12.25)
J

yielding the column vector u;. In the eigenvalue problem one seeks col-
umn vectors such that u; is proportional to v;:

ZH;'J"UJ' = qu; (1226)
j

the solutions v; are the eigenvectors of the matrix H;;, with eigenvalues
q. We have used the same terminology for Schrédinger’s energy equation
H+ = Ev, and for the momentum eigenvalue equation (11.14).

The eigenvalue equation (12.26) can be rewritten as

Z(Hij - qbi;)v; =0, (12.27)
J

where 6;; is the Kronecker delta function (eq. [10.5]). This is a set of M
homogeneous linear equations (there are M possible choices of the index
i in eq. [12.27]) for the M unknowns v;. It has a non-trivial solution (that
is, not all v; equal to zero) if the determinant of the matrix of coefficients
H;j — gb;; vanishes. (If the determinant does not vanish the matrix of
the coefficients has an inverse, and we can multiply the equations by the
inverse to get v; = 0 for all i.) Thus we require

det !H,;j = qﬁi}-[ =0. (1228}

This is a polynomial of order M, which has M solutions, ¢®. For each ¢
we get an eigenvector v{. The eigenvalues g* are real; the reason will be
seen in the next section. To simplify the discussion, it will be assumed
also that the ¢* all are different. (The notation is confusing until one
has some practice at it. The index a means that ¢* is the a*® solution
to egs. [12.26] and [12.28], with v¢ the column vector belonging to this
solution.)
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Returning now to the normal mode problem, we will choose the
coefficients in equation (12.24) to satisfy

> ViyLi=q"Lg. (12.29)

j=1,3N

This is an eigenvalue equation for the 3N-by-3N symmetric matrix V;;.
There are 3N solutions; the a'" eigenvalue is g%, the components of the
a'® eigenvector being L2.

An orthogonality relation follows by multiplying equation (12.29)
by L? and summing over i:

Y ViLLF =gy LL!
ij i

- bZLfo.

The two equations are obtained by applying equation (12.29) either to
the eigenvector a or b, and recalling that V;; is symmetric. Since the
eigenvalues belonging to different eigenvectors are supposed to be differ-
ent, the sum has to vanish when a # b. Thus we can write

(12.30)

D LILE = ba. (12.31)

Since the eigenvalue equation is linear, we can normalize the eigenvectors
L¢ so the sum is unity when a = b, as indicated by the Kronecker delta
function. An integral version of this orthogonality relation is shown in
equation (10.4).

A technical point might be noted: equation (12.31) is the matrix
product of the matrix L and the transpose of L. Since the determinant
of a matrix product is the product of the determinants, and the determi-
nant of the transpose of L is the same as the determinant of L, and the
determinant of 6,5 is unity, the determinant of L is £1. That means the
matrix inverse of L? exists, which is a Good Thing, because it means we
can invert equation (12.24) to write the new coordinates y, as functions
of the old coordinates z;.

On multiplying equation (12.31) by L} and summing over a, we get

SO oLt =1k (12.32)

2
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A solution to this equation is
3 LILE =6ji. (12.33)
a

Because the matrix L has an inverse, we know this solution is unique.
This is another orthogonality relation, similar to equation (12.31).

Now we are ready to change variables in the Hamiltonian (12.23).
The potential energy term is

> Vijmia; =Y Vi LiLiyays

= Zq“L“Lbyayb (12.34)
=3 ()2

The first equation is the change of variables in equation (12.24), the
second follows from the eigenvalue equation (12.29), and the last from
the orthogonality equation (12.31).

The change of variables in the partial derivatives follows as in equa-
tion (12.14). With equation (12.24) we have

ox;
o
:Z:L?Bxil

Thus we can define a momentum operator belonging to the variable y,:

(12.35)

P, —m—— = Z Lep;, (12.36)

with p; = —ih8/dz; the usual momentum operator associated with the

B cartesian position variable (eq. [12.8]). Using the second of the or-
thogonality relations (eq. [12.33]), we see that the sum of the squares of
the new momenta is

Y (P)?2 =) LLipip;

a aij (12.37)

= Z(P5)2
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With equations (12.34) and (12.37), the Hamiltonian (12.23) expressed
in the new variables y, is

H=Y [ % Ya )2] (12.38)

A very similar calculation in classical physics leads to a similar
result: the classical Hamiltonian can be written as a sum over one-
dimensional simple harmonic oscillator Hamiltonians, each of the form
P2/2m + q°y? /2, one for each coordinate y,(t). That means y,(t) oscil-
lates with time with frequency w, = (¢%/m)'/2. (If any of the ¢ were
negative, the equilibrium point y, = 0 would be unstable, which we can
assume does not happen.) Each y,(t) is a normal mode of oscillation of
the solid. In a normal mode of oscillation the position coordinates z;(t)
of the particles in the solid are z;(t) = L%y, (t). The general solution is
a sum over the normal modes, as in equation (12.24).

In quantum mechanics, the Hamiltonian in equation (12.38) is a sum
of operators H,, each of which involves a different single coordinate, y,.
As in equation (12.19), this means we can find eigenfunctions of H that
are products of functions of one variable, of the form

V= ¢1(y1)p2(y2) - .- On (yn), (12.39)

where the ¢q(y) satisfy
Hado = Euda. (12.40)

This is a solution to Hy = Ev, with H = )~ H,, and with energy
E=) E,. (12.41)

Because H, = P2?/2m + ¢°y2/2 is a one-dimensional simple harmonic
oscillator Hamiltonian, we know the eigenvalues E, in equation (12.40)
are (n, + 1/2)hw,, where w, is the classical frequency of the normal
mode. Apart from the constant hw,/2, this is what was assumed in the
Debye theory in section 1. The quanta hw, of excitation of the normal
modes of vibration of the solid are called phonons, in analogy to photons
as the quanta of excitation of modes of oscillation of the electromagnetic
field.
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Problems

Some of the problems in this chapter (and on occasion through the rest
of the book) are meant to help establish a feeling for orders of magnitude.
To the uninitiated these order of magnitude estimates may seem silly in a
supposedly exact science, but they are in fact an important art by which
one ferrets out of a complex situation the effects that determine what is
happening, and by which one simplifies a problem to the point that it is
feasible to compute in detail. Where a numerical result is called for you
should carry the analysis through to the final quantities, of course with a
sensible number of significant figures. Some useful physical constants are:

L1)

1.2)

1.3)

Planck’s constant: i = 1.054 x 10~%" erg s
Velocity of light: ¢ = 3.00 x 10'° cms™!
Boltzmann’s constant: k = 1.38 x 10 ¢ ergs K !
proton mass: m, = 1.67 x 10*Ag
electron mass: m, = 9.11 x 107 % g
electron volt: 1eV = 1.602 x 102 erg
Angstrom: 1A=1x%x10"8%m
Bohr radius: @, = 5.3 x 107% cm = 0.53 A

Use the density of solid hydrogen, p = 0.07gcem™2, and the mass
of a hydrogen atom, to estimate the radius of a hydrogen atom,
and compare the result to the Bohr radius.

As discussed in section 1, the heat capacity of gaseous molecular
hydrogen is roughly constant at 3k/2 per molecule at 7" < 200 K,
and roughly constant at 5k/2 at 200 < T' < 1000 K. Use this to
estimate the energy in eV of the first rotationally excited state of
a hydrogen molecule relative to the ground state energy.

As a model for the rotationally excited states of a hydrogen
molecule that is a little more accurate than the one in the text,
imagine a dumbbell with two proton masses m, at separation
equal to the Bohr radius, a,. The dumbbell is rotating about the
center of mass along an axis perpendicular to the line joining the
two masses. Following the Bohr-Ehrenfest rule (eq. [4.5]), assume
the allowed values for the angular momentum are integral mul-
tiples of h. Using classical mechanics from here on, estimate the
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energy of the first rotationally excited state of a hydrogen molecule
in this model, and compare the result to what is found in problem

(1.2).

In the derivation of the Debye specific heat in section 1, the sum
over normal modes is approximated as an integral. Find an order
of magnitude estimate of the temperature at which this approx-
imation fails for a cube of material 1 cm on a side, in which the

velocity of sound is ¢, = 5 x 10° cmsec™!,

Planck’s expression for the mean energy per mode of oscillation
of the electromagnetic field at temperature T is given by equation
(1.27). Following Einstein, suppose this energy consists of photons,
each with energy hr = fuw. The number of photons in each mode

is then
1
N,= P (I.1)
By repeating the calculation that led to the blackbody energy
density in equation (2.18), find an expression for the mean number
of photons per unit volume in blackbody radiation at temperature
T. Reduce the integral you obtain to a dimensionless constant.
Space is observed to be filled with blackbody radiation at a
temperature T ~ 3K. (This is radiation left over from the hot
Big Bang at early epochs of the expanding universe.) Using the
fact that the dimensionless integral in the expression for the pho-
ton number density is on the order of unity, estimate the number
density of photons in this radiation.

In interstellar space, hydrogen atoms can get hung up in states
with large values of the principal quantum number n in equation
(4.10), and such that the selection rules to be discussed in section
36 and problem V.21 require that the atoms decay toward the
ground state by the chain n - n—1 — n—2.... Use the Bohr
model to show that in this case, and in the limit of large n, the
frequency of the radiation emitted by the atom agrees with the
frequency with which the electron rotates around the proton.

Use the wavelength of the light emitted in the transition n =
2 - n =1, A = 1200 Angstroms = 1.2 x 10~5 cm, to find the
wavelength emitted in a case observed in the interstellar medium,
where n — n — 1 with n = 100.
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Estimate the de Broglie wavelengths of

a thermal neutron: the kinetic energy of the neutron is 3kT'/2,
where T' ~ 300K is room temperature, and the neutron mass can
be taken to be the same as that of a proton;

an electron with energy E = 1 Gev = 10° eV, where the momen-
tum in this case is related to the energy by the expression

E? = p*? + m*ct. (I.2)

The ground state wave function for a one-dimensional simple har-
monic oscillator is fixed by the differential equation (eq. [6.48])

ay = 0. (1.3)

Using the expression for the lowering operator a as a differential
operator (eq. [6.34]), find a solution for this differential equation
for 9o(x). Use the integral

o 2
/ dy eV =7l/? (L.4)

=00

to normalize 1y to the condition

[ opaz =1 (1.5)

—00

Use equation (6.34) to express z as a linear combination of the
lowering and raising operators a and a', and then use operator
methods to show that zig is the (not normalized) wave function
for the first excited state.

Use the properties of the raising operator to argue that the wave
function for the n'" energy level, with E, = (n + 1/2)kw, for the
oscillator is a polynomial multiplied by a Gaussian (e=<*"), and
find the order of the polynomial. Show that the result agrees with
the node count argument in section 7.

The Hamiltonian for a three-dimensional simple harmonic oscilla-
tor is
B2

2 2m

V2 4+ %Krz. (1.6)
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By expressing V2 and r? in terms of the cartesian position com-
ponents z, y, and 2z and their derivatives, show that H can be
written as the sum of three operators,

H = H, + Hy + H., (1.7)

where H, involves only z and derivatives with respect to x, and
S0 on.
Use equation (1.7) to show that wave functions of the form

Y(r) = ¢i(2)d;(y)or(2) (1.8)

where the functions ¢;(z) are the energy eigenfunctions for a one-
dimensional simple harmonic oscillator, satisfy Hiy = Ev, and
find the allowed values of E for the three-dimensional oscillator.
Using the result from problem (I.8a), show the ground state wave
function (I1.8) is spherically symmetric.

A particle of mass m moves in one dimension in the potential well
V(z). The potential energy vanishes at distances |z| > a from the
origin, and is constant and negative at smaller |z|:

V(z) =0 at [z]|>aq,
(1.9)
=-V, at —a<z<a.

The ground state energy is negative, Fy = —B, where B is of
course positive.

Following the arguments in section 7, sketch a graph of the shape
of the ground state wave function, ¥ (z). High art is not expected
in this exercise; the object is to work out the appropriate curva-
ture of the wave function in the classically allowed and forbidden
regions, to indicate how the function behaves at the boundaries
between classically allowed and forbidden regions, and to indicate
the behavior at |z| — oco.

Write down Schrédinger’s equation for this system, and find the
solutions for the ground state wave function (up to undetermined
constants of proportionality) in terms of B in the classically al-
lowed and forbidden regions, and state the joining conditions on
the solutions.
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T

Fig. I.1 Model for the low energy states of an ammonia molecule. The
potential well has minima for the position of the nitrogen atom on either
side of the triangle defined by the three hydrogen atoms.

In a streamlined model for the low energy states of an ammo-
nia molecule (NH3), imagine that a nitrogen atom moves in one
dimension in the potential V(z) sketched in figure 1.1. The po-
tential has two minima, one on each side of the triangle defined
by the three hydrogen atoms, and a relatively high peak between
the minima, at the plane of the three hydrogen atoms. Thus in
classical physics the nitrogen atom in the ground state would sit
in one of the minima. Work is required to pull the nitrogen atom
away from the molecule, and in classical physics work is required
to push the nitrogen atom into the plane of the three hydrogen
atoms at z = 0. Following the arguments in section 7, sketch the
shapes of the wave functions 1g(z) and ¢;(z) for the ground and
first excited states of motion of the nitrogen atom.

The energies Ey and E; of the ground and first excited states
in this system are very nearly equal. Explain how this is to be
understood.

A particle that moves in three dimensions is trapped in a deep
spherically symmetric potential V(r):

Vir)=0 at r<r,,
(L.10)
— o0 at r>r,,
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where 7, is a positive constant. The ground state wave function
is spherically symmetric, so the radial wave function u(r) satis-
fies the one-dimensional Schrédinger energy eigenvalue equation
(6.17), with the boundary condition u(0) = 0 (eq. [6.18]).
Explain why, in the potential well in equation (I.10), the wave
function is forced to vanish at r = rg.

Using the known boundary conditions on the radial wave function
u(r) at r = 0 and r = r,, find the ground state energy of the
particle in this potential well.

A particle of mass m moves in three dimensions in the potential
well

V(ir)==-V, at r<m,,
(L.11)

=0 at r>r,,

where V, and r, are positive constants. If there exists a state in
which the particle is bound to the potential well, the wave function
for the bound state with the lowest energy is spherically symmetric
and the radial wave function satisfies equations (6.17) and (6.18).
Find the minimum value of the depth V, for which there ex-
ists a bound state. (Recall that the radial function satisfies the
condition u(0) = 0, because ¥(r) = u(r)/r has to be regular at
the origin.)
A deuteron is a bound state of a neutron and proton. In the center
of mass coordinates discussed in section 12, one considers a single
particle with the reduced mass moving in a fixed potential well
V(r), where r is the separation of the neutron and proton. To a
first approximation, the nuclear interaction can be taken to be a
square potential well,

Vir)=-V, at r<rn=1x10"%cm,
(1.12)
=0 at T > Ty

There is only one bound state. In the approximation of equation
(I.12), the wave function 7 in this bound state is spherically sym-
metric.

The depth, V,, of the potential well is such that the deuteron
is only just bound: if the radius r, of the nuclear interaction were
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only slightly smaller, there would not be a deuteron bound state.
Use this to estimate V,, in MeV.

The normalized wave function of a particle that moves in three
dimensions is
Y(r) = A(r)e’™, (1.13)

where k is a real constant vector, and A is a real function of
position r.

In terms of the given constants and functions, what is the proba-
bility distribution in the position of the particle?

In terms of the given constants and functions, what is the proba-
bility flux density, j (eq. [8.13])7

Suppose that, at a given instant of time, the wave function of a
particle that moves in one dimension is

P(z) o e /%, (1.14)

where z, is a real constant. This is the form of the ground state
wave function for a simple harmonic oscillator, but of course the
function need not represent a simple harmonic oscillator: equation
(I.14) is an initial value for Schrodinger’s equation.

Write down the normalization for 1, as in problem I.8.

Find the expectation value {z) of the result of measuring the po-
sition of the particle at the given instant of time, when the wave
function is given by equation (1.14)

Find the expectation value of the square of the position, (x2).
The standard deviation o, of the random variable a is defined by
the equation

7z = ((a — (a))?)

(I.15)
= (a®) - ().

That is, o, is the root mean square difference between the mea-
sured value of a and the expectation value of a. Show how the
second line in equation (I.15) follows from the first, and use the
result to compute the standard deviation o, in the position of the
particle with the wave function in equation (I1.14).
Find the probability distribution dP/dp (egs. [10.39], [10.41]) for
the result of measuring the momentum of the particle with the
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wave function in equation (I.14). The integral can be evaluated by
completing squares, as in equation (10.28).
Use the result from part (e) to find the standard deviation o, in
the result of measuring the momentum. If all goes well, you should
find

0,0p = h/2. (1.16)

As will be seen in problem (IIL.3), this is the minimum possible
value for this product allowed by the Heisenberg uncertainty prin-
ciple.

Find the probability distribution dP/dp in the momentum of the
particle with the wave function of the first excited state of a one-
dimensional simple harmonic oscillator,

é(z) x ze /%, (1.17)

The easy trick here is to notice that the derivative with respect
to k of the Fourier transform of the function in equation (I.14) is
proportional to the Fourier transform of the function in equation
(I1.17).

Find the probability distribution dP/dp in the momentum of the
particle with the wave function

x(z) gihos—o"ze (L.18)

where k, and z, are real constants. You should find that this is
an easy generalization of the calculation in part (e).

The cold fusion calculation in section 9 assumed a spherically sym-
metric wave function, #(r), so the radial wave function u(r) =
rip(r) satisfies a one-dimensional Schrédinger equation with the
same potential V(r) as in the three-dimensional problem. Then
u(r) was used to calculate the probability distribution and prob-
ability flux in the radial direction, as if this were a true one-
dimensional situation. The purpose of this problem is to work
through the logic of this approach.

The wave function 1 is normalized to

/dV [(r)|? =1. (1.19)
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By writing the volume element dV in polar coordinates, find the
normalization condition on u(r) = r¢(r) as an integral over the
radius 7. (Polar coordinates are defined in fig. 17.1.)

The probability that the particle is found at position r in the
volume dV is

dP = dVv |y|%. (1.20)

By using polar coordinates again, and integrating over the direc-
tion of r, find the probability that the particle is found to be at
radius r in the interval dr. Express the result in terms of the radial
wave function u(r).

Find the probability flux density j for the wave function (r). Use
equation (6.11) to express the result in terms of u(r) and du/dr.
Use the result from part (c) to find the net flux, f, of probability
through a shell of fixed radius r, again expressed in terms of the
radial wave function u(r) and its derivative.



CHAPTER 2

WAVE MECHANICS

The last chapter showed how one can understand the energy quant-
ization of an isolated system of particles, by associating a wave function
with the system. We introduced linear combinations of wave functions, to
get new functions (as in eq. [5.9]), we introduced a normalizing condition,
that can be written as (1,1) = 1 (eq. [11.7]), and we saw that it is useful
to extend this notation to a sort of scalar product of functions, (1, ¢)
(egs. [11.8] and [11.13]). The purpose of the first two sections in this
chapter is to formalize these manipulations, and to write down the set
of general assumptions of wave mechanics. The way the formalism is used
will be illustrated by application to the symmetry arguments by which
one derives the laws of conservation of parity and linear and angular
momentum and the electromagnetic interaction.

13 Linear Space of Wave Functions

Wave Functions and Operators

We used linear combinations of wave functions, as in equation (5.9), to
describe the possible states of a system of particles. This is formalized
by introducing a linear space of functions of m variables (corresponding
to the m coordinates for the system). Linearity means that if ¢ and ¢
arc clements of the space of functions so is the function

X = cy +do, (13.1)

where ¢ and d are constants. One sometimes adds the condition that the
functions be square integrable,

0< / [¥|2d™r < oo, (13.2)
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but we will ignore that when convenient. The word space is used here
to express an analogy between the set of wave functions and the set of
vectors in ordinary three-dimensional space. The vectors r and s can be
multiplied by constants and added to get a new vector, cr+ds. Equation
(13.1) expresses the same operation for functions.

We also have an analog of the dot product r-s of two vectors in three-
dimensional space. The corresponding measure in the space of functions
is the inner product

(%) = f dmr g, (13.3)

As usual, the star means the complex conjugate. The integral is over
the m position coordinates of the system. This form was used in writing
out the expectation values of position and momentum (egs. [11.8] and
(11.13]).

The inner product satisfies the relations

(¥, 0)" = (8, ¥),
(13.4)
(¥, co + dx) = c(¥, ¢) + d(¥, ),
where ¢ and d are constants. It follows that
(co +dx, ) = c" (9, ¥) + d"(x, ¥). (13.5)

A linear operator @ maps any element of the space of functions into
another element,

QY =¢. (13.6)

Linearity means that, for functions 1) and ¢ and constants ¢ and d,

Q(cy + d¢) = Qv + dQ¢. (13.7)

Examples of the linear operators of quantum mechanics include the com-
ponents of the cartesian position vector, r,, the components of the mo-
mentum operator, p, (eq. [11.10]), the Hamiltonian, H (eq. [11.15]), and
the ladder operators a and a' that were used in section 6 to find the en-
ergy levels of a simple harmonic oscillator (eq. [6.34]). For example, the
component z of the position vector r, multiplied by the function ¥ (r),
gives a new function of position, z(r).
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If P and @ are linear operators then the sum P+ @ and the product
PQ are linear operators:

(P+Q)Y=Py+Qy, PQy=PQy). (13.8)

Any three operators satisfy the law (PQ)R = P(QR). It will be noted
that in general operators need not commute: P() need not be the same
as QP. An example was seen in section 6, in the commutator of z and
the derivative 8, with respect to = (eq. [6.33]).

The Hamiltonian H is an operator function of operators. Any func-
tion f(Q) of the operator @ that can be expressed as a power series can
be defined as an operator, for the term Q" in the expansion just means
the operator ) applied n times. Thus, for example, if

U =e?, (13.9)

with @ an operator, then

Up=>Y ﬁ%’—@ (13.10)

Adjoint of an Operator

The linear operator Q' adjoint to the linear operator Q is defined by the
equation

(Q¢, ¢) = (¥, Q9), (13.11)

for all v and ¢. By taking the complex conjugate of this equation, and
using equation (13.4), we see that this is equivalent to

(¥, Q9)" = (6, Q). (13.12)

A self-adjoint operator satisfies
Q'=Q. (13.13)
It follows from equation (13.12) that (), Q) is real if Q is self-adjoint.

It is left as an exercise to show the converse, that if (¢, Q¢) is real for
all ¢, then (¢, Q¢) = (Qv, ¢) for all ¢ and ¢, so Q is self-adjoint.
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Because expectation values of observable quantities are of the form
(¢, @), as in the examples in equations (11.8) and (11.13), and mea-
surements yield real numbers, the operators @ representing observables
are self-adjoint.

Let us consider some examples. If ¢ is a constant, we evidently have

d=c, (13.14)

that is, the adjoint of a constant is its complex conjugate. If P and @
are operators, with adjoints P' and Qf, the product PQ satisfies

(¥, PQ9) = (P'y,Q9) = (Q"P', 9), (13.15)

Thus the adjoint of the product PQ is the product of the adjoints in the
reverse order:
(PQ'=Q'P. (13.16)

It is left as an exercise to show that

(P+Qf =P +Q,

(13.17)
Q' =(@" =@
To find the adjoint of the derivative operator
d
By= 32’ (13.18)
where x is one of the position coordinates, write
w8 B op*
Y 5= a(‘!ﬁ’ ¢) — _53:_05‘ (13.19)

and integrate over all coordinates. The integral over the total derivative
yields the integrand at the upper and lower limits; this vanishes because
the functions have to approach zero at infinity (or with periodic bound-
ary conditions because the upper and lower limits are the same point).
This gives

(%, 0:6) = —(3:9, ), (13.20)

so the adjoint defined in equation (13.11) is

ol = —4,. (13.21)
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The momentum operator is (eq. [11.10])
Pa = —ih0q. (13.22)

This is self-adjoint, p, = pa, because the adjoint of the factor i is —i (eq.
[13.14]). Therefore, the expectation values of the momentum, and of any
function of the momentum, are real. In particular, the energy operator,

p2
H=>—+V, (13.23)

“ om

is self-adjoint if the potential energy is real, because (pzpz)! = pape-
The adjoint of the operator U = ¢'? in equation (13.10) is

Ult=e@=0U"", (13.24)

as we see by taking the adjoint of the series expansion of U. That is, the
adjoint of this operator is equal to its inverse:

Uty =1. (13.25)

This is said to be a unitary operator, and the mapping

Y- Uy,

(13.26)
Q-UQU™!,
for all wave functions ¥ and operators @ is a unitary transformation.
This is of particular interest because all predictions of quantum mechan-
ics are in expressions of the form (i, Q¢). It-is left as an exercise to check
that (1, @¢) is unaffected by a unitary transformation of all the wave
functions and operators.

Eigenfunctions and Eigenvalues

Consider a linear self-adjoint operator ). As we have discussed on several
occasions, the eigenvalue equation for @ is

QY = qv, (13.27)
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where 1 is a nonzero function ((v, 1) # 0 and (v, %) # 0c). The number
q is the eigenvalue belonging to the eigenfunction . The eigenvalues can
be discrete, as are the energy levels of a particle bound in a potential
well, or continuous, as the energy of a free particle that can spread
over an unbounded space. Only discrete eigenvalues are considered here;
generalization to the continuous case is discussed in section 20 below.

As an example, the eigenfunctions and eigenvalues of the momentum
operator (eq. [13.22]) with periodic boundary conditions in a region of
volume V = L3 are (egs. [1.54], [1.55] and [11.14])

Yp(r) = ePT/R V12 Po = 2nhng /L. (13.28)

The n, are integers. This wave function has been normalized to
(wp; ?{’p) = 1.

Here are some properties of the eigenvalues and eigenfunctions of
self-adjoint operators.

1) The eigenvalues are real. For a self-adjoint operator, Q' = Q, we
have (eq. [13.11])

(¥, QY) = (Q¥, ¥), (13.29)

and the eigenvalue equation (13.27) gives

(1}[}! qw) = (qwi w)!

(13.30)
a(¥,¥) = ¢ (¥, 9),

where the second step follows from equation (13.4). Since % is nonzero,
that is, 0 < (¢,%) < oo, we see from this equation that ¢* = q.

2) The eigenfunctions with different eigenvalues are orthogonal. Con-
sider the two eigenfunctions

QYr = qui,

(13.31)
Q2 = qoiba.

Because we are taking @ to be self-adjoint, we have (from eq. [13.11]
with Q' = Q)
(?J)l: sz) = (le y w’Z)v (13.32)



Wave Mechanics 97

and, since we have seen that the g; are real, we conclude from the eigen-
value equations (13.31) that

a2(¥1,%2) = q1(¥1,%2). (13.33)

This means either g; = g2 or

(Y1,92) =0 if q # q. (13.34)

The two functions are said to be orthogonal, following the analogy of
dot products of vectors.

3) Different eigenfunctions with the same eigenvalue can be chosen
to be orthogonal. Eigenfunctions with the same eigenvalue are said to be
degenerate. If 1 and v, are degenerate then another degenerate eigen-
function is the linear combination c;9; + cz1p2. We avoid these trivial
degenerate eigenfunctions by considering only a linearly independent set
of functions, where linear independence means that the only solution to
the equation

> eatn =0, (13.35)
n=1

where the ¢, are a set of constants, is ¢, = 0 for all n.
Suppose there are m linearly independent eigenfunctions, all with
the same eigenvalue,

QYn =qn, for n=1,...m. (13.36)

We can generate an orthogonal set of functions ¢,, as follows. The first
of the new functions is just

o1 = 1. (13.37)

The second is
¢2 = P2 + ¢y, (13.38)

where the constant ¢ is chosen so ¢, is orthogonal to ¢;:

(¢1,02) = (¥1,%2) + c(¥1,%1) = 0. (13.39)
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This can be solved for ¢ because (11,%1) # 0. We know ¢, is nonzero
because ; and 1, are linearly independent. Thus ¢; and ¢, are or-
thogonal eigenfunctions of @. To get the next orthogonal eigenfunction,
write

¢3 = 1h3 + dg2 + ey, (13.40)

and seek values for the constants d and e so ¢3 is orthogonal to ¢; and
¢a. Since ¢, is orthogonal to ¢,

(¢1,03) = (91,v3) +e(¢1, 1) =0,

(13.41)
(@2, 93) = (¢2,v3) + d(¢2,¢2) = 0.

These equations yield d and e. Continuing in this way, we can arrange
that all m eigenfunctions satisfy

(91, 05) = 64, (13.42)

where 8;; is the Kronecker delta function (eq. [10.5]). The new orthogonal
eigenfunctions ¢; have been normalized by dividing the original ¢; from
the above procedure by (;, ¢;)'/2.

4) If the operators P and @) commute, that is,

[P,Q]=PQ-QP =0, (13.43)

then it can be arranged that all the eigenfunctions of P are eigenfunc-
tions of @ and all the eigenfunctions of @ are eigenfunctions of P.
Suppose first there are no degenerate eigenfunctions (so each differ-
ent eigenfunction of P has a different eigenvalue p). Then on applying
the operator @) to the eigenvalue equation for an eigenfunction of P,

Py = py, (13.44)
and using the fact that P and @) commute, we get
P(Qy) = p(Q). (13.45)

This says that Qi is an eigenfunction of P. Since 1 is not degenerate,
@ must be proportional to ¥,

QY = g, (13.46)
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where g is the constant of proportionality. But this equation says 1 is
an eigenfunction of @, with eigenvalue g, as well as an eigenfunction of
P with eigenvalue p. That is, 1 is a simultaneous eigenfunction of P and
Q.

Suppose next P has m (m < oo) linearly independent eigenfunctions
all with the same eigenvalue p. As discussed above, these functions can
be chosen to be orthogonal and normalized,

Py = p, (%3, ¥5) = 6ij. (13.47)

Since the list of eigenfunctions v; is supposed to be complete, any eigen-
function of P with eigenvalue p must be a linear combination of these
;. Now if PQ = QP we get from the first of equations (13.47)

P(Qv:) = p(Qv;). (13.48)

If the function @Q; vanishes then it is an eigenfunction of @ with eigen-
value ¢ = 0. If Qv is nonzero, equation (13.48) says it is an eigenfunc-
tion of P, with eigenvalue p, so it has to be a linear combination of the
complete set of eigenfunctions v¥; with eigenvalue p:

Qvi = Y _ Cit;. (13.49)

By the orthogonality relation (13.47), the inner product of (13.49) with
P I8
Cik = (YK, Q). (13.50)

Now let us seek eigenfunctions of ) that are linear combinations of
the ;:
QY Diyi =q)_ Dyt (13.51)

The D; are constants that will be chosen to satisfy the eigenvalue equa-
tion (13.51) for Q. We will see that there are m different solutions. This
is what allows us to classify the eigenfunctions of P as eigenfunctions of
Q.

On using equation (13.49) for Q;, we see that equation (13.51) is

Z D;Cijv; =q E Dyy. (13.52)
ij k
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As in equation (13.50), the orthogonality condition (13.47) gives
Y " DiCi; = qD;. (13.53)

This is a matrix eigenvalue equation for the row vector D;, where the
matrix elements, C;;, are given by equation (13.50). As discussed in sec-
tion 12, there are m solutions to this eigenvalue equation, each yielding
a set of coefficients D; and an eigenvalue g. This set of D; yields a func-
tion, > D;;, that by equation (13.51) is an eigenfunction of Q with
eigenvalue g. Since Y D;1; is a linear combination of the eigenfunctions
of P all with the same eigenvalue p, we see that 3 D;1); is a simulta-
neous eigenfunction of the commuting operators P and Q. Since there
are m different solutions to equation (13.53), there are m different linear
combinations Y D;¥; that are eigenfunctions of @ as well as P. The
eigenfunctions belonging to different values of ¢ are orthogonal; degen-
erate eigenfunctions of ¢ can be made orthogonal in the way described
above.

The result of this operation is that the set of degenerate eigenfunc-
tions v; of P has been replaced with a set of linear combinations of the
1;, with the combinations chosen so each is an orthogonal eigenfunction
of the operators @ and P. For example, the three momentum opgrators
Pz, Py and p. commute (because partial derivatives may be computed in
any order: 82¢/8xdy = 8%¢/0ydz). As in equation (13.28), the eigen-
functions of the operator p, with given eigenvalue 2nn, h/L labeled by
the integer n,, with periodic boundary conditions, are of the form

h=fly; z) rinesil, (13.54)

where f is any (reasonably well behaved) periodic function of y and
z. That is, there are many linearly independent eigenfunctions of p,
all with the same eigenvalue. Because p,, p, and p, commute, one can
seek simultaneous eigenfunctions of these operators. The simultaneous
eigenfunctions given in equation (13.28) are uniquely specified (up to
the usual multiplicative factor) by the three eigenvalues 2rnh/L (that
are fixed by the three integers n,, ny, and n.).

Completeness

To every measurable attribute of a physical system, quantum mechanics
associates a self-adjoint operator, @, with eigenfunctions ;. As we have
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seen, we can choose a complete set of linearly independent eigenfunctions
of @ to be orthogonal and normalized,

(Yi,%5) = by (13.55)

The completeness assumption is that any wave function ¢ that describes
an allowed state of the system can be expanded as a series in (linear
combination of) these eigenfunctions,

¢ = Z e (13.56)

The ¢; are constant expansion coefficients. On taking the inner product
of this sum with %;, and using the orthogonality relation (13.55), we see
that the j* expansion coefficient is

¢; = (¥, 9)- (13.57)
Thus a compact expression for the expansion is

6= (i, 9). (13.58)

For an example of the completeness expression, consider the set
of simultaneous eigenfunctions of the components of the single particle
momentum operator (eq. [13.28]). The completeness expression here is

B(r) = cptp(r),  cp = (p,¥). (13.59)

The sum is over the integers n in equation (13.28). This sum is the
Fourier series expansion of ¥(r), as discussed in section 10.

The expansion in equation (13.58) can be compared to the represen-
tation of a vector in a three-dimensional space by its components in a
cartesian coordinate system. Let i, j, and k be the unit vectors along the
orthogonal z,y, z axes in a three-dimensional space. The orthogonality
relations analogous to equation (13.55) arei-i=1,1i-j =0, and so on.
The component of the vector r along the z axis is x = i - r, which can
be compared to equation (13.57). The vector may be written as a linear
combination of the unit vectors with coefficients equal to the components
Ty, 2

r =iz + jy + kz. (13.60)
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Equation (13.58) generalizes equation (13.60) to a linear space with an
infinite number of dimensions. Following the usual convention in linear
spaces, the 9; are called a basis for the space of functions.

Proof of Completeness™

The general completeness theorem will not be proved here, but it is fairly
easy to work through a special case. Suppose the self-adjoint operator @
has eigenvalues g; that are not degenerate, and arrange the eigenvalues
S0

Gi+1 > Gi- (13.61)

Suppose also that there is a minimum value, gp, but no maximum, so
gi — 00 as i — oo. Without further loss of generality we can take it
that the ¢; are not negative (by subtracting a suitable constant from
Q). As usual, the eigenfunction 1); belonging to ¢; will be normalized to
(%3, ¥5) = &ij5.

Consider the expression

(¥, Q¥)
(¥,¥)

The first step is to show that the function that minimizes ¢ is the wave
function vy belonging to the smallest eigenvalue gq.

For any 1, consider the change of ¢ under a small change in the
function,

q= (13.62)

Y- P+ 8y (13.63)
The result of applying this to equation (13.62) is

(69, Qv) (6, ¥)(¢, Q¥)
bq = - + cc. 13.64
=W ) (1369
Here cc means the complex conjugate of the preceding terms (in which
&1 appears in the right-hand side of the inner product). Using the defi-

nition of g, we can simplify this to

(69%,(Q — q)v)
e )

Now suppose ¥ minimizes g. This means g must vanish to first order
in 61 for any 61. So choose a particular form for 6,

8 o (Q - = f. (13.66)

+ cc. (13.65)
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This brings equation (13.65) to

b6q o< (£, £)/ (%, ). (13.67)

If f is nonzero then 6g > 0, which contradicts the assumption that
minimizes g. The contradiction is avoided if f = 0. But then equation
(13.66) says

QY =qy. (13.68)

That is, the 1 that minimizes ¢ has to be an eigenfunction of Q. The
smallest eigenvalue of () is gp, so 1y minimizes q.
Next, for any v let

¢ =Y —Yo(vo, ). (13.69)

This projects the part 1o out of ¥, so ¢ is orthogonal to y:

(%0, ) = 0. (13.70)
Consider for this new function the expression in equation (13.62):

q= (¢.99) (13.71)

(¢,9)

By the above argument, if ¢ minimizes ¢ then
Q¢ = q9. (13.72)

If ¢ were equal to gg then ¢ would be proportional to 1, which would
contradict equation (13.70). Thus the minimum value of ¢ in equation
(13.71) is obtained when ¢ is the first eigenvalue above the minimum
one, with ¢ = ¢;. One similarly finds that if

dm=v— > (i) (13.73)
i=0,m-1
then

(Smrdm) —
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We need one last inequality. We have from equation (13.73) after a
little rearrangement and application of the orthogonality of the 1;,

(6m» Qdm) = (¥, Q¥) = Y qil(vi, )| (13.75)
0,m

The last term is negative, because the g; are positive, so

(Dm; QPm) < (¥, Q). (13.76)

The inequalities (13.74) and (13.76) say

(bm, Om) < (%fcﬁm) < (w’qu). (13.77)

In the limit m — oo, the eigenvalue ¢,, — 00, s0 (ém,dm) — 0. And
as ¢, approaches zero we see from equation (13.73) that 1 becomes
arbitrarily well approximated by the series

Y= (%, ). (13.78)

This is the completeness expression (eq. [13.58]).

14 Principles of Quantum Mechanics

Now we are in a position to write down the general assumptions of
quantum wave mechanics. It is hoped that these are seen to be reason-
able generalizations from the considerations in chapter 1, and that these
considerations are a reasonable response to the puzzle of energy quan-
tization. But of course the ultimate justification is that the resulting
theory is experimentally very successful. In section 21 the assumptions
are repeated in the notation of an abstract linear space (rather than the
space of wave functions used here).

Observables and Probability Distributions

In wave mechanics the possible states of a physical system are repre-
sented by the functions in a linear space with the properties discussed
in the last section. If the system is described by m coordinates, then
the wave functions are functions of m variables plus time. It should be
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noted that the wave function is not to be identified as the physical sys-
tem. The wave function is what is used to predict what the system will
be observed to do.

To every measurable attribute of the system, wave mechanics as-
sociates a self-adjoint linear operator in the space of wave functions.
The operator is called an observable. Examples are the momentum and
energy operators (13.22) and (12.6); others to be discussed in sections
below include parity and angular momentum.

The possible results of a measurement of the observable @ are its
eigenvalues, g,, in the equation

QYn = gnn. (14.1)

The operators representing observables are required to be self-adjoint so
the eigenvalues are real (as shown in section 13), as is appropriate for an
observable. An example is Schrodinger’s equation Hy = E1), which was
used in section 6 to find energy levels E for a simple harmonic oscillator
and a spherically symmetric hydrogen atom.

Within quantum mechanics, the state wave function ¢ determines
everything that can be predicted about the result of a measurement of
the system. If the wave function for the system is the eigenfunction 1,
of @ in equation (14.1), then the result of measuring @ certainly is the
eigenvalue g,. If ¢ is not an eigenfunction of @ the theory specifies the
probability distribution in the result of measuring @, as follows.

Suppose the eigenvalues of @ are not degenerate (all g,, are different).
As discussed in the last section, the 1, can be taken to be orthogonal
and normalized to

(wmafpn) = 6mn- (142)

If the quantity represented by the observable () is measured in the system
represented by the wave function ¢, the possible results of the measure-
ment are the eigenvalues g,, and the probability that the result is the
particular value g, is

Pn = |(%n, ¥)I%, (14.3)

where 1, is the eigenfunction of @ with eigenvalue g,.
The probabilities for obtaining any possible result must sum to
unity:

Y. Bo=1, (14.4)
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To see what this implies, consider the expansion of the wave function 1
in the eigenfunctions v; of Q (the completeness relation in eq. [13.58]):

Y=Y Yn(tn, ). (14.5)

The inner product of this sum with itself is, by the orthogonality relation
(14.2),

V)= 1%, ) (14.6)
By equations (14.3) and (14.4), this means

(¥, ) =1. (14.7)

Thus we see that if 1) satisfies the normalization condition discussed in
section 8 (eq. [11.7]) then the probabilities P; for any observable propérly
sum to unity.

As an example of the application of the probability assumption,
consider a momentum measurement in a system consisting of a single
particle that moves in one dimension in a space with periodic boundary
conditions with period L. The momentum eigenfunctions (eq. [11.14])
are

eipm/ﬁ
¢p($) = W‘ p= Qﬁhﬂ/L, (148)
with n =0,41,42,.... This is the one-dimensional version of equation

(13.28). The eigenfunctions ¢, are orthogonal, as in equation (10.4),
and normalized. If the wave function for the system is 1(z), the wave
function expansion in equation (14.5) is

zpzﬂi

Y(z) = Zcp e (14.9)

The orthonormality of the eigenfunctions ¢, allows us to write the ex-
pansion coefficients as

—sz,“h
Cp —/ dzy(z TiE (14.10)
The probability that the momentum measurement yields the value p is

(eq. [14.3])
P, = epf* (14.11)
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Since p = 2whn/L (eq. [14.8]), the number of integers in the range of
values of momenta between p and p + dp is

L

The probability that the momentum is in the range p to p + p is the
product of the probability P, per momentum eigenvalue (eq. [14.11])
with the number én of eigenvalues in the wanted range of momentum
(eq. [14.12]). This gives

e—ipx;’ﬁ. 2

L

This is equations (10.39) and (10.41). That is, the probability expression
(14.3) is consistent with the argument in section 10 for the measurement
of the momentum of a free particle by time of flight.

Expectation values or ensemble average values were discussed in
section 11. The expectation value of the result of measuring the attribute
associated with the observable ) in the state of the system represented
by v is

(@) = (¥, Q¥), (14.14)

as may be checked by applying equations (14.1) to (14.5):

(@) = % Q{D_ ¥n(¥n,¥)})
= (% Q¥n) ¥, )
= Z(w, wn)QH(":&m Tp)

= ZQ“P"'

The first line uses the expansion (14.5) of the wave function, 3. The
second line uses the linearity of the operator  and of the inner product
(eq. [13.4]). The last line uses the probability expression (14.3). The
result is the definition of an ensemble average value, as in equation (11.2).

It will be recalled that the last line of equation (14.15) means that
if we had a statistical ensemble of systems all with the same wave func-
tion 7, then (@) would be the arithmetic mean value of the results of

(14.15)
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the measurements of () averaged over the members of the ensemble. Ex-
amples of equation (14.14) for the expectation values of position and
momentum were seen in section 11. The probability expression (14.3)
generalizes this relation to any observable.

If the eigenfunctions of ) are degenerate, it is assumed that there
is another observable P that commutes with Q). As discussed in section
13, we can find a complete set of simultaneous eigenfunctions of P and
Q. These functions are labeled by two indices, ¥y, », to represent the
eigenvalues p,, and g, of P and Q. This may remove the degeneracy, in
the sense that m and n uniquely fix the eigenfunction (up to the usual
multiplicative factor). If not, we can seek simultaneous eigenfunctions
of P, @, and another observable R that commutes with P and with
@, and so on until the degeneracy is removed. This gives a complete
set of simultaneous eigenfunctions ¥, ,, .. of the commuting observables
P,Q,..., the functions being uniquely labeled by the quantum numbers
MMy ...

If the wave function of the system is the simultaneous eigenfunction
Ym,n,... of the commuting observables P, @, ..., the result of measuring
P certainly is p,,, the result of measuring @ is ¢,, and so on. If the
wave function 1 that represents the state of the system is not one of the
simultaneous eigenfunctions ¥, ..., the completeness condition (14.5)
is that 1y may be expanded in the basis ¥y, .. as

lf)z Z wm,n,,..(wm,n,...aw)- (1416)

m,mn,...

As in equation (14.6), we have, from the orthonormality of the basis
functions,

> 1@ Ymn, )P = W, 9) =1, (14.17)

assuming the wave function is normalized to (,1) = 1. If the system is
in the state represented by 1), the results of simultaneous measurements
of the observables P,Q, R, ... are the eigenvalues p,,,¢n, ..., with prob-
ability

Poni.. = |(bmigi,..s O)P (14.18)

We see from equation (14.17) that this probability distribution is cor-
rectly normalized.

If only the observable P is measured, then the probability for the
result to be the eigenvalue p,, is found by summing the probabilities
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P n,... in equation (14.18) over all possible values of the unmeasured
attributes:

Pr= Y [bmpn s D (14.19)
The expectation value of the observable @ is
@ = @Pmn..=Qu). (14.20)

It is left as an exercise to use the expansion (14.17) to show how the
last expression follows from the probability law (14.8). The expectation
value of the n*® power of the observable @ is similarly found to be
Q™) = (v,Q™), and the expectation value of the operator function
£Q) is (£(Q) = (4, F(Q)-

Finally, we have to specify what happens to the wave function when
an observable of the system is measured. This follows the discussion in
section 8. After a measurement, we have to use a new wave function that
takes account of the information from the measurement. In particular, if
the complete set of commuting observables P, @, ... are simultaneously
measured, and the results are p,,, ¢yn,..., then the the new wave func-
tion has to be the eigenfunction ¥, » ... with the observed eigenvalues
PmsQn, - - -, for by equation (14.18) this new wave function says that if
P,Q, ... were immediately remeasured the results would be what was
just found. This is the observed behavior of physical systems. For ex-
ample, if a particle position is measured in a spark chamber, experience
shows that a measurement repeated closely after will localize the par-
ticle in almost the same place. The significance of this assumption is
discussed further in chapter 4 below.

This measurement prescription shows how the initial condition for
Schrodinger’s time-dependent equation (14.21) to be discussed next can
be set: if the commuting observables P, @, ... are measured at time t;,

with the result p,,,qgn,..., then the initial condition for Schrodinger’s
equation at t = t; is ¥(t;) = Ymn,...-
The commuting observables P, Q, ..., are said to be compatible in

the sense that a simultaneous measurement of these observables leaves
the system in a state ®p, ,,... in which the values of all of the observ-
ables are known. The x components of position and momentum are not
compatible because these observables do not commute (as we see in eq.
[6.33]). If the = component of position of a particle is measured to high
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precision, it leaves the wave function for the particle with a small spread
in the z direction, and, as discussed in section 10, in a state in which
there is a large uncertainty in the momentum of the particle. That is,
we cannot imagine a measurement that leaves these incompatible ob-
servables in a state in which both position and momentum are sharply
defined.

Equations of Motion

Let us consider now how a system evolves with time. In the Schrodinger
representation, the operators belonging to observables are independent
of time (unless some externally applied field changes them). As discussed
in section 6, the wave function representing the system evolves according
to Schrodinger’s equation

éh%w(t) = Hy(t), (14.21)

where the Hamiltonian (energy operator) is H.

If H does not contain the time (as the result of some externally
applied time variable field), then we can write a formal solution to the
time evolution implied by Schrédinger’s equation (14.21) in terms of the
eigenfunctions 1; of H, as follows. Since H is not supposed to depend on
time, we can take the eigenfunctions 1; to be time-independent. Using
the completeness relation (eq. [14.5]), we can write the wave function
for the system as

B(t) =) eslt)i. (14.22)

The expansion coefficients c¢;(t) vary with time, reflecting the time-
evolution of the wave function. The result of substituting this expression
into Schrédinger’s equation (14.21) is

WY D= HY =Y aib (14.23

The last step follows because the 1; are eigenfunctions of H with eigen-
values E;. In the usual way, the orthogonality of the 1; means the coef-
ficients of 1; on each side of the equation have to agree:

., de;
zha = E;c;. (14.24)
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The solution to this equation is
ci(t) = die " Et/h (14.25)

where the d; are constants. On substituting this result into the expansion
(14.22), we get the general expression for the time-evolution of the wave
function,

Y(t) =) diyie™EHR, (14.26)

The constants d; are fixed by the initial value of the wave function .
Another formal expression for the time evolution of the wave func-
tion is
Y() = U®Y(0),  U(t) = e/, (14.27)

where 1(0) in the right-hand side of the first equation is the initial value
of the function at time £ = 0. The meaning of the exponential operator
function U of the operator H was discussed in the last section, in the
power series expansion in equation (13.10). It is left as an exercise to use
this series expansion to show that the operator U satisfies the differential

equation

., OU

ma = HU, (14.28)
and to use this result to check that equation (14.27) for ¥(t) agrees with
the Schrodinger equation (14.21).

The meaning of equation (14.27) is that U(t) = e *¥/" is a time
translation operator: it maps the wave function at time ¢; into the wave
function at time ¢ + ¢;.

The operator U(t) is unitary, that is, its adjoint is equal to its inverse
(eq. [13.25]). This gives an easy way to check that the normalization of
1(t) does not change with time. The normalization is

(), %(2)) = (U (£)p(0), U(t)1(0))
= (¥(0), U®)'U(t)(0)) (14.29)
= (1(0),%(0)).

The second line uses the definition (13.11) of the adjoint UT of U. We
see the normalization is independent of time because UTU = 1.
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It is also worth noting that the mapping

P(t) — v =U(t) (),

(14.30)
Q- QM) =U®'QU(),
applied to all wave functions and all operators, is a unitary transfor-
mation, of the kind discussed in the last section (eq. [13.26]). This is
a transformation from the time-dependent wave functions and constant
operators of the Schridinger representation to the constant wave func-
tions and time-dependent operators of what is called the Heisenberg
representation. As you were invited to check, a unitary transformation
has no effect on the quantities (v, @) that are used to express the phys-
ical predictions of the theory. Since this unitary transformation changes
none of the physics, the Schrédinger and Heisenberg representations are
equivalent.
The time derivative of the observable Q(t) in the Heisenberg repre-
sentation is, from equations (14.28) and (14.30),

dQ(t)

- dQ(t)
N

= [Q(), H). (14.31)

This applied to all observables is the equation of motion in the Heisen-
berg representation.
Ehrenfest’s Theorem

A useful relation is obtained by writing down the time derivative of the
expectation value of the observable @ (eq. [14.20]). In the Schrédinger
representation, we have

L 0@Q) _ .8

=m(mm@$¥%+£%iQwﬂ

= (¥(1), QHY(t)) — (HY(t), Q(2)).

(14.32)

The change of sign in the second term in the last line comes from putting
the factor ¢ into the left side of the inner product. Then Schrodinger’s



Wave Mechanics 113

equation (14.21) allows us to replace the time derivative with the op-
erator H. Using the fact that H is self-adjoint, we can bring H to the
right-hand side of the inner product, to get Ehrenfest’s theorem,

im0 (w(e), (QH — HQW(®) = (1), [Q. HI(r)).  (143)

Another way to write this expression is

Q) _, .
T = (—ilQ, H/h). (14.34)

As is readily checked (using eq. [13.16]), the operator —i[Q, H]/h is self-
adjoint. Ehrenfest’s theorem says the expectation value of the observable
—i[Q, H]/h is the time rate of change of the expectation value of the
observable Q.

In the Heisenberg representation, wave functions are constant and
observables vary with time. In this representation, Ehrenfest’s theorem
follows immediately from equation (14.31).

Let us apply Ehrenfest’s theorem to the expectation values of the
position and momentum of a particle moving in three dimensions in a
potential well, V(r). We have

0 ov oY
—{V )} =— V—. 14.35
S AVEE O} = v+ Vo (14.35)
This yields the commutation relation
0 av
I@’ V] = e (14.36)
The momentum operator p, = —ih0, therefore satisfies
ov
oy V] = —th—-. 14.37
pas V] = =itz (14.37)

Since the Hamiltonian is H = p?/2m+ V, and p commutes with p?, the
commutator of the momentum with the Hamiltonian is

[pey H] = —ihgTV- (14.38)
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Thus Ehrenfest’s theorem (14.33) says

0

9
ihg: (Pa) = (¥, [Pa; HIY) = —ih(¥, %w), (14.39)

which simplifies to
a(pa)/at = —(0V/0rq). (14.40)

In classical mechanics, the time rate of change of the momentum is
the force, which is the gradient of the potential: dp,/dt = —0V/dr,.
Quantum mechanics replaces this relation with the expectation values
in equation (14.40). It is left as an exercise to check that Ehrenfest’s
theorem says the time rate of change of the expectation value of the
position of the particle is

Ofra) _ (Pa)
e (14.41)

This also replaces the classical relation with expectation values.

The Details

To apply these general assumptions to a given physical system we must
give a specific prescription for the observables and their algebra, and
we must adopt a definite form for the Hamiltonian as a function of the
observables. The equivalent in Newtonian mechanics is the specifica-
tion of the force law in a given physical situation, such as the inverse
square law for gravity. Just as the inverse square law was guessed at from
fragmentary evidence and then justified by the success of many tests,
the prescription for the Hamiltonian and the algebra of the observables
for a quantum system is to be considered a guess, to be justified if it
produces experimentally successful predictions. A formal guide to the
algebra, canonical quantization, is discussed in section 19 below.

Summary

The general prescriptions of wave mechanics may be summarized as
follows. The state of a physical system is represented by a wave func-
tion, 7, and each measurable attribute of the system is represented by a
linear self-adjoint operator @ in the space of functions. The ensemble av-
erage value of the result of measuring @ in the state ¢ is (Q) = (¢, Q)
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(eq. [14.20]). In particular, if ¥ is the eigenfunction v,, of Q, with eigen-
value gy, then the result of the measurement of @ certainly is g,. The
observables @ are self-adjoint (egs. [13.12] and [13.13]); that guarantees
that the g, are real (eq. [13.30]).

The eigenfunctions v, of the observable @ can be arranged to be
normalized and orthogonal (eq. [13.42]). If the observables P and Q
commute, there is a complete set of simultaneous eigenfunctions of P
and @ (that are normalized and orthogonal). For a sufficiently large
set of observables, P,Q,..., all of which commute with each other, the
eigenvalues p,,, ¢y, - .., uniquely fix the eigenfunction, 1, ... (up to a
multiplicative phase factor). These eigenfunctions are a basis in terms of
which any state wave function v can be expressed as a linear combination

= Y CayniiPmine (14.42)
m,n,...
The expansion coefficients ¢,, ... determine the wave function in terms
of the basis functions. The squares of the coefficients, |cm,n‘___lg, are
the probabilities that the values of the observables are measured to be
the eigenvalues P, qn, ... (eq. [14.18]). A measurement that yields the
results P, qn, ..., leaves the system in the state represented by the
The time evolution of the wave function between measurements is
given by Schrodinger’s equation (14.21) (in the Schrodinger representa-
tion), or by the time translation operator e *Ht/" (eq. [14.27]), or by
the expansion of the wave function in the basis of energy eigenstates
(eq. [14.26]).
We will consider next an application of these principles in the simple
but important case of the parity observable, II.

15 Parity

Eigenfunctions and Eigenvalues

Parity is an observable attribute of a particle or of the orbital motion of
a system of particles; the latter is considered here.

The parity operator II changes the sign of each component of each
particle position variable in the wave function. Thus for a single-particle
wave function in three dimensions the operator is

I(x) = (). (15.1)
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This is equivalent to a mirror image plus a rotation: the view in a mirror
in the x — y plane gives

r— I

y— y (15.2)

z— —z,

and a 180° rotation around the z axis gives

r— -2
y— -y (15.3)
—z = —2,

which is the effect of the parity operator II.
To see that II is self-adjoint, consider the one-dimensional case,
where

w.n9)= [ "~ dz (o) 4(z) = [ dsvere-e. 54

The change of variables ' = —z gives
@.119) = - [ da’ v(=a)"6(a). (15.5)

Exchanging the limits of integration gets rid of the minus sign in front
of the integral. On writing

P(—z')* = y(z')*, (15.6)
we get
(¥, 11¢) = (1Y, ¢). (15.7)

This means II is self-adjoint, II' = II (eq. [13.11]). The argument is
readily generalized to m dimensions.

Now consider the eigenfunctions and eigenvalues of II. Since IT? =
IT x IT sends r — —r — r, it is the identity operator:

m=1. (15.8)
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Thus if 7 is an eigenfunction of IT with eigenvalue m, so Iy = 7, then
o = [1%9 = M) = 7. (15.9)

This says 72 = 1, so the eigenvalues 7 have to be
7=+l (15.10)

If 7 = +1 the eigenfunction is even under inversion:

Y (r) = (1) = $(x). (15.11)
If m = —1 the eigenfunction is odd:
Ip(r) = ¢(-r) = —¢(r). (15.12)

The completeness expression is easy to write down. For any function,

Y(r) = [(r) + Y(-1)]/2 + [¥(r) — Y(-1)]/2. (15.13)

This is the sum of an even and odd eigenfunction of II.

Commutation Relations and Conservation of Parity
For any function 1(r), the product of ¢ with the & component of the
position vector r satisfies

Mzy(r) = —zp(—r) = —zIlyY(r). (15.14)
Since this is true for any 1, we have

IIr = —rIl. (15.15)

These operators are said to anticommute.
The momentum vector operator also anticommutes with II. To see
this, let
9%(r)
ox

for any function . Also, write

= ¢(r), (15.16)

6:: _— (15.17)
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and let r' = —r. Then we have

110z 9(r) = Ig(r) = ¢(—r) = (r'). (15.18)

The result of applying the operators II and d, in the opposite order is

9. 1p(r) = O, (—r)

_ 9y(r')

~ Ow (15.19)
_au(r) o’

Oz Oz

= —¢(r').

Equations (15.18) and (15.19) say 19,9 = —3,I1y for any v, so
Mo, = —-o,11. (15.20)

Since the momentum operator is p, = —ihd, (eq. [11.10]), we see that
parity anticommutes with each component of momentum:

[Ip, = —pall. (15.21)
For the square of the momentum, we have
Ilp? = —p - IIp = p?II, (15.22)

so p? and IT commute:
[I1,p% = 0. (15.23)

A particle in a central potential moves in a potential V(r) that is
a function only of distance r from the origin, at r = 0. Since r is the
length of the position vector r, it does not change under the parity op-
eration. Therefore II commutes with V(7). Since equation (15.23) says
II commutes with the kinetic energy p?/2m, we conclude that IT com-
mutes with the Hamiltonian operator in equation (11.15) for a particle
with potential energy V(r):

(I, H] = [T, p?/2m + V (r)] = 0. (15.24)
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The result [II, H] = 0 applies to high accuracy in atomic physics. It
has some important consequences.
1) If ¢ is a solution to Schrédinger’s time-dependent equation,
X
ih— = H, 15.25
i = Hy (15.25)
then the result of operating on both sides of this equation by II and
using [II, H] =0 is
., oIl

ih =5 = HIIy. (15.26)

That is, if 1) represents a possible state of evolution of the system, then
the mirror image (plus rotation) of the wave function, Il4, is another
possible state of evolution of the system. This means the physics is sym-
metric under a mirror reflection. Until the 1950s this symmetry was
taken to be more or less self-evident: why would Nature care about a
reflection? Nature does care: the mirror image of a neutrino produced
in a nuclear § decay is not observed. But the parity symmetry violation
of the weak interactions has a very small effect on atomic structure, so
the equation [H,II] = 0 is an excellent approximation here. To this ap-
proximation, the mirror image of an atomic system is another allowed
state of the system.

2) As discussed in section 13, if [H,II] = 0 we can find a complete
set of simultaneous eigenfunctions of H and II. This means that each
energy eigenfunction can be assigned a parity quantum number, m = *1.
For example, the one-dimensional simple harmonic oscillator discussed
in section 6 has the potential Kx2/2 that is symmetric under reflection
through = = 0, so the Hamiltonian commutes with the one-dimensional
parity operator II. Therefore energy eigenfunctions can be classified by
their parity. The ground state wave function is ¥y o< e'ﬁa’z, where (3
is a constant; this state has even parity because it is symmetric under
x — —z. The wave function for the first excited state is 9 a:e'ﬁxz; it
has odd parity because it changes sign under z — —z.

3) Parity is conserved if [H,1I) = 0. If at time ¢ = 0 the system is
in the state 1, ,, with definite energy F, and definite parity 7, then the
solution to Schrodinger’s time-dependent equation is

Y(t) = P e Ent/R, (15.27)

Therefore at a later time ¢ the state still has energy E, and still has
the same parity, 7. It is left as an exercise to show that if the state (t)
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does not have definite parity the expectation value of the parity, (II), is
independent of time when II commutes with the Hamiltonian.

The theme of this discussion is worth summarizing. One considers an
observable, here parity, [1. The observable maps any state wave function,
1, into a new wave function, ITi. If IT commutes with the Hamiltonian,
then IIv also is an allowed physical state function for the system. In this
case physics is symmetric under the mapping. This symmetry implies
the existence of a conserved quantum number, here the parity .

16 Linear Momentum

Momentum and Space Translations

We saw in section 12 that a two-body system can be assigned a fixed
total momentum, leaving a one-body problem for the relative motion.
The total momentum of a many-body system will be considered here.

Suppose a system of N particles has a wave function ¥ (t,r1,...ry).
We can produce another wave function by shifting this one in space by
the distance ér, to get

P'(t,r1,re,...,vN) = Y(t,ry — bér,rg — br,...,rN — 6T). (16.1)

The function 1’ represents a system shifted relative to the original one
by the distance ér, because the arguments of 1)’ have to be larger than
the arguments of ¥ by the amount ér to get the same value of the
function. Equation (16.1) also is mapping of every function ¥ into a new
function 9'. As we will now discuss, this mapping is generated by the
total momentum operator. If the Hamiltonian is unaffected by the shift
in position of the system, then H commutes with the total momentum
operator, so momentum is conserved.

For an infinitesimal shift ér, we can rewrite equation (16.1) as the
first terms in a Taylor series expansion in ér:

¥(t,r1,...) = ¥t 1, )—Zér Vi (16.2)

Here the gradient operator V; means the derivatives with respect to the
position components for particle i. The momentum operator for the i*®
particle is p; = —ihV;, and the total momentum operator is defined to
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be
P= Zpi - —éhz v;. (16.3)
Using the operator P, we can rewrite equation (16.2) as
Y'(t,r1,...) = (1 —idér-P/R)Y(t,ry,...). (16.4)

This shows how the momentum operator shifts the system by the in-
finitesimal distance ér.

A shift of the system by the finite distance Ar can be generated by
applying equation (16.4) many times. Consider N sequentially applied
shifts of amount Ar/N. As N — co this is

. N
W) = (1 . *A!;hp) B(rs). (16.5)
The usual expression, (1 —a/N)Y — e~ at N — oo, applies here be-
cause the components of P commute among themselves, so the usual
algebra applies. Thus a finite shift of the system by the vector displace-
ment Ar is

P'(r;) = e AP/ My(r,). (16.6)

As discussed in section 13, an exponential function of an operator is
defined by the power series expansion (eq. [13.10]). It is left as an exercise
to check that the power series expansion of the exponential in equation
(16.6) gives the usual Taylor expansion of the function ¢(r — Ar) as a
power series in Ar.

Equation (16.6) shows that the unitary operator U = e
moves the system by the displacement Ar. In the argument of the ex-
ponential, the components of the displacement Ar are multiplied by the
components of the total momentum operator P. The operator P is said
to generate the translation. In the next section, it will be seen that there
is a similar result for rotations: the components of the total angular mo-
mentum operator, L, generate rotations in the same way P generates
translations.

—iAr-P/h

Momentum Conservation

Suppose the Hamiltonian for the N-particle system is

2
H= Z g Z Vii(Jri — rjl)- (16.7)
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This has the same form as in equation (12.22), but we have added the
condition the potential is a function of the relative positions of the parti-
cles. This means the expression is unaffected by a shift of position of the
system of particles. Let us see how this symmetry leads to momentum
conservation.

The operator P defined in equation (16.3) applied to the function
Vij(ri—r;) gives zero, because the derivatives of V;(r; —r;) with respect
to r; and r; are equal in magnitude and opposite in sign, so the deriva-
tives add to zero. This means P commutes with each of the potential
energy terms in the Hamiltonian (16.7). Since P commutes with each of
the p; (partial derivatives can be taken in either order), we see that P
commutes with the Hamiltonian in equation (16.7):

[H,P] = 0. (16.8)

As for parity, this has several very useful consequences:

1) By repeating the calculation in equations (15.25) and (15.26), one
immediately sees that if ¥/(t,r;) is a solution to Schrodinger’s equation,
so is the shifted function e *A™"P/Ry) This means the system can be
translated in space to get another physically realizable system, because
the Hamiltonian (16.7) is unaffected by a space translation.

2) We can find a complete set of simultaneous eigenfunctions of H
and P. The simultaneous eigenfunctions can be written as

Y=V expiP.- Y mr;/(Mh), (16.9)

with M = )" m;. Here ¥ is a function of relative positions r; — r; only,
so the total momentum operator P operating on ¥ gives zero (as was
discussed for the function V(r; — r;)). Thus the operator P applied to
equation (16.9) passes through ¥ and yields the constant (not operator)
vector P, when operating on the exponential:

Py = P (16.10)

The state (16.9) thus is an eigenfunction of P with eigenvalue P,; it
represents a system with total momentum P.. It is left as an exercise to
show that, if ¥ is an eigenfunction of H in equation (16.7) with energy
E;, then the wave function v in equation (16.9) is an eigenfunction of
H with eigenvalue E; + P2/2M. This is the familiar expression for the
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energy as the sum of the internal energy, E;, and the kinetic energy of
translation, P?/2M.

3) Momentum is conserved, by the same arguments used for parity.
This conservation law follows from a symmetry assumption, that space
is homogeneous. That means a physical system is unaffected by a spatial
translation, so the three generators P of translations in three dimensions
commute with the Hamiltonian. It follows that the quantities associated
with P, the components of the total momentum, are conserved.

17 Orbital Angular Momentum

Operator Algebra

We can follow classical mechanics in defining the orbital angular mo-
mentum operator for a single particle moving in three dimensions as the

cross product
L=rxp, p = —ihV. (17.1)

The position vector is r, and p is the linear momentum operator intro-
duced in section 11 (eq. [11.10]) and discussed in the last section. The
components of this equation are

L, = Upz — 2Py,
L, = 2p, — zp;, (17.2)
L. = TPy — YPx-

It will be noted that we get the same operators from the classical ex-

pression L = —p x r, because y commutes with p, and so on.
The adjoint of the z component of L is

L} = (yp. — zpy)' = ply' — p} 2!
= P:Y — PyZ = YDz — 2Py (17.3)
='L..

This uses the properties of the adjoint of an observable (eqgs. [13.16] and
[13.17]), and that position and momentum are self-adjoint observables
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such that p, commutes with y and p, commutes with z. The result is
that the operator L, is self-adjoint. Since there is nothing special about
the  component, we conclude that L is self-adjoint,

L} = L,. (17.4)

Next let us consider the commutation relations for the angular
momentum observables L,. We have [z,0,] = —1 (eq. [6.33]), and
pz = —thd, (eq. [17.1]). The commutation relations for position and
linear momentum thus are

[ra: Ps] = ihéap. (17.5)

The position components 7, commute among themselves, because they
are just numbers, and the momentum components pg commute among
themselves, because partial derivatives can be taken in either order. We
have then

[in Ly] = [(ypz i zPy): (pr = Ipz)]
= [ypz, 2pz] + [2py, 2p:]

= (ypz — zpy)[p2, 2| (17.6)
= ih(fpy - ypm)
= ihL,.

Thus we arrive at the equations

(L, Ly] = ihL,,
Ly, L) = ihLs, 17.7)
(L, Lg) = ihL,.

These are the fundamental angular momentum commutation relations.
They will be applied in section 23 below to intrinsic angular momentum
(spin), and in the present section to orbital angular momentum. One way
to remember these commutation relations, and the relations for orbital
angular momentum in equation (17.2), is to note the cyclic progression

E—Y—Z—T....
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It is often convenient to express the angular momentum commuta-
tion relations (17.7) in a more compact way by means of the permutation
symbol, €53,. The Greek indices range from 1 to 3 to represent the three
cartesian position coordinates, , y, and z. The permutation symbol €,z
changes sign under a permutation of the indices (exchange of any neigh-
boring pair) and €123 = 1. Thus ez;3 = —1, and €337 = 1. Using this
symbol, we can write the components of the cross product of two vec-
tors r and p, as in equation (17.2), as

(rxpla=La= Z €apyTEPy
By (17.8)

= €afyTBPy-

As indicated in the second line, we can make the notation a little more
compact by using the Einstein summation convention, that the repeated
indices 8 and - are summed (here, from 1 to 3).

In terms of the permutation symbol, the angular momentum com-
mutation relations (17.7) are

[La, Lg) = ifi€apy L. (17.9)

This says for example [L;, Ly] = ihe123L3 = ihLgz, which is the first of
equations (17.7).
The square of the angular momentum operator is defined to be

- T2 2 2
=L+ L5+ L2 _ (17.10)

To see that the operator L? commutes with each component of L, con-
sider first

[Lz, Lz] = [st Ly]Ly + Ly{La:: Ly]
=ih(L,Ly+ LyL,).

(17.11)

The first line can be checked by writing out the commutators. The second
line follows from the fundamental commutation relations (17.7). One
similarly finds

[Ls, L] = —iR(LyL, + L, L,). (17.12)

Since L, obviously commutes with L2, we see that [L?, L,] = 0, and
more generally that
[Z3,La] = 0. (17.13)
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In a system of n particles, the i particle is assigned position vector
r;, momentum p;, and angular momentum L; = r; x p;. The total
angular momentum is

L=) L. (17.14)

Because the observables belonging to different particles commute, the
above calculations immediately lead us to the commutation relations
in equations (17.7) and (17.13) for the components and square of the
total angular momentum. That means the following algebra applies to
the total angular momentum of a system of particles as well as to the
angular momentum of a single particle.

Eigenvalues

Equation (17.7) tells us we cannot find a complete set of simultaneous
eigenfunctions of the three components of L, because the three compo-
nents do not commute. Equation (17.13) says we can seek a complete
set of simultaneous eigenfunctions of L? and one component of L:

L*ap = athap,
Lz T.f/'ab = b"f)ab-

(17.15)

The allowed values of the eigenvalues a and b are computed here.
Some inequalities will be needed. Since the components of L are
self-adjoint, any wave function 1 for the system satisfies

(%, L3) = (La¥, L29) > 0. (17.16)
For the eigenfunction %us, the definition (17.10) of L? gives
(Yab, L*%ab) = (Yabs L2%ab) + (Yab, L2%as) + (Yap, L2%ap).  (17.17)
Using equation (17.15), we get
a(Yab, Yab) = (Yaby L2%ab) + (Yaby Litas) + b° (Yab, Yab).  (17.18)

The first two terms on the right side are not negative, and (¥gp, ¥as) # 0,
S0
a>"b. (17.19)



Wave Mechanics 127
Consider next the operators

Ly=L; ¥iLy,
(17.20)
Lo =Lz =iLy.

Since the components of L are self-adjoint, Li_ = L_. Since the com-
ponents of L commute with L? (eq. [17.13]), Ly and L_ commute with
L& '

[L2, Ly} =0. (17.21)

The angular momentum commutation equations (17.7) give

[Lza L+] = [szLz] + i[LuLy]
= ih(Ly - z'Lx) (17.22)
= ﬁL+.

The adjoint of this equation gives the commutator of L, with L_. The

results are
[Lzy L) = 2hLy. (17.23)

Now we can play a game much like that for the simple harmonic
oscillator ladder operators a and a' in section 6 (eq. [6.46]). Because L?
commutes with Ly (eq. [17.21]), the result of applying L, to the first
of the eigenvalue equations (17.15) is

L*(Litbas) = a(Lytap).- (17.24)

This means that if L., does not vanish it is an eigenfunction of L2
with eigenvalue a. The result of applying L to the second of the eigen-
value equations (17.15) is

LiLoy = ([L,L2) + LoLy)tay = b(Lyas). (17.25)

The middle step introduces a commutator that can be replaced using
equation (17.23). We can rewrite the result as

L (Lya) = (b+ h)(L+tas)- (17.26)
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This says that if L1, does not vanish, it is an eigenfunction of L, with
eigenvalue b+ h:
Liap X Yo pin- (17.27)

One similarly finds that L_ lowers the eigenvalue b of L, by h:

L_tqp wa.,b-fr (1728)

That is, Ly and L_ are ladder operators for the 2 component of angu-
lar momentum, just as the operators a and a' in section 6 are ladder
operators for the simple harmonic oscillator Hamiltonian.

Repeated application of L+ yields a sequence of eigenvalues of L,

b, bxh, bx2h,..., (17.29)
all belonging to the eigenvalue a for L2. This set of eigenvalues b,, for

L, must terminate above and below, because b? < a (eq. [17.19]). Thus
there must be maximum and minimum values of b such that

L-i—r“pma,x s 0: Jlt’z'ﬂbmzuc: = bma,;cwma.xa

(17.30)
L_tmin =0, L:Ymin = bminVmin-
Next, we need the identity
L_Ly = (Ly —iLy)(Lg +iL,)
= L2 + L2 +i[Ly, L) (17.31)

=L2+ L] - hL,.

The commutator appears on multiplying out the product, and is sim-
plified using the angular momentum commutation relations (17.7). We
can rewrite this expression as

Bl By 4 12400, (17.32)

A similar calculation gives

L>=L,L_+12-hL,. (17.33)
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The result of applying equation (17.32) to ¥max in equation (17.30),
and recalling that ¥may is an eigenfunction of L? and L, with eigenvalues
a and bpay, and that Ly tma =0, is

Pmax = (PPrax + PBmax)¥imax- (17.34)
The application of equation (17.33) to %y, similarly gives
@Wmin = (b2 — Abmin)Vmin- (17.35)
These two equations give
a = b2, + hbmax = b2y, — fibmin. (17.36)
The difference of these two equations is
0 = (bmax — bmin + 7)(bmax + bmin)- (17.37)

Since bpax = bmin the first factor cannot vanish, so the second factor has
to vanish:

The final step is to note that
bmax — bmin = 1, (17.39)

where n > 0 is an integer, because we can get from bpin t0 byax by
applying the raising operator L, an integral number of times, n.
Equations (17.38) and (17.39) say

bmax = nh/2 = Ih. (17.40)

The quantum number [ is | = n/2. Finally, equation (17.36) yields a =
b2ax + Abmax = R2L(L+1).

This calculation shows that the allowed eigenvalues of simultaneous
eigenfunctions of the angular momentum operators L? and L, are

1,3
L?: RAI+1), 1=0,-,1,,...,
W+ 2 (17.41)

L,: mh, m=-0,-l+1,...,1-1,L
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These relations follow from the algebra (17.7) for the components of
the angular momentum operator. Since the total angular momentum
operator (17.14) satisfies the same angular momentum commutation re-
lations, these forms for the eigenvalues are the same for a single particle
and for a system of particles. Since n in equation (17.40) is an integer,
the allowed values of the quantum number [ are integers and half odd
integers. As discussed next, orbital angular momentum has integer val-
ues of {; half-integer values will be seen in section 23 for the spin of an
electron.

Single-Particle Angular Momentum Eigenfunctions

To compute the eigenfunctions of L? and L, for a single particle moving
in three dimensions, it is convenient to go from the cartesian coordinates
z,y,z used in equation (17.1) to polar coordinates r, 8 ,¢.

As indicated in figure 17.1, the distance from the origin is r, the
angular distance from the z axis is the polar angle ¢, and the position
projected onto the zy plane is at azimuthal angle ¢ measured from the
z axis and swinging toward the y axis. The relations to the cartesian
coordinates are

T = rsinfcos ¢,
y = rsinfsin ¢, (17.42)

z =rcosf.

The derivative of a wave function 1(z,y, 2z) with respect to ¢ at fixed 6
and r is

oy o= opoy ook

d¢ 0O0rxd¢p Oydp 0z ¢

= —rsin@sin q’)% + rsinf cos qb% (17.43)
oz Ay

R

~%%y Yoz

On multiplying this expression by —ih, and using the definition (17.1)
of the linear momentum operator, we get

5]
~ihZ% = (@, = ypa)V- (17.44)
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) ¢

Fig. 17.1 Polar coordinates: the distance from the origin is r, the polar angle is 8,
and the azimuthal angle is ¢.

The operator on the right-hand side is the 2z component of the single-
particle orbital angular momentum (eq. [17.2]). Since this result applies
for any 1, we have

L, = —ih (17.45)

d¢’
The L, eigenvalue equation for a simultaneous eigenfunction ™ of

L? and L, is

o

09

The eigenvalue has been written as mh, as in equation (17.41). The

solution to this equation is of the form

L = —ih="1 = mhy™. (17.46)

P o €™, (17.47)

The constant of proportionality is some function of § and 7.

Since the wave function ¥* in equation (17.47) has to be a single-
valued function of position, m must be an integer. Since m ranges from
—1 to I, the quantum number [ in equation (17.41) must be an integer
in the case of the orbital angular momentum of a particle. As discussed
in section 17 below, that means the total orbital angular momentum of
a system of particles has to have integer [.

A similar but more lengthy calculation of the change of variables
from z,y,z to r,0, ¢ gives

: 5, ad
_ +ig :
Ly = he (:I:—ag + i cot 6—(%) ] (17.48)
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where L. are the raising and lowering operators for L, in equation
(17.20). Since L, and L, are linear combinations of Ly, we see from
equations (17.45) and (17.48) that the components of L involve only the
angular polar coordinates 6 and ¢, not the radius r.

It might be noted that the expressions for L1 in equation (17.48)
do not obviously satisfy LL = L_. (Note that 8/d¢ does not commute
with expi¢.) An explicit derivation of the relation Lf,_ = L_ follows the
lines of problem II.25.

Equation (17.47) shows how the eigenfunctions 4" of L2 and L, vary
with ¢. The @ dependence is computed as follows. For given total angular
momentum quantum number [, the maximum value of the z component
quantum number is m = [ (eq. [17.41]). The raising operator L, applied
to the eigenfunction ¥} with m = [ thus has to vanish. This condition
with equation (17.47) for the ¢-dependence of the eigenfunction gives a
differential equation for the #-dependence:

!
L =0= %};i — leot B9, (17.49)

by equation (17.48). The solution is
Y} o sin 6 €i'?. (17.50)

The lowering operator L_ in equation (17.48) applied to this expression
for 1} gives the eigenfunctions ¥ form =1—-1,1-2,...,—l.

The radius r does not enter these expressions for the functions ¢".
That is, the simultaneous eigenfunctions of L? and L, for a single particle
are definite functions of the angles # and ¢ multiplied by any function
of r:

Yt = f(r)Y™(6,9). (17.51)

The angular functions ¥, are the spherical harmonics. The result of
applying the lowering ladder operator L_ to the function in equation
(17.50) is to generate spherical harmonics of the form

Y™ (0,¢) = P (6)e™?, (17.52)

where the P/ can be taken to be real functions of the polar angle
(because the factor i in eq. [17.48] is eliminated by the factor im from
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the derivative of e/™? with respect to ¢). The standard normalization of
the spherical harmonics is

/ QP =1, (17.53)

where df2 = sinfdfd¢ is the element of solid angle, and the integral is
over all directions.

It is left as an exercise to show that the spherical harmonics satisfy
the orthogonality relation

/ dQ (Y)Y = / QY ™YY = b (17.54)

The parity operator Il discussed in section 15 anticommutes with the
components of the position and momentum observables (egs. [15.15] and
[15.21]), so it commutes with the products of the form zp, that appear
in the components of the single-particle angular momentum observable.
Thus II commutes with orbital angular momentum:

[,L] = 0. (17.55)

This means the simultaneous eigenfunctions ¥;™ of L? and L, must
have definite parity, m. We see from equations (17.42) that r — —r is
equivalent to § — m — 0 and ¢ — ¢ + m. Since Y is independent of @
and ¢ (egs. [17.47] and [17.50]), it is even under parity, m = 1. It is left
as an exercise to show that Y;™ has parity 7 = (—1)".

Generating Rotations

Just as the momentum operators P, generate translations (eq. [16.6]),
the angular momentum operators L, generate rotations. This will be
discussed for a one-particle system; the generalization to a system of N
particles is just a matter of adding indices.

A physical system represented by the function % is rotated around
the 2 axis by the infinitesimal amount 8¢ in the direction of increasing
¢ by the mapping

oy



134 Chapter 2

The argument is the same as in equations (16.1) and (16.2) for an in-
finitesimal spatial translation. We can use equation (17.45) for L, to
write equation (17.56) as

V' (8,¢) = (1 —i8¢L./R)1(0, ¢). (17.57)

This can be compared to equation (16.4) for an infinitesimal translation.
The result of iterating the operation in equation (17.57), as was done
in section 16 for a translation, is the finite rotation

P = et Ry, (17.58)

This can be compared to equation (16.6) for a translation.
Since there is nothing special about the z axis, a rotation by angle
x around the z axis is

' = e xl=lPy, (17.59)
and a rotation by angle 6 around the axis with unit normal n is
wu# i Uw, U — e-—‘s'l?n'L' (17-60)

The sense of rotation is that the mapping in equation (17.58) with posi-
tive A¢ swings the system around the z axis in the direction of increasing
¢, from the positive = axis toward the positive y axis in figure 17.1. In
the same way, the operation in equation (17.59) with positive x swings
the system around the z axis from the positive y axis toward the positive
z axis.

It will be noted that a rotation about the 2z axis followed by a rota-
tion about the & axis is not the same as the same two rotations applied
in the opposite order, so we know that in general

e—iXLa/h,—iASL. /R " e~ 1ALz /R o—ixLa /R (17.61)

The algebra of the angular momentum commutation relations (eq. [17.7])
describes this difference between rotations applied in different order.

Conservation of Angular Momentum

The symmetry of the Hamiltonian under rotations implies conservation
of angular momentum, by the same argument used for parity and linear
momentum. Consider the single-particle Hamiltonian

2

B
H=—+V(r). (17.62)
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The potential is a function only of distance r from the origin, so it is
unaffected by a rotation. Let us check that this means H commutes with
the components of L.
We have from equations (17.2)
[Lzap.r] = [mpy - ypm,pz] = iﬁ'py:
(L, py] = —ihpa, (17.63)

[Lzapz] =0.
Then manipulations that are by now familiar yield
[L.,p%] = 0. (17.64)

Since L generates rotations about r = 0, and V'(r) is rotationally sym-
metric, V' must commute with L:

L, V(r)] = 0. (17.65)
Therefore, the components of L commute with the Hamiltonian (17.62):
[H,L] =0. (17.66)

The arguments used for parity and linear momentum show that this
rotational symmetry implies that energy eigenfunctions can be assigned
angular momentum quantum numbers, /,m, that are conserved.

Systems of Particles”

As discussed in section 12, a system of N particles moving in three di-
mensions is described by a function of time plus 3N variables r; for
the 3V position coordinates. Associated with each particle are the three
components of the position operator p; (eq. [17.1]). The angular mo-
mentum operator for the i*? particle is

L; =1 x pi, (17.67)
and the total angular momentum of the system is

L=) L. (17.68)
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As in equation (17.10), the square of the total angular momentum is
2 _ r2 2 2
L*=L;+ L, + L. (17.69)

The components of a single-particle angular momentum operator L;
satisfy the standard angular momentum commutation relations in equa-
tion (17.7), and the angular momentum operators belonging to different
particles commute with each other, so the components of the total angu-
lar momentum L satisfy the angular momentum commutation relations.
Therefore the algebra of equations (17.15) to (17.41) shows that there is
a complete set of simultaneous eigenfunctions of L? and L, with eigen-
values h2l(l + 1) and hm, respectively. We will see that  has to be a
nonnegative integer. As usual, m can assume the values [,1—1,1—-2,...—[.

By repeating the discussion in equation (17.56) for the generation of
rotations, one sees that the components of the total angular momentum
operator L generate rotations of the many-particle system. The N-body
Hamiltonian H in equation (16.7) is rotationally invariant, so it should
be no surprise that this H commutes with the components of L. Thus the
eigenfunctions of H can be assigned conserved total angular momentum
quantum numbers [ and m.

As an example of how single-particle angular momenta add, let us
consider a two-body system. The total angular momentum is

L =L(1) + L(2). _ (17.70)
Since L(1) commutes with L(2), the square of this sum is
L? = L(1)? 4+ 2L(1) - L(2) + L(2)%. (17.71)

Since L(1)? commutes with the components of L(1) (eq. [17.13]), it com-
mutes with L, = L,(1) + L,(2), and we see from equation (17.71) that
it commutes with L2. Thus the four operators

0 B LD LY (17.72)

all commute with each other. (Note that L,(1) does not commute with

L?, because eq. [17.71] contains the y and z components of L(1).)
Because the four operators in equation (17.72) commute with each

other, they have a complete set of simultaneous eigenfunctions. These
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eigenfunctions are labeled by the quantum numbers I, m, [;, and I, with
|m| <l as usual.
Another complete set of commuting observables is

L3, L1y, L(2¥? L2 (17.73)

The simultaneous eigenfunctions of these operators have eigenvalues [,
my, 32, and ma.

Now the question arises, if the system has quantum numbers [,
and I, for the angular momenta of the individual particles, what are the
possible values of the total angular momentum quantum number, [? The
answer is that [ can be in the range

=l <I<h+i. (17.74)

This is sometimes called the triangle rule. It resembles the classical pic-
ture, in which the length of the sum of two vectors, A + B, must be
between the sum and difference of the lengths of the two vectors, A+ B
and |A — B|. (Of course this is not literally correct; the square of L as-
sumes the values 72/(1+1), not h%{2.) The triangle rule is derived by the
following construction.

Simultaneous eigenfunctions of the operators (17.72) may be la-
beled as ¥(l,m,l;,l3). Since we are going to hold I and I, fixed, let us
drop these quantum numbers and write the eigenfunctions as ¥(l,m).
The eigenfunctions of the operators (17.73) similarly will be written
t;b(m] 1 mQ)'

Since the ¢(mj, my) are a complete set of eigenfunctions, we can
expand the 1(l, m) as a linear combination of the ¢(m;,ms). Since L, =
L.(1) + L.(2), L. operating on ¢(mi,msz) gives h(m; + ma). As usual,
L, operating on (I, m) gives hm. Therefore, the expansion of ¥(l,m)
can only contain terms with m = my + ma:

w(l,m) =Y e(ma)(m1,m —my). (17.75)

my

Of course, we could equally well write ¢(m;, m2) as a linear combination
of the ¥(l,m) with m = m; + mg:

$(m1,ma) =Y _ d()y(l,my +my). (17.76)
]
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The expansion coefficients ¢(m;) or d(l) can be found by using the
ladder operators for total angular momentum. These ladder operators
are defined in equation (17.20). Since L = L(1)+L(2) (eq. [17.70]), these
ladder operators are sums of the single-particle ladder operators:

Ly =Li(1)+Ls(2). (17.77)

Consider the function ¢(ly,l2), where m; and ms have their largest
possible values. We have from L, = L,(1) + L,(2) and equation (17.77)

L.l o) = h(ly + b)d(l, lo),  Lid(la,lp) =0. (17.78)

The first equation says m = l; + l2, so ¢(l1,l2) expressed as a sum over
the 1(I,m) could only contain terms with [ > I; + 1, (because in general
I > m). The second equation follows because m; and mg are as large
as they can be. But since the z quantum number m cannot be raised, [
must be just equal to [; + lo:

Q‘)('EIJZ) = w(fmaxvlm&x)a tmax - '!1 I ’!2- (17-79)

As indicated, the maximum value of 1 is lhax = [ + I3, because that is
the maximum value of m that can be produced out of the ¢(m,ms).
This is the right-hand side of the triangle rule (17.74).

The result of operating on equation (17.79) with L_ is

V(lmax: lmax — 1) = ad(ly — 1,12) + b (ly, 12 — 1). (17.80)

Here m = lpax — 1, because L_ lowers the value of m in 1. By equation
(17.77), the right-hand side is a linear combination of terms with m; or
me lowered by unity. The constants a and b are determined by the way
the Ly(1,2) operate. (Specific examples are to be found in problems
(IT.18], [I1.19], and [V.14], and in section 25.) We can choose another
pair of constants, ¢ and d, to get a second linear combination that is
orthogonal to equation (17.80):

Y(lmax — 1y lmax — 1) = cp(lh — 1,12) + do(l1,l2 — 1). (17.81)

This has m = lphax — 1, so that is the minimum value of [ in this lin-
ear combination. That is also the maximum value, because (17.81) is
orthogonal to the function (17.80) with | = lax. Therefore (17.81) is
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the eigenfunction with [ = m = l,ax — 1, as indicated in the left side of
the equation.

Next, application of L_ to the wave functions in equations (17.80)
and (17.81) yields ¥(lyax; lmax — 2) and ¥(lpax — 1, lmax — 2). Each is
a linear combination of the three terms ¢(l; — 2,12), ¢(l, — 1,15 — 1),
and ¢(ly,lg — 2) that L = L_(1) + L_(2) generates when it acts on
the right-hand sides of equations (17.80) and (17.81). Since there are
three coefficients in these linear combinations, we can find a third linear
combination orthogonal both to ¥ (Lnax; lmax—2) and t0 ¥(lmax—1, lmax—
2). As before, we see that this new combination has m = [; 4+ 1 — 2, and
it cannot contain any terms with [ =1y +ls or [ = I; 4 [ — 1, because
it is orthogonal to these functions, so this new linear combination must
be the eigenfunction ¥(lmax — 2, lmax — 2).

This continues until we get to | = lyin = 11 — Iz if I; > 5. The
eigenfunction ¥ (linin, lmin) is a linear combination of ¢(1; —2ls,l2), &(l; —
2lp + 1,l; — 1), and so on to ¢(l;,—lz). When L_ is applied to this
linear combination, it does not increase the number of terms in the sum,
because in the last term ms = —I3 is as low as it can be. Thus, we cannot
find a new linear combination orthogonal to the ones already obtained
by applications of L_, so we cannot find a new [ less than [,;,;,. This is
the second part of the triangle rule (17.74).

18 Single Particle in a Central Potential

It was shown in section 12 that Schridinger’s equation for a two-body
system such as a hydrogen atom, where the potential is a function only
of the distance between the particles, can be separated into an equation
describing the free motion of the center of mass and a one-body Schrod-
inger equation with the Hamiltonian

p2

H=_—
m

+V(r), p = —ihV. (18.1)
The reduced mass is m, and the derivative is with respect to the rela-
tive position r of the two particles. As discussed in the last section, if
the potential V is spherically symmetric H commutes with the angular
momentum, L. = r x p. That means we can seek a complete set of si-
multaneous eigenfunctions of H, L?, and L, for the wave function for
the relative position of the two particles. It will be shown here that this
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leaves us with a one-dimensional Schrédinger equation in the variable
r = |r|, with potential energy that is the sum of V(r) and a centrifugal
term, in close analogy to what is done in classical mechanics.

Hamiltonian in Polar Coordinates

The first step is to write the kinetic energy part of the Hamiltonian as
the sum of radial and angular parts. It will be seen that the latter is
proportional to the square of the angular momentum, just as in classical
physics, though here L? is an operator. We need to express the Laplacian
V2 in the polar coordinates of equation (17.42). This can be worked out
using the differential calculus, but we will use an operator method, as
follows.
To shorten the equations, let

A=rxV, (18.2)

so L = —ihA. As discussed in section 2 (egs. [2.7] and [2.8]), the vector
identities
A-(BxC)=(AxB)-C,
(18.3)
Ax(BxC)=B(A-C)-C(A-B),

apply to vector functions of position and the gradient operator V if we
are careful not to change the order of factors. Also,

rxV=-Vxr, (18.4)
because the products of the components of position, r, and of V in this
cross product always belong to different coordinate axes. With these
identities, we can write the square of A as

=-Vxr-rxV
=-V.rx (rxV) (18.5)
=~V [r(r-V)-r?V].

Now differentiate out the products of the derivative operators, remem-
bering that, for any function f(r),

Wi (r)

xf e + £ (r), (18.6)
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and that
Vr2=2r, V.r=3, (18.7)

to get
A2=-3r-V—(r-V)(r -V)+2r-V+7r2V2 (18.8)

In polar coordinates, the components of the gradient of a function
in the directions of the angles 6 and ¢ are perpendicular to the radius
vector r, so

of
. 0.8 =il 18.
r-Vi(r6,6) =15, (189)
for any function f. This means
7]
r-V= e (18.10)
With this identity, equation (18.8) is
0 o0 a
AN =V —r—r— —r—. 18.11
T "5 3 "5 (18.11)
On rearranging this and noting that
a 09 5 02 o
ré}-r@; =T w +T§, (1812)
we get finally
A2 8% 2
Pl g 2@
r2 or? ror (18.13)
_A 18
AR
The second line follows if you recall that
0*AB  9%A 0AdB  0’B

With p = —ihV and L = —ihA (eq. [18.2]), equation (18.13) is

g I K9

= '172" it ?55?‘ (18-15)
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The Hamiltonian (18.1) is then

K2 82 L2

This is the Hamiltonian operator expressed in polar coordinates. The fac-
tor L? contains only the angle variables # and ¢ and derivatives with re-
spect to the angle variables, as one sees in equations (17.45) and (17.48).
The radial derivatives all are in the first term in the right-hand side of
equation (18.16).

Radial Wave Equation

Since the components of the angular momentum operator, L, contain
only angular coordinates and derivatives, it is evident that L commutes
with the first and last terms in the right-hand side of equation (18.16),
because these terms contain only the radial coordinate. Since L? com-
mutes with the components of L (eq. [17.13]), H commutes with L? and
L.. Therefore, we can seek simultaneous eigenfunctions ¥nm of H, L?,
and L., with eigenvalues E,,, h?l (I141), and mh. For these eigenfunctions
Schrodinger’s equation Hvy = Ev with H given by equation (18.16) is

2 g2 2
r%;%rwntm + %'E({l%l]wntm + V(r)'wnlm = Enwn.‘.'m- (1817)
This differential equation involves only the radial coordinate r, so the
solutions are functions of r multiplied by arbitrary functions of the angles
6 and ¢. Because i, is an eigenfunction of L? and L., the angular
function is the spherical harmonic Y, (8, ¢) discussed in section 17 (egs.
[17.51] and [17.52]).

It is standard and convenient to write Y1, = Y;™(6, ¢)u(r)/r, where
u(r) is the radial wave function used in section 6. On multiplying equa-
tion (18.17) by r, and making this change of functions, we get

R (Y

2m dr?  2m r?

u+ V(r)u = Eyu. (18.18)

This is a one-dimensional Schrodinger equation with the effective poten-
tial "
h* 11+ 1)
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The boundary conditions for a bound state are that the radial wave
function u(r) must go to zero at infinity, as usual, and that

u(0) =0, (18.20)

because the wave function ) o u(r)/r has to be nonsingular at r = 0.

The potential Vg in equation (18.19) is the same as the form one
finds in classical mechanics for the radial equation of motion of a particle,
with the square of the angular momentum of the particle equal to hl (I+
1). If I is not zero, the effective potential diverges at » — 0, and this
suppresses u(r) near the origin. This is the analog of centrifugal repulsion
in classical mechanics.

Hydrogen Atom

The potential energy here is —e?/r, so the radial Schrédinger equation
(18.18) is

R Ry,

2mdr?  2m r? r

= Eu = —Uu(r). (18.21)

Since bound state energies are negative in this potential well, the last
step sets U = —FE. This generalizes equation (6.20) to states that are
not spherically symmetric.

We can rewrite the Schrédinger equation (18.21) as

du I+ Du  2me*u _ 2mUu

dr2 r2 2r . m

The eigenvalues U are found by the following trick. Write the radial
wave function as

(18.22)

u(r) = v(r) exp —r(2mU)? /h, (18.23)

where v is a new function of r (that will be seen to be a polynomial).
This brings equation (18.22) to

v 22mU)'\2dv UL+ v 2me’v

@ R dr 1? 2o e

Next, seek a series solution for the function v(r):

v(r) =) AprP. (18.25)

p>0
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The series has to start at p = 1 because of the boundary condition
(18.20). Substitute this series into equation (18.24), collect common pow-
ers of 7, and note that the coefficient of each power of r has to vanish.
The coefficient of r?~! is

2p(2mU)'/?  2me?
h h?

[p(p+1) — U1 + 1)]Aps1 = A, (18.26)

This is an iteration equation for the coefficients A,.

We see from equation (18.26) that A; = 0, because the left side
vanishes for p = l. By iteration of this equation it follows that A, =0
for all p < 1.1

Now let us choose A;,; to be some nonzero number. Then equation
(18.26) fixes Ao, that fixes A;43, and so on. If the right-hand side
of equation (18.26) does not vanish for any p > [, then the iteration
equation at large p approaches

_2(2mU)'/? 4,

4y = = — 2. (18.27)
This says
2(2mU)/2\" 1
A, o ((_mh)*) et (18.28)

at large p, so the power series (18.25) is

1/2\P
vy (%) 5—, = exp 2r(2mU)'/? /h. (18.29)

The positive argument in this exponential is twice the magnitude of the
negative argument in the exponential in equation (18.23), so the radial
wave function u(r) in equation (18.23) diverges at 7 — oo, which is not
allowed for a bound state.

The iteration of equation (18.26) must therefore terminate because
at some integer p = n > | the right-hand side of equation (18.26) van-
ishes:

2n(2mU)Y/?  2me?
h TR

(18.30)

1 The other possibility is that the expression in brackets in the right-hand side of
equation (18.26) vanishes at some value of p < I, but we want to save that case to
terminate the iteration series at some value of p greater than [ 4 1.
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This equation says the energy levels are

4
U=%}:—;”$ n=1,2,3,..., (18.31)
in agreement with the Bohr model in section 4, and, apart from small
relativistic corrections to be discussed in chapters 5 and 8, with the
measured energies.

With equation (18.31) for U, equation (18.23) for the radial wave
function becomes

u(r) = v(r)e /(o) (18.32)

where the Bohr radius is
ao = h%/(me?). (18.33)

The iteration of equation (18.26) terminates at A, = 0 for p > n, so

v(r) in equation (18.32) is a polynomial, with the powers of r ranging

from r*! to r™. Thus the wave function ¢ o u(r)/r is the product of an

exponential and a polynomial with powers of r ranging from r! to r™~1.
The hydrogen wave functions for n =1 and n = 2 are

-r/a,
11,00 X € / %

V2,00  [1 — 7/(2a,)]e”"/ (2,
Yo, 0 rsinfe'e™T/ ) = (z + iy)er/ (30, (18.34)
,1,0 X T COS fe~T/(200) = zo—T/(200)

YPo.1,—1 o 7sin Pe e/ (200) — (z — iy)e'”’u“”).

The energy eigenstates are labeled by three quantum numbers, n, [, and
m. The integer n is called the principal quantum number; it determines
the energy (eq. [18.31]), apart from relativistic corrections. The second
and third indices are the angular momentum quantum numbers, [ and
m, for L? and L,. The wave function 1 0,0 was obtained in section 6.
The scale length in the exponential in the n = 2 functions is two Bohr
radii (eq. [18.32]). The polynomials in r multiplying the exponentials are
found by working out the iteration of equation (18.26). For n = 2 the
polynomial is a simple linear expression. The angular functions are the
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spherical harmonics obtained from equations (17.48) and (17.50). It is
sometimes useful to know that the functions have simple forms in terms
of the cartesian position components z, y, and z.

It is traditional to call the states with [ = 0 s-wave states, the
s standing for “sharp,” for reasons that are lost in the mists of time.
States with | = 1 are p-waves, for “principal,” and those with [ = 2
are d-waves, for “diffuse.” States with [ = 3 and 4 are labeled f and g;
these do not seem to stand for anything. The ground state of a hydrogen
is called the 1S state. There are four degenerate states with principal
quantum number n = 2, that is, four states with the same energy in the
nonrelativistic Hamiltonian in equation (18.1). One is the spherically
symmetric 25 state with [ = 0, and the other three are the 2P states
with [ =1 and m = —1, 0, and 1. The degeneracy of these four states is
partially removed by relativistic corrections to the Hamiltonian, and can
be completely removed by the effects of external perturbations, exam-
ples of which are discussed beginning in section 30 below. At principal
quantum number n = 3 there is a 3.5 state, three 3P states, and five 3D
states.

19 Particle in an Electromagnetic Field

The discussion of the Hamiltonian for a charged particle in a given elec-
tromagnetic field requires rather a lengthy excursion into classical me-
chanics and electromagnetism; it is presented here for several reasons.
First, this Hamiltonian is needed to understand the behavior of atoms
and molecules, whose structures are determined almost solely by the
electromagnetic interaction. Second, the Hamiltonian is a good example
of canonical quantization. Third, it is a beautiful example of a symme-
try that has no classical analog, that reflects the fact that all the wave
functions for a system can be multiplied by a phase factor eX(*) with-
out affecting the inner products, (¢, @), out of which one computes the
predictions of the theory.

One arrives at the operators and operator algebra for a particle in an
electromagnetic field by the so-called canonical quantization procedure,
in which the canonical momenta of classical Hamiltonian mechanics are
replaced with derivative operators. We must begin therefore with a re-
view of the classical theory of the motion of a charged particle in an
electromagnetic field.
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Equations of Motion in an Electromagnetic Field

The classical Lagrangian of a nonrelativistic particle moving in a scalar
potential field V(r) is the difference between the kinetic and potential
energies,

L =mi?/2 - V(r). (19.1)

More generally, the Lagrangian is some function of position, r, velocity,
r = dr/dt, and time, t. The action of a particle moving from given initial
to final positions is the time integral of the Lagrangian along the orbit

r(t),
f
1=/ dt L(r,¥,1). (19.2)

The action principle of classical mechanics says the path r(t) the particle
actually follows is the one that makes the action stationary, unchanged
to first order by small changes of the orbit.

Suppose r(t) is the true orbit, and consider the neighboring path,
r(t)+6r(t), with ér = 0 at the initial and final times (because the initial
and final positions are supposed to be fixed). The action principle says
the difference between the values of I for the true and neighboring paths
vanishes to first order in ér, because the action is at a stationary point.
The difference in I is, to order ér,

51 = /dt [L(r + ér, i + 6F,t) — L(r, i, 1)]
dL oL _.
= ]dt [aé'ﬁ"a -+ Réra:’ &

As usual, the repeated index o is summed from 1 to 3, for the three
components of position and velocity. Because derivatives can be taken
in either order we have

(19.3)

. dore
6rg = T

(19.4)

With this equation, we can write the second term in the right-hand side
of equation (19.3) as

d 0L

aL .. d [OL
[ T‘aaa%f‘a. {195)

T dt |0

g;ﬁ‘ra = E (57'0,:| -6
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The first term on the right side of this equation is a total time derivative,
so its time integral is the difference of values at the end points. This
vanishes because ér vanishes at the end points. We are left with

aL d aL

Since §I has to vanish for arbitrary infinitesimal ér(t), the quantity
multiplying ér(t) has to vanish. This gives the Euler-Lagrange equation

of motion,
L d AL

indBP Rl 19.
e dt o (19:7)
The canonical momentum belonging to the coordinate r, is defined
as
oL
T ey 19.8
b Of o 19:8)
and the Euler-Lagrange equation (19.7) says
dp. _ OL
—= = 19.
dt ora (19.9)
The Hamiltonian is defined to be
H(l‘, P t) = pcrf‘a —L. (1910}

As indicated, one is supposed to solve equation (19.8) for the veloci-

ties as functions of the positions and momenta, so the Hamiltonian can

be written as a function of positions and momenta. To get Hamilton’s

equations of motion, one writes down the effect on equation (19.10) of

infinitesimal changes 67, () and ép,(t) in the positions and momenta:
oL oL

6H = #06Po + Pabia — By 0Ta 5f_—06ﬂ,. (19.11)
On using equation (19.8) to eliminate the second and last terms on the
right-hand side of this equation, and equation (19.7) to rewrite the third,
we get

§H = t06po — PabTa. (19.12)

This gives Hamilton’s equations of motion,

. oH . OH
Ta = a—pa, Pa = “_Bra' (19-13)
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The classical Lagrangian for a charged particle in an electromagnetic
field is written in terms of the scalar and vector potentials of electro-
magnetism, so we should review next how these are defined.

Maxwell’s equation V - B = 0 (eq. [2.3]) is satisfied by writing the
magnetic field as the curl of the vector potential field A:

B=VxA, (19.14)

because the divergence of a curl vanishes identically. The induction equa-

tion,
19B

VxE+ parTe =0, (19.15)
with equation (19.14), is
10A
V x (E-i- E-é?) =0. (19.16)

This equation is satisfied by writing the vector field in the parenthesis as
the gradient of a scalar potential field, ¢, because the curl of a gradient
identically vanishes. The result is

E=-V¢—-—-——. 19.17
b= (19.17)

Equations (19.14) and (19.17) give the electric and magnetic fields
in terms of the scalar and vector potentials, ¢ and A. The potentials are
not unique: the gauge transformation

ax

5 A=A-ovy, (19.18)

¢ =0+
where x is any function of position and time, give the same E and B as
¢ and A.

Now let us write down the Lagrangian for a particle with mass m
and charge g in an electromagnetic field, and then check that it gives the
familiar equation of motion. The form for the action (that gives orbits
that agree with experiment) is

N O S D g
I—f(nw@+c&w), (19.19)
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where A; is the four-vector potential of electromagnetism. As discussed
in chapter 8, in special relativity the invariant time interval is (eq. [52.3])

ds = (dt? — dr?/?)/? = dt (1 — 7% /c?)Y/?, (19.20)

with ¢ = dr/dt. This is the proper time interval that would be measured
by an observer at rest on the particle. The expression A;dz?, which is
summed over ¢ = 0 (for time) to 3, also is an invariant, so the action
(19.19) is invariant under Lorentz transformations.

In the nonrelativistic limit, we can expand ds as a series in 7?/c?,
and keep only the first nontrivial term. Dropping the constant term mc?,
which only adds a constant to the action, we can write the action (19.19)

in this limit as
1 . ¢ :
I= [ dt §mr -I-E(A-I"l—Ag) , (19.21)

where A is the space part of the four-vector A;, and Ag is the time part.
On setting Ay = —¢c, we see that the integrand is

L= m—"?—q¢+ L 2 (19.22)
2 c
This is the Lagrangian for a nonrelativistic particle of mass m and charge
g in the scalar and vector potentials ¢ and A for the electromagnetic
field.
The canonical momentum (eq. [19.8]) is

oL .
Pa =g = mia + qAq/c. (19.23)

The Euler-Lagrange equations (19.9) are

dpo d . _ 0L S
E = dt(mra“‘f'qAa/c) = Ore = —Q@q +qu,aT';3/C. (1924)

To shorten the notation a little, partial derivatives with respect to posi-
tion have been written as
06

. = e (19.25)
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Equation (19.24) contains the total derivative with respect to time
of A,. Since A, is a function of time and of position r(t), we have

d OAa | 0A,drg
T =5+ 5 (19.26)
This brings equation (19.24) to the wanted form
d*ry .
g —q(@a + Axfc) + q(As.o — Aa p)vs/c, (19.27)

where vg = 73 is the particle velocity.

The first term on the right-hand side of this equation is the electric
field (eq. [19.17]). We can use the permutation symbol (eq. [17.8]) to
write the second term as

Apo — Aa,p = €apyBy. (19.28)

Here B is the magnetic field (eq. [19.14]), as can be checked by looking
at cases. For example, & = 1 and 3 = 2 gives

04, 0A,
Ha= Oz oy’

(19.29)

which is the z component of equation (19.14). Thus the last term in the
equation of motion is
Geap VB, /c. (19.30)

This is the a component of the cross product gv x B/e (as in eq. [17.8]).
The equation of motion (19.27) is therefore

m% =g(E+v xB/c). (19.31)
This is the Lorentz force law (eq. [2.5]). That is, the Lagrangian (19.22)
gives the wanted equation of motion.

Finally, we need the Hamiltonian. The result of substituting equa-
tion (19.22) for the Lagrangian into equation (19.10) for the Hamil-
tonian, and using equation (19.23) to replace the velocities with the
canonical momenta, is

i 1 2
H = 5—(p—qA/c)" +q¢. (19.32)
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This is the Hamiltonian for a nonrelativistic particle with mass m and
charge g in an electromagnetic field with vector potential A and scalar
potential ¢.

Canonical Quantization

A formal guide to the operator algebra in a quantum system is canoni-
cal quantization, in which the canonical momenta in the classical theory
are replaced with operators that satisfy the canonical commutation re-
lations,

[Iéspj] = ih&j. (1933)

Here the x; are the coordinates, and the operators p; replace the canoni-
cal momenta (eq. [19.8]) of the classical theory. In the general formalism
presented in chapter 3 below, the coordinates and momenta both are
treated as operators. In the wave mechanics of this chapter, the z; are
the particle coordinates z, y, and 2, and the canonical commutation rela-
tions are obtained by writing the components of the momentum operator
in terms of the derivative operators, as

p = —ihV. (19.34)

As we have seen (eq. [17.5]), this gives the canonical commutation rela-
tions (19.33). Finally, the quantum Hamiltonian is obtained by replacing
the momenta in the classical Hamiltonian with the momentum oper-
ators, with the factors so arranged that the quantum Hamiltonian is
self-adjoint. The motivation behind this canonical prescription is that it
automatically makes the forms for time derivatives of expectation values
agree with the classical expressions we know are experimentally success-
ful in the classical limit. An example of how this works will be presented
shortly.

The quantum Hamiltonian for a particle in an electromagnetic field
with vector and scalar potentials A and ¢ is obtained by replacing the
momenta p in equation (19.32) with the momentum operators in equa-
tion (19.34). If there is no magnetic field, we can choose a gauge in which
A = 0, and the Hamiltonian is the form already discussed for a particle
with potential energy V = g¢. If A is not zero, the kinetic energy part
of the Hamiltonian could be multiplied out in two ways, as

L]
P - d(p-A+A-p)+5A2 (19.35)
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2 q q2 2
P _QED'A+§A ; (19.36)

In classical physics these two forms are the same; in quantum mechanics
they can be different because the derivative operator need not commute
with A. The form that works is the first, which is equivalent to writing
the kinetic energy term as the square of the operator (p—gA /c) divided
by 2m. The second form (19.36) is unacceptable because it is not self-
adjoint in general.

A few of the many applications of the Hamiltonian (19.32) are pre-
sented later. As a first example, let us compare the time rates of change of
the expectation values of position and momentum with the correspond-
ing classical expressions. Ehrenfest’s theorem (eq. [14.33]) says the time
rate of change of the expectation value of the observable @ is

(@)
dt

h 2L — (1@, H)). (19.37)

To evaluate the commutators of the position and momentum oper-
ators r and p with H we need the identities

[A, B%] = [A, B]B + B[A, B],
[p, F(r)] = iRV F(r),

(19.38)

where F' is a function of position r, and p is the derivative operator
in equation (19.34). The first commutation relation can be checked by
writing out the commutators. The second follows by the calculation in
equation (14.36). With the first of these identities and equation (19.32)
for H one finds, after a little rearranging,

[reo H] = (b — aAafo), (19.30)

so Ehrenfest’s theorem says

d(ra)
dt
If the wave function for the particle is significantly different from zero in

a patch of space smaller than the length scale over which the potential
A(r) varies, it is a good approximation to write

= (pa — qAs/c)/m. (19.40)

(A) = A((r),1). (19.41)
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Then with (r) = r(t), one sees that equation (19.40) can be rewritten
as

() =m + LA, 0), (19.42)

which can be compared to the classical equation (19.23).

It is left as an exercise to show that Ehrenfest’s equation for d{p)/dt
agrees with equation (19.24) when the values and gradients of the scalar
and vector potentials are close to constant over the region of space oc-
cupied by the wave function of the particle, so expectation values may
be simplified as in equation (19.41). Once this is done we have checked
that the quantum Hamiltonian (19.32) gives sensible equations of mo-
tion in the case that the wave function can be treated as a compact wave
packet.

Gauge Invariance

Scalar and vector potentials related by a gauge transformation (eq.
[19.18]) describe the same electromagnetic field. That is, potentials re-
lated by a gauge transformation describe the identical classical situation.
This gauge symmetry applies also in quantum mechanics, though it is
clear that something new is needed because the Hamiltonian operator
(19.32) certainly looks different if the potentials are changed by a gauge
transformation. We will see that the new element is that a gauge trans-
formation multiplies the wave function by a phase factor.

Suppose a particle with charge ¢ is described by the wave function
1, and introduce a new wave function, 7', by the equation

P = /My (19.43)

where £ is a real function of position and time, and the factors ¢ and A
have been introduced to simplify the following equations. The momen-
tum operator (19.34) applied to this product gives

pY = —ihV(e'%/My) = e/ (qVe + p)y'. (19.44)
We have therefore
(P~ qA/c)p = €"“/*(p — q(A — cVE) /). (19.45)
The effect of applying this equation twice is

(p— qA/c)*y = '%/"(p — q(A — cVE) [c) . (19.46)
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The time derivative of 1 is

m%% — ¢ia€/h (éﬁ%*i_ o q%f_¢f) , (19.47)

With the Hamiltonian (19.32), Schrodinger’s equation for the original
wave function is
., O 1 q,12
R [ » —A} : 4
thar =5 [P~ JA| v+aw (19.48)
On using equations (19.46) and (19.47) in this equation, we see that
Schrodinger’s equation for the new function is
., O 1 q ]2 ' 23 !
That is, if ¢ satisfies Schrodinger’s equation with potentials ¢ and A,
then 9 satisfies Schrodinger’s equation with potentials

43

5 A=A-cve (19.50)

¢ =0¢+
This is a gauge transformation of the potentials (eq. [19.18]).

The conclusion is that a gauge transformation, £(r,t), of the poten-
tials transforms all the wave functions by a phase factor, ¢/ = e3¢/,
This phase factor has no effect on inner products (x, ). It has no ef-
fect on observables constructed out of the velocity, for we have from
equations (19.23), (19.45), and (19.50)

(x, miy) = (x, (p — gA/c)¥) = (X, (P — qA/c)y"). (19.51)

The last expression is mr evaluated in the new gauge for the vector
potential and using the new phase factor for the wave functions. That
is, the experimental predictions of the theory are not changed by a gauge
transformation, as in classical mechanics.

In classical mechanics one can go further: physics can be expressed
in terms of the electric and magnetic fields E and B alone, eliminating
the potentials altogether. This is not so in quantum mechanics, as is
illustrated by the Bohm-Aharonov effect, that goes as follows.

Suppose a static magnetic field is confined to the long straight cylin-
der shown in figure 19.1. Qutside the cylinder the electric and magnetic
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Fig. 19.1 Bohm-Aharonov effect. The magnetic flux ® is confined to the cylinder.
Part of a wave packet with momentum ~ hk is scattered by the cylinder; we can
neglect this scattered wave. Parts of the wave packet move past the cylinder to the
left and to the right, on the paths indicated as 1 and 2.

fields are negligibly small. The path integral of the vector potential
around a closed path that is outside the cylinder is

fdr-A=/da-V><A=/da‘B=¢b. (19.52)

The second expression uses Stokes’s theorem to change the path integral
to an integral over a surface bounded by the path. The magnitude of da is
the element of surface area, and the direction is the normal to the surface.
The curl of the vector potential is the magnetic field. As indicated in the
last expression, if the path is completely outside the cylinder the path
integral is the total magnetic flux ® within the cylinder, independent
of the path. The curl of A vanishes outside the cylinder, because the
magnetic field vanishes, but the field A itself cannot vanish: under axial
symmetry, the magnitude of A varies inversely with the distance from
the cylinder, because the path length is proportional to the distance.
Now consider a wave function representing a particle with charge ¢
moving normal to the cylinder. The particle energy is E, so Schrodinger’s
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equation is
_ 1 2
Ey = 2 (p—qA/c)*Y. (19.53)

We want to compare the phases of the wave computed along the paral-
lel paths 1 and 2 that pass perpendicular to the cylinder and pass on
opposite sides of it.

It will be assumed that the de Broglie wavelength is much smaller
than the distance between the paths, and that A acts as a small pertur-
bation to the wave function. In this case, the spatial part of the wave
function along each path is well approximated as

P = etkrx) (19.54)

where k is a constant, that points normal to the cylinder, and x is the
perturbation to the phase due to A. This resembles the WKB approxi-
mation in section 7, but here we are keeping track only of the phase.

The result of substituting equation (19.54) into (19.53), recalling
that p = —thV, and keeping only the largest derivatives, which come
from differentiating the exponential, is

(hk + hVx — gA/c)? = constant. (19.55)

On multiplying this out, and keeping only the first powers of the terms
x and A, which we are treating as small perturbations, we get

k-Vy-— %k - A = constant. (19.56)

The net change in phase of the wave function between initial and final
positions along one of the paths is

f
x=/ Vx - dr. (19.57)

We are taking the path segment dr to be parallel to the momentum hk,
so we have from equation (19.56)

f
X = %/ A - dr + constant. (19.58)
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The difference in phases for paths 1 and 2 is

qd

= (19.59)

X1 —Xz=ﬁicj£A-dr=
The constant part of equation (19.58) is eliminated from the difference
in equation (19.59), and what is left is the path integral of A running
out along path 1 and back along path 2. This is equivalent to a closed
path integral. As noted above, this closed path integral is independent
of path, as long as it stays outside the cylinder, and amounts to the
magnetic flux in the cylinder (eq. [19.52]).

The phase difference x) — x2 in equation (19.59) is measurable by
observing the interference of the waves from the two sides of the cylinder.
That is, we have the result that although the wave function is excluded
from the region where B is nonzero, there is an observable effect of the
magnetic field on the wave function through the vector potential. This
is a distinctly nonclassical effect.

It is an interesting exercise to work out the analogous effect for
the scalar potential field. Imagine two long parallel metal cylinders that
have an electric potential difference that is a function of time. A wave
packet for a charged particle approaches the cylinders, is divided so part
passes through each cylinder, and the parts then merge after leaving
the cylinder. If the potential difference between the cylinders is nonzero
only when the wave packet is well inside them, show that in classical
physics the applied potential has no effect on the particle motion, while
quantum mechanics does predict an effect that is observable in principle.

Yet another point is worth noting. If all the wave functions describ-
ing a system are multiplied by a phase factor that is independent of
position, it has no effect on any of the inner products (¥, Q¢) used in
computations, so it can have no effect on any experimental prediction.
This trivial symmetry of the theory is called a global phase symmetry.
The theory has a local phase symmetry if we can multiply all of the wave
functions for the physical system by a phase factor that is some freely
chosen function of position and time. This is not trivial, because the
momentum operator and the time derivative in Schrodinger’s equation
differentiate the phase function. To get local phase symmetry, we have to
introduce scalar and vector fields, ¢ and A, that absorb these gradients
by a gauge transformation of the form of (19.18). As indicated in equa-
tions (19.45) and (19.47), the derivatives of the phase function are elim-
inated in the gauge transformation by requiring that space derivatives
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appear only in the combination p — gA/e, where p = —ihV is the mo-
mentum operator, and time derivatives appear only in the combination
thd/0t — q¢. The simplest Hamiltonian consistent with this condition
is equation (19.32). That is, if Nature wanted to have this elegant local
phase symmetry, Nature would have to (as it did!) introduce scalar and
vector fields with the gauge symmetry (19.18) of electromagnetism, the
simplest choice for the Hamiltonian being that of electromagnetism.

Problems

IL1)

b)

11.2)

11.3)

Suppose the operators P and @ satisfy the commutation relation
[P, Q] =, (I1.1)

where a is a constant (a number, not an operator).
Reduce the commutator

(P,Q"] (IL2)

where @™ means the product of n @s, to the simplest possible
form.
Reduce the commutator

[P,e'9) (I1.3)

to the simplest form. (The operator function €'? is defined in eq.
[13.10].)

The operators P and @ are self-adjoint and satisfy the commuta-
tion relation

[P, Q] = ic, (I1.4)

where c is a real number. Show that the operator [P, Q] is anti-self-
adjoint, that is, that the adjoint of the operator is the negative of
the operator, consistent with the right-hand side of the equation.

Let = be the position coordinate for a particle that moves in one
dimension, and let p = —ihd/Ox be the usual momentum opera-
tor. State whether each of the following operators is self-adjoint,
anti-self-adjoint (AT = —A), unitary (ATA = 1), or, if none of the
above, what the adjoint is:

d? d3

E 5 E § eP. ([I5)

zzrp, zIpr, IpPp-+ppI,
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11.4)

a)
b)

d)

IL6)

Chapter 2

The operator @ satisfies the two equations

QTQT = 01
(1L.6)
QR'+Q'Q=1
The Hamiltonian for a system is
H = aQQf, (IL.7)

where « is a real constant.

Show H is self adjoint.

Find an expression for H?, the square of H, in terms of H.
Find the eigenvalues of H allowed by the result from part (b).

Two operators, A and B, satisfy the equations

A=B'B+3,
(11.8)
A=BB'+1.
Show A is self-adjoint, AT = A.
Find the commutator [Bt, B].
Find the commutator [A, B].
Suppose 9 is an eigenfunction of A with eigenvalue a:
Ay = arp. (11.9)

Show that if By # 0 then B is an eigenfunction of A, and find
the eigenvalue.

Show that if the operator () satisfies

(4,Q0) = (Qo, ) (11.10)
for all ¢, then @ is self-adjoint, that is,

(¥, @x) = (Q¥, x) (IL.11)
for all ¥ and x. Consider the functions

hr=v+x, G2=9+ix (IL12)



11.7)

11.8)

11.9)

b)

11.10)

Wave Mechanics 161

The Legendre polynomials F;(z) are a set of real polynomials or-
thogonal in the interval —1 <z < 1:

f 1 dz P(z)Py(z) =0, 1#1U. (IL.13)
-1

The polynomial P(z) is of order I, that is, the highest power of z
is z! It is normalized to P;(1) = 1.
Starting with the set of functions

wi(x) =2, 1=0,1,2,..., (IL.14)

use the orthogonalization procedure described in section 13 to
derive the polynomials Py, P, P, and Ps.

Use Ehrenfest’s theorem (eq. [14.33]) to show that the expectation
value of the position of a particle that moves in three dimensions
with the Hamiltonian

P
H = o + V(r) _ (I.15)
satisfies ir) (o)
r)_ P
e (I1.16)

Consider a particle that moves in one dimension. Two of its nor-
malized energy eigenfunctions are i (x) and 19(z), with energy
eigenvalues E; and Fj.

At time £ = 0 the wave function for the particle is

o= can(z) + cotba(z) at t=0, (I1.17)

where ¢; and ¢ are constants.

Find the wave function, ¢(z,t), as a function of time, in terms of
the given constants and initial condition.

Find, and reduce to the simplest possible form, an expression for
the expectation value of the particle position, (z) = (¢, z¢), as a
function of time, for the state ¢(z,t) from part (a).

A particle that moves in three dimensions has the Hamiltonian
2

_ P i, B 70 ;
H = o~ +a(a® +y* +2°) +1z, (IL.18)
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11.12)

11.13)
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where o and -y are real nonzero constant numbers.

For each of the following observables, state whether and why the
observable is conserved: parity, 1I; energy, H; the 2 component of
orbital angular momentum, L.; the x component of orbital angular
momentum, L.; the z component of linear momentum, p,.
Reduce the expression for the time rate of change of the expec-
tation value of the y component of orbital angular momentum,
d(Ly)/dt, to the simplest possible form. Find the classical analog
to the result.

The ground state wave function of a one-dimensional simple har-
monic oscillator is
2.2
Yo(z) ox 7% /%, (I1.19)

where z, is a constant. Given that the wave function of this system
at a fixed instant of time is

o(z) x eIV (11.20)

where y is another constant, find the probability that, if the energy
is measured, the system will be found to be in the ground state.

Tritium is a radioactive isotope of hydrogen. The nucleus decays
(by emitting an electron and antineutrino), changing from a triton
(one proton and two neutrons) to a *He nucleus (two protons and
one neutron). This changes the charge of the nucleus from e (the
magnitude of the electron charge) to 2e. For this problem, it can
be assumed that the change is instantaneous. That is, the orbital
electron in a tritium atom sees the charge at the nucleus suddenly
change from e to 2e. Finally, since an electron is much less massive
than a proton, it can be assumed here that the reduced mass of
the atom is unaffected by the decay.

If the orbital electron in the original tritium atom is in the
ground state, what is the probability that the electron is in the
ground state of the 3He atom immediately after the decay? Note
that the electron wave function immediately after the decay is the
ground state wave function of a hydrogen atom, because that is
what the wave function was immediately before the decay.

As discussed in problem 1.11, in an ammonia molecule the three

hydrogen atoms form an equilateral triangle and the nitrogen atom
usually is found just above or just below the triangle. The behavior
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c)
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of the position of the nitrogen atom is usefully approximated as
the motion of a particle moving in one dimension in the fixed
potential in figure 1.1, with minima on each side of the triangle
and a relatively high barrier at the plane of the triangle. The
ground state and first excited state energies, Ey and E;, are very
nearly equal to each other.

To get the wave function for a situation in which the energy is
close to Ey and the atom is almost certainly in one of the minima
of the potential energy, consider the functions

i(z) = [(o(2) + 1 (2))]/22,

(I1.21)
¥o(@) = [(Yo(e) — ¥ (x))]/2/2.

Using the fact that Ey and E; are very nearly equal, show that,
with appropriate choices of phases for the ground state and first
excited state wave functions ¢y and ¥4, the function ¥, (z) is ap-
preciably different from zero on only one side of the triangle, and
() is appreciably different from zero only on the other side.
Show that v; and 1, are properly normalized if 1y and ; are
normalized.
If the wave function for the molecule is 1;(z), what is the proba-
bility that the result of the measurement of the energy will be the
ground state value, Fg?
Given the initial condition that the wave function is ¥4 () at time
t =0, find the wave function as a function of time in terms of the
energy eigenfunctions and eigenvalues.
Show that the wave function from part (d) describes oscillations,
or inversions, from the initial state, in which the molecule almost
certainly is above the triangle, to a state at a later time in which it
is below the triangle, and at a later time above the triangle again.
The frequency of the inversion oscillation is » = 23000 MHz =
2.3 x 10'° Hz. Find the energy difference, E, — Fy, in eV, between
the ground state and the first excited state.

Consider a particle that moves in three dimensions with wave
function 7. Use the operator methods in section 17 to show that
if 1 has total angular momentum quantum number [ = 0, then 1
satisfies

Lo =0, (1I1.22)
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for all three components L, of the total angular momentum op-
erator L.

A particle of mass m is confined to a sphere of radius R by a
spherically symmetric potential well of the form

V(r)=0, for r<r,,
=V, for r,<r<R, (11.23)

— o0, for r>R.

Here V,, r,, and R are positive constants.

The particle is in an energy eigenstate with definite orbital
angular momentum, with angular momentum quantum number
1 > 0. (That is, the wave function is an eigenfunction of L? with
eigenvalue h2I(1 +1).)

Sketch the effective potential and the radial wave function for the
lowest energy state with the given value of [. As usual, high art
is not expected, but you should indicate reasonable curvature and
reasonable positions of the zeros of the wave function.

At small distance r from the center of the potential well, the radial
wave function varies as a power of the radius, u oc 7™, Find n for
the given [.

Use the results in section 17 to find the spherical harmonics Y},
Y?, and Y, as functions of the polar angles # and ¢, and as
functions of the cartesian position coordinates z, y and z.

Let the functions ¢, (z) be the one-dimensional simple harmonic
oscillator energy eigenfunctions, with energy E, = (n + 1/2)hw.
We know from problem (1.9) that the ground state wave function
for a spherically symmetric three-dimensional simple harmonic os-
cillator is

¥ = ¢o(x)do(y)do(2), (IL.24)

and the three degenerate lowest-lying excited states are

x1 = $1(z)do(y)do(2),
x2 = ¢o(x)$1(y)do(2), (11.25)
x3 = do(x)o(y)¢1(2).
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It will be recalled from problem (1.8) that ¢y is a gaussian, ¢o(z)
e~%"/% and that ¢;(z) is proportional to zgo(x).

Use the results from problems (II.14) and (II.16) to show that
the ground state, ¢, has angular momentum quantum numbers
[l = m = 0, that y3 has quantum numbers [ = 1, m = 0, and
that x; and x» have [ = 1 and are linear combinations of the
eigenfunctions with m = %1.

As discussed in section 17, a simultaneous eigenfunction of the
angular momentum operators L? and L, can be labeled as (/1
In the standard sign convention, the raising angular momentum
ladder operator satisfies the equation

Ly = h(l® +1—m? —m)'2yt1, (11.26)

The numerical factor on the right-hand side preserves the normal-
ization, (¥, ¢") = 1 and (y;**!,¢*™") = 1 if m < I. The sign
of the right-hand side is a convention; we could multiply it by a
phase factor .

Use the expression for L_L, (eq. [17.32]) and the known results
of operating on ¥" with L? and L, to derive the numerical factor
on the right side of equation (I1.26).

Use L_ operating on equation (I1.26) to find the normalizing con-
stant c in the equation

Ly =cy . (I1.27)

It will be noted that the phase of the constant ¢ in this equation
is fixed by the choice of phase in equation (II.26).

Consider a two-particle system, with angular momentum observ-
ables L(a) and L(b), and total angular momentum

L = L(a) + L(b). (11.28)

As discussed in section 17, two complete sets of commuting ob-
servables for this system are

L(a)?, L.(a), L(b)%, L,(b), (11.29)

with eigenfunctions
P(las ma, by, M), (I1.30)
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and
52 L Ll TIBYP, (11.31)

with eigenfunctions
Y(l,m, la, 1) (11.32)

There may be other observables that commute with all compo-
nents of the angular momentum operators. In that case the wave
functions in equations (I1.30) and (IL.32) are completely speci-
fied by the angular momentum quantum numbers displayed in
the equations along with other eigenvalues of other observables.
We will suppose these other eigenvalues are held fixed.
By using the equations L, = L.(a) + L.(b) and Ly = Li(a) +
L. (b), show that the state with [, =m, =2 and l, =mp =1 is
an eigenfunction of the set of observables in equation (II.31) with
l=m=3

#(2,2,1,1) =(3,3,2,1). (11.33)

The indices are placed as in equations (I1.30) and (I1.32).

Using equation (I1.33), the ladder operators L., and the re-
sults from problem (IL.18), find an expression for the state
¥(3,2,2,1) with [ = 3 and m = 2 as a linear combination of
the ¢(2,mq, 1, ms).

Find an expression for the state 1/(2,2,2,1) withl =2 and m =2
as a linear combination of the ¢(2, mg, 1,m;). One approach is to
seek that linear combination of the ¢ functions with the correct
total m value that is orthogonal to the wave function from part
(b). The other is to observe that the wanted linear combination
has to be annihilated by L.

Suppose a system has state vector x = ¥(2,2,2,1) with [ = 2 and
m = 2 and, as before, [, = 2 and l;, = 1. Find the probabilities for
all possible results of a measurement of the value of the quantum
number m, belonging to the z component of the angular momen-
tum of particle a. Note that the probabilities ought to add up to
unity.

Consider a particle of mass m in a spherically symmetric poten-
tial well, V(r), and an applied uniform static magnetic field. The
Hamiltonian (eq. [19.32]) is

H=_—(p—qA/c)®+V(r), (11.34)

e
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where g is the charge of the particle. The magnetic field points
along the z axis. As you can check by evaluating V x A, a vector
potential for this field is

Az = _By/2r

(11.35)
A, = Bz/2.

Multiply out the square in equation (II.34) and use equation
(I1.35) to get an expression for H in which the interaction be-
tween the particle and the magnetic field is expressed in terms of
the angular momentum operator.
Show that L. is conserved in this Hamiltonian.
If the magnetic field B is not too large, the term in H that is
proportional to B? can be ignored. In this approximation, find
expressions for the time rates of change of the expectation values
(L) and (L,) of the z and y components of angular momentum.
By combining these two equations, find the general solution for
(L.} as a function of time.

A particle with mass m and charge ¢ moves in a uniform static
magnetic field B that points along the z axis in a cartesian z, y,
z coordinate system. A suitable vector potential (different from
the one in eq. [IL.35]) is A, = 0, A, = Bz, A, = 0, and the
corresponding Hamiltonian is

_ 1] _ 4 2
H= o [px + (py CBI) +02|. (11.36)

Find the components of the momenta p, that are conserved, and
use the results to reduce the Schrédinger energy eigenvalue prob-
lem to a one-dimensional equation.

By noting that the result from part (a) is a simple harmonic os-
cillator Schrodinger equation, find the energy eigenvalues. Show
how the results compare to the classical cyclotron frequency (the
frequency of rotation of a classical charged particle moving in a
circle at speed v in a magnetic field B).

Fun with a one-dimensional simple harmonic oscillator.

Show that the oscillator raising operator a! defined in equation
(6.34) is the adjoint of the lowering operator a.
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The Hamiltonian for the oscillator is given by the equation (egs.
[6.37] and [6.38)):

H=d'a+hw/2 = aa' — hw/2. (11.37)

Using the result from part (a), show that these expressions are
self-adjoint.

Let the state vector for the m'™ energy level of the oscillator be
Y (), and suppose the state vectors are normalized, (Y, ¥m) =
1. We saw that the raising operator gives (eq. [6.46])

aln = Nppqs. (11.38)

Use operator methods to find the normalizing constant, N.

Use the definitions of a and a' (eqs. [6.34]) to write the position
and momentum observables z and p as linear combinations of a
and af. Use operator methods and the above results to evaluate,
for arbitrary (nonnegative) integers m, n, the inner products

(Yn, TYm), (Yn, P¥m), (11.39)

where as usual the momentum operator is

s —z’h%. (I1.40)

Use the completeness of the 1, to show that

(&, ABg) = > (&, Atn)(¢n, BY), (I1.41)

where A and B are operators. The trick is to use equation (13.58)
to write the function B¢ as a sum over the 1,, operate on this
sum with A, and then take the inner product of the result with £.
Use the results from parts (d) and (e) to compute

(2?2> = (T#‘)m 3'-'21;'{-)11)! (.pz) = (tbn,pzi})n)- (1142)

Find from this the standard deviations o, and o, (eq. [I.15]) in
the position and momentum in the n'® energy level. The result for
n = 0 ought to agree with equation (1.16).
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More fun: coherent states of an oscillator.

Part (d) from the last problem shows that in an energy eigen-
state the expectation value of the position z of the oscillator van-
ishes: the displacement from equilibrium is as likely to be found
to be negative as positive. States in which the predicted value
of z varies with time like a classical oscillator are constructed as
follows.

Use the commutation relation [a,a'] = hw (eq. [6.39]) and the
results from the last problem with equation (I1.3) to reduce to the
simplest possible form the commutator

[a,e*'], (IL.43)

where ) is a complex constant (not an operator).
Consider the function

#(), z) = X o (2), (11.44)

where 1g(z) is the ground state wave function, so ai)y = 0. Use
the result from part (a) to show that ¢ is an eigenfunction of a
with eigenvalue Ahw.

Use the result from part (b) to show

e = Ko, (11.45)

where K is a constant, and find K.

Evaluate (¢, ¢), where ¢ is defined by equation (II.44), and the

function v is normalized to (v, o) = 1.

Use operator methods to find the expectation values of position

and momentum in the state with wave function ¢(\, ) in equation

(I1.44),

_ (429)
(4,9)°

for given complex number A.

As discussed in problem (I.16), a measure of the uncertainty in
the predicted position is the standard deviation (root mean square
deviation) éz, defined by the equation

_ (¢, p9)
¥ =69 (HL45)

(z)

822 = (@ - (2))?) = (%) — (@)™ (11.47)
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Use operator methods to find the standard deviations éz and ép in
position and momentum in the wave function ¢(\, z). You ought
to find that the product is the same as the result from problem
(I1.22f) for n = 0, and the minimum allowed by the uncertainty
principle (to be derived below in problem [III.3]).

If X is large enough (|A| > (hw)~1/2), the function ¢ in equation
(I1.44), with ¥ and a' independent of time and A a suitably cho-
sen function of time, is an approximate solution to Schrodinger’s
equation

¢
at
with the Hamiltonian H given in equation (I.37). Find A as a
function of time in this limit, and use A(t) with the result from
part (e) to find (z) as a function of time.

The state represented by the wave function ¢ in equation
(I1.44) is called a coherent state. In the limit |A| > (hw)~1/2,
the predicted value of the position in this coherent state has a
small relative uncertainty and the predicted position varies with
time as a classical simple harmonic oscillator. It will be noted that
to get this classical behavior we had to make the wave function
a linear combination of states with very different values of the
quantum number n (because the series expansion of e*e' in eq.
(I1.44] contains all powers of the raising operator a'). That is, in
the classical limit, where the position and momentum of the os-
cillator are predicted to high relative accuracy, the energy level
quantum number n has a very broad range of possible values.

ih— = H¢, (I1.48)

Still more fun: squeezed states of an oscillator.
Another interesting wave function for a simple harmonic os-
cillator is obtained as follows. Consider the operator

U(n) = exp{n(a® - a'?)}. (11.49)

Here 7 is a real variable (not an operator, and not complex, as is
A in eq. [IL.44]).

Show U is unitary, UTU = 1.

The operator g4 (n) is defined by the equation

9+() = U(m)(a + a"U(n)T = e@*=2")(q 4 al)e—(a*~a™),
(11.50)
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Show g, satisfies

dgy _
T = ) (IL51)

Find dg_ /dn for the operator
9-(n) = U(n)(a —a"U(n)". (IL52)

Use the results from parts (b) and (c) to show
U(a+a')U' = e (g £ al). (I1.53)
The wave function of a squeezed state is

x(n,2) = Ulto(z) = e " =2y (). (11.54)

As in equation (II.44), the wave function for the ground state of
the oscillator is ¥g(z).

By writing = and p in terms of a and a', as in problems (11.22)
and (I1.23), and using the above results for g4 (n), find the expec-
tation values of z, 2, p, and p? in the state x (eq. [IL.54]). If
all goes well, you ought to find that the standard deviations (eq.
[I1.47]) in position and momentum satisfy dzép = h/2, and that
in the squeezed state at large enough 7 the uncertainty ép in the
momentum can be made arbitrarily small. The point of the second
result is that one can find a state in which the momentum is arbi-
trarily well predicted, at the expense of increasing the uncertainty
in the position. Other squeezed states predict some chosen lin-
ear combination of position and momentum arbitrarily well. The
term “squeezed” refers to a reduction of uncertainty of the pre-
dicted value of the momentum (or the predicted position, or the
predicted value of some linear combination of position and mo-
mentum) relative to the uncertainty in a coherent state with the
same amplitude of oscillation.

Consider a particle of mass m moving in three dimensions with
potential energy V(r). In classical mechanics, the Lagrangian for
the motion of the particle expressed in cartesian z, ¥, z coordinates
is

1
L= Em(j;z + P+ -V (I1.55)
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The canonical momenta (eq. [19.8]) are

Pz = E’b’ = m:&\ (11.56)

and so on, and the Hamiltonian (eq. [19.10]) is
_ 1,2 2
H = T (el +o5)+ V. (11.57)

In the canonical quantization procedure discussed in section 19,
the components of the momentum in equation (II.57) are replaced
with operators,

Doy = —z‘hg, (I1.58)
and so on, to get the quantum mechanical Hamiltonian
R,
H= —-2—ﬂ-IV + V. (I1.59)

It is often convenient to compute with polar coordinates (eq.
[17.42]). To get the quantum mechanical Hamiltonian expressed
in polar coordinates, one might have been tempted to apply the
canonical procedure using r, 8, and ¢ in place of z, y, and z.
However, this can cause confusion, as follows. In polar coordinates,
the classical Lagragian is

L %(1&2 + 7267 + r2sin 6%¢%) — V, (11.60)

and the canonical momenta are

=2k, mr
Pr= ar s L]
oL :
Pe= g—; =mr?sin? 0 ¢.

By the usual calculation, this gives the classical Hamiltonian

1 p2 3
H=e—|[p+224-——2_|4vV 11.62
om (p,, r2+r2sin29)+ (.62
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To get the quantum mechanical Hamiltonian in polar coordinates,
one might have thought one could follow equation (I1.58), and
simply replace the momenta with derivative operators,

.0
pr = __?'hg;':
il 11.63
Pg = _zhge_l ( )
.0
Py = "3}""(_9_(5:

and then substitute these in equation (I1.62) to get

n: (82 1 02 1 o2
H—-ﬁ(mﬂ—zw*maa)“‘ (HLas)

On the other hand, the Laplacian operator expressed in polar
coordinates works out to

# . P
0z2  Oy? 022 (IL.65)

_18_2 +l Li si 92 +L6_2
=ror2 T 72 |smeoe \°" " 58 sin?6 0¢2 |

Thus, if one starts with the correct quantum Hamiltonian in equa-
tion (I1.59) in cartesian coordinates, and then one uses calculus
to express V? in polar coordinates, one finds

H__“_h_i: li +;£5i 924___1_____9.2_ + V.
ST om\rar? T r2sn0o0 " 90 r2 sin® 0 9¢? ’
(IL66)

V2=

which is different from equation (I1.64).
To see why equation (I1.64) is wrong, note that the inner
product of two wave functions is

(¥, x) = fda'r Y x = /r2dr sin 0dfd¢ ™ x. (11.67)

In the last expression, the volume element has been written in
polar coordinates.
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Using the last expression in equation (I1.67) for the inner prod-
uct, show that the operator

62

3 (11.68)

that appears in equation (I1.64) is not self-adjoint, while the cor-
responding operator

1 9? 10 ,08
i aaﬂﬁ (11.69)
in equation (I1.66) is self-adjoint. Do the same for the derivatives
with respect to # in equations (11.64) and (I1.66). The conclusion is
that equation (I1.64) is unacceptable because it is not self-adjoint.
(The self-adjoint form [I1.66] is obtained in eq. [18.16].)

Finally, use these methods to show that the adjoint of the
operator expression (17.48) for L, in polar coordinates is indeed
L_.
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ABSTRACT LINEAR SPACE OF STATE VECTORS

The wave mechanics presented in chapter 2 is easily generalized for use in
all the applications of quantum mechanics to be presented in this book.
In particular, to take account of spin one just replaces the wave function
with a set of functions, one for each possible choice of the quantum
numbers of the z components of the spins of the particles. However, as
will be seen here, it is easy to adapt the wave mechanics formalism in
sections 13 and 14 to the more general scheme that represents the states
of a system as elements of an abstract linear space rather than a space
of wave functions. This approach has the virtue that one can explicitly
see the logic of the generalization of the wave function to take account
of account of spin, and of course this is the road to other generalizations,
like quantum field theory.

20 Bras, Kets, and Brackets

This final step in writing down the principles of quantum mechanics
is based on a generalization of the concept of the space of states of
a system. An analogy is the treatment of vectors in ordinary three-
dimensional space. One can regard a vector r in three dimensions as
an entity on which operations can be performed: r can be multiplied
by constants and added to other vectors, and r has a scalar or dot
product r-s with all other vectors s. The vector r can be specified by its
components z, ¥, and z in some coordinate system. These components
are not unique: a rotated coordinate system would give a different set
of components that also represent the vector. In a similar way, the set
of coefficients ¢, = (¢n,7) in the basis ¢, tells everything about the
wave function 1, because we can use completeness to reconstruct v as
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the linear combination ¢ = Y ¢, ¢, (eq. [13.58]). The set of expansion
coefficients ¢, can be regarded as the coordinates of a vector. The vector
is to be considered an element, [¢), in an abstract linear space. (This
linear space of course has nothing to do with the space we live in; the
word “space” is only meant to be a useful analogy.) The components ¢,
are evaluated in the “coordinate system,” or basis, ¢,. The expansion
of the same vector [) in another set of orthogonal functions would give
another set of coefficients, that is, another representation of |¢). As will
be discussed, we can regard the set of values of the wave function (r)
for each value of r as the set of components of |) in yet another basis,
the position representation.

The analogy to vectors in three dimensions can be extended to inner
products. In wave function notation, the expansions of the functions x
and v in the basis ¢, are

P = Zcm¢m: X= de¢m- (20.1)

Using the orthonormality of the basis functions, (¢m,dn) = 6mn, we can
write the inner product (eq. [13.3]) of x and ¥ as

(XI¥) = (%) = ) _ dicn. (20.2)

The sum looks like a conventional dot product expressed in cartesian
coordinates (in a space that may have infinite dimension, and complex
expansion coefficients). Like a conventional dot product, the value of the
scalar product (x,) is independent of the coordinate system, or basis
of functions, in which it is computed.

In the abstract linear space, we will associate with each pair of el-
ements |x) and |¢)) a complex number, (x|¢), that plays the role of a
dot product or inner product. The first step in this section is to set up
the procedures for dealing with the inner products (x|y). This involves
the introduction of a dual space of elements (1| that stand in one-to-one
correspondence to the elements [¢) in the linear space (and play the
role of the complex conjugate ¢* of the wave function ). Since nothing
new is added one might consider this inelegant, but it is hoped that this
chapter will illustrate the convenience of the notation. And one should
not underestimate the importance of a powerful notation as an aid to
understanding.
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The Linear Space

In quantum physics, the states of a system are represented by elements
or state vectors in a linear space. These elements play the role of the
functions of wave mechanics. An element of the space is written as |¢),
where the symbol % inside | ) is a label. Thus, we might write the
state vector for a hydrogen atom in the n'" energy level, with angular
momentum quantum numbers ! and m, as

[¥) = |n,l,m). (20.3)

The space is linear. That means that if [1)) and |¢) are elements of
the space so is the linear combination

[x) = cl¥) +dl¢), (20.4)

where ¢ and d are constants (complex numbers).

The analog of the inner product (¢,) is defined with the help of a
dual space of elements (1| that correspond one-to-one to the elements
|#) (and that play the role of ¢* in wave mechanics). For every pair of
elements |¢) from the space and (¢| from the dual space there is assigned
a complex number, the scalar product or inner product (¢|t). The rules
for assigning this number follow those of (¢, v).

1) The complex conjugate of an inner product is

(¥lg)" = (9l¥)- (20.5)

This means that (1|y) is real; we will see that (¥|¢) is not negative.
2) The inner product is linear. If

Ix) = cl¥) + d|¢), (20.6)
then
(nlx) = c(nly) + d(nle), (20.7)
for all (n|. Another way to write this is
(ni{cl¥) + dl@)} = c(nly) + d(nl¢). (20.8)

3) The dual space also is linear, so the linear combination e{y|+ f(¢|
of elements is an element of the dual space, with

{e{@l + f(@l}n) = e(¥In) + F(dIn)- (20.9)
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4) A vector [¢) is uniquely specified by the set of numbers (¢|y) for
all {¢|, and a (3| is uniquely specified by the set of numbers {(1|¢) for
all |¢).

In a dazzling burst of wit, Dirac called the elements 1) ket vectors,
and the elements (| of the dual space bra vectors, so he could call the
inner products (1’|¢) brackets. The word bracket refers to the notation
for the expectation value of a random variable or for a quantum observ-
able. The bracket notation for an expectation value is given in equation
(21.11) below.

These rules fix some relations among the dual vectors. If

¥} = cl¥), (20.10)

where ¢ is a constant, then for any dual vector (¢|

(9ly") = c(oly), (20.11)

by linearity (eq. [20.7]). By equation (20.5), the complex conjugate of
this expression is

(W'lo) = c*(¥lo) = {c* (¥}9), (20.12)

by linearity in the dual space (eq. [20.9]). Since this relation is true for
any |¢), rule 4 says the two dual vectors are the same. That is, the dual

of c|y) is e¢* (1.
If

[¥) = [¢1) + [2), (20.13)

then for any (¢| linearity says

(01¥) = (Dlvr) + (Pl2)- (20.14)

By equations (20.5) and (20.9), the complex conjugate of this expression
is

(Vo) = (1]d) + (¥2]0)

(20.15)
= {(¢1| + (¥2|}]0)-

As for equation (20.12), we see that since (1| and (¥] + (2] have the
same inner product with every ket vector the two dual vectors are the
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same, (Y| = (1| + (¥2]. Since (¥| is the dual of |11) + [102) (eq. [20.13]),
we see that the dual of |11) + [1)2) is (¥1] + (12|. Collecting this and the
result from equation (20.12), we see that the dual satisfies

clhr) +dl2) — ¢ (Y| + d* (¢2]. (20.16)

Operators

A linear operator Q maps each element [¢/) into some other element of
the space:

QlY) = |¥'). (20.17)

Linearity means

Qfcly) + d|o)} = cQ[v) + dQ|9), (20.18)

for a linear combination of elements.
Sums and products of operators are defined by the equations

(P+Q)[¥) = Ply) + Ql¥),

(20.19)
PQY) = P{Q[¥)}.

This defines any operator function that can be expanded in a power
series (as in eq. [13.10]).
The action of the operator @ on elements of the dual space,

Wl = (¥, (20.20)

is defined by the equation

(@¥'l¢) = {(¥IQ}e) = (¥{QI¢)} = (¥IQl¢), (20.21)

for all |¢). The fourth rule for inner products says the vector (¢'| = (¢|Q
is uniquely identified as an element of the dual space, because we have
specified its inner product with all elements |¢) of the linear space.

It is left as an exercise to use the linearity relation (20.9) with the
definition (20.21) to show

{c1 (U] + c2(¥2]}Q = 1 (¥1|@Q + c2(¥2]Q, (20.22)
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that is, the operator is linear in the dual space. A similar calculation
gives

(@I(P +Q) = (9| P + (¢|Q- (20.23)

We need the equivalent of the adjoint of an operator in wave me-
chanics. Following wave mechanics, where we had (eq. [13.12]),

(¥, Q9)" = (¢,Q'y), (20.24)

the adjoint QT of the linear operator @ in the linear space is defined by
the equation

®IQle)* = (sl{Q"1¥)} = (4IQ"Iv). (20.25)

This defines the inner product of Q'|i)) with all elements (¢| of the
linear space, which uniquely identifies the vector Q'|1). That is, equation
(20.25) defines the operation of QT on all |1).

Equation (20.25) says the dual of the vector Q|v) is

Ix) = QIv) — (x| = (¥IQ", (20.26)
because, for all vectors |¢), equations (20.5) and (20.25) give
(xl¢) = (oIx)”

= (@lQI¥)” (20.27)
= (¥IQ'9)-

To see that the operator Q1 is linear, let us work out the operation
of Q1 on the ket vector

Ix) = ala) + b|8). (20.28)
The dual of this vector is (eq. [20.16])
(x| = a*{a| + b* (8. (20.29)

By the linearity rule (eq. [20.9]), the inner product of this with the vector
Ql¢) is
(x|Ql9) = a™(a|Ql9) + b (B|Q|9). (20.30)
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The complex conjugate of this equation is, by equation (20.25) with the
linearity relation (20.8),

B x) = a(¢|Q'|a) + b(¢|Q'|8)

(20.31)
= (¢l{aQ'|e) +5Q"|8)}.

This says

Q'{ala) +b|8)} = aQ'|a) +bQ"|6), (20.32)
because the vectors on both sides of this equation have the same inner
products with all (¢|, so Q' is linear.

To find the adjoint of the sum of two operators, consider (P +
Q)l¢) = Plo) + Q|¢o). Equation (20.26) says the dual of this expres-
sion is

(¢l(P+Q) = (4P + (4IQ", (20.33)
because the dual of the sum of the ket vectors is the sum of the duals
(eq. [20.16]). This with equation (20.23) gives

(P+Q)' =P+ Q" (20.34)

To find the adjoint of the product of two operators, let |¢') = P|¢)
and [¢") = Q|¢') = QP|#). The adjoint of the last vector is (with eq.
[20.26])

(¢"] = (¢'IQ" = (¢ P'Q". (20.35)

Since we have also (¢"| = (¢|(QP)T, it follows that
(PQ)' = Q' Pt. (20.36)

This is equation (13.16) for operators in the space of wave functions. It
is left as exercises to show that the adjoint of a complex number is the
complex conjugate, ¢! = c*, and that

Q' =Q. (20.37)

Eigenvectors and Eigenvalues

As in wave mechanics, observables are represented by self-adjoint oper-
ators, such that

Q' =Q, (20.38)
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that have real eigenvalues that are the possible values of the result of
measuring the observable.

The discussion of the eigenvectors and eigenvalues of self-adjoint
operators closely parallels that of wave mechanics in section 13. The
eigenvalue equation is

Ql®) = qlo), (20.39)

where the eigenvalue g is a number and |¢) is the eigenvector of Q.
Eigenvalues are real, for if |¢) is an eigenvector then

(21Qlo) = q{ol9), (20.40)

and the complex conjugate of this expression is (eq. [20.25])

7" (8]6) = (81Q"|6) = (81Ql0) = q(d|8), (20.41)

because Q' = Q. Since an eigenvector is not supposed to have zero
“length,” {¢|¢) # 0, we see that ¢* = q.

The eigenvectors belonging to different eigenvalues are orthogonal
in the sense that their inner products vanish. Suppose two eigenvectors
are

Qlay) = ailq),
(20.42)
Qlaz) = a2142)-
The dual of the second equation is (eq. [20.26])
(221Q = q2(g2|, (20.43)

because @ is self-adjoint and g is real. The inner product with |¢;) is

(22|Qla1) = q2(q2|q1)
(20.44)

= q(e|a),

where the second equation follows by applying the operator @ to the
right. We have then
(g2lq1) = 0if 1 # qa. (20.45)

The other properties of eigenfunctions in wave mechanics follow here
in the same way. By repeating the argument in section 13, one sees that
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linearly independent eigenvectors belonging to the same eigenvalue can
be made to be orthogonal by taking suitable linear combinations of the
eigenvectors, and that if operators P and Q commute there is a complete
set of simultaneous eigenvectors of . P and Q.

Completeness

Consider a self-adjoint operator () associated with an observable quan-
tity of a physical system. It is assumed that the complete set of eigenvec-
tors of () is complete also in the sense that any vector [1)) representing
a possible state of the system can be written as a linear combination of
the eigenvectors.

Suppose the eigenvectors of @ have discrete eigenvalues. As noted
above, a complete set of linearly independent eigenvectors |n) of @ can
be chosen to be orthogonal and normalized,

(nlm) = 6. (20.46)

The completeness assumption is that any state vector can be expanded
as a linear combination in this basis |n):

) =>_cnln). (20.47)
On taking the inner product of this sum with the bra vector (m| and
using the orthogonality equation (20.46), we see that the expansion co-

efficients are
cm = (m|), (20.48)

so the expansion (20.47) is

) =" In)(n|y). (20.49)

The corresponding expansion of a vector in the dual space is (eq. [20.16])

@ =Y _(Wn)(n|. (20.50)

The expansion (20.49) can be written in a compact way by means
of the linear operator

Q=Y |n){nl. (20.51)
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This means
Qlv) = (X Imml) 1¥) = 3 Im)mly) = 1). (2052)
Thus Q is the identity operator:
> Inn| =1. (20.53)

The sum is over the complete set of orthogonal normalized eigenvectors.
This is the completeness relation, in a form that will be used many times.

The eigenvalues of an observable may have a continuous range of
values. One thinks of this as the limit of the discrete eigenvalue case when
the eigenvalues are arbitrarily close together. Suppose the eigenvalues are
discrete but very closely spaced, and let us change the normalization of
the basis vectors in equation (20.46) to

(gnl@m) = 6nm/Ag, Ag = Gn1 — Gns (20.54)

where Aq is the difference between neighboring eigenvalues g,. This
changes the expression (20.49) for the expansion of a vector [1) to

%) =" Aqlgn)(gnlv)- (20.55)

The completeness relation (20.53) thus changes to
S lan)Agga| = 1. (20.56)
In the limit Ag — 0, equations (20.54) and (20.56) become
(glg’) = 6(a - ¢), / lg)dgq| = 1. (20.57)

" The second equation says the expansion of a vector in this basis is

) = / |lg)da(q|¥). (20.58)

An observable can have a spectrum of eigenvalues that is continuous
in part, discrete in part. In this case the completeness relation is the sum
of an integral and a discrete sum.



Abstract Linear Space of State Vectors 185

As will be discussed in the next section, quantum mechanics asso-
ciates with the state of a system a state vector [10) that is normalized to
(¥|¥) = 1. We can assign this normalization to the discrete eigenvectors
of an observable, so a physical system can be in an eigenstate such that
the quantity represented by the observable has a definite value. Since
the eigenvectors belonging to an observable with a continuous spectrum
of eigenvalues are not normalized to unit length, state vectors have to
be integrals over these eigenvectors.

Representations: Matrix Mechanics

Suppose an observable @ has a complete discrete set of eigenvectors
[n). Each ket vector [+¢) is completely specified by the set of numbers
(components) (n|y), because the completeness relation (20.53) can be
used to write the inner product (¢|y) for any vector (¢| as

(@lv) =Y " (¢ln)(n|y). (20.59)

We can similarly specify the vector |¢) = P|y) produced by the linear
operator P by its components

(nlg) = (mlPle) = (I Plm)(miy). (20.60)

m

Thus the observable P is completely specified by the numbers (n|P|m).
The expression (20.60) is a matrix product. The operator is repre-
sented by the matrix with elements

P = (n|P|m). (20.61)
The vectors |¢) and |¢) are represented by the column vectors,
Um = (M), b= (n|o). (20.62)
In expanded form, equation (20.60) is the matrix product

od} Py P2 Pz ...||
$2| |Par P Posz ...||%2 —
¢3| | Ps1 Psa Ps3 ...||¥3]" (20.63)
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The matrix elements of the product of two operators are

(n|PQIm) = > " (n|P|i)(i|Qm), (20.64)

13

by completeness (eq. [20.53]). This is the product of the matrix with
elements P,; with the matrix with elements ();,,. Finally, one recognizes
the inner product of a (| with a |¢) in equation (20.59) as the matrix
product of a row vector with a column vector.

We see from these examples that the content of the theory can be ex-
pressed as a matrix mechanics, in which operators P are represented by
matrices with elements {n|P|m}, products of operators are represented
by matrix products, vectors |¢) are represented by column vectors on
which matrices operate by the usual rules of matrix multiplication, and
dual vectors are represented by row vectors. The one slightly novel fea-
ture is that the matrices and vectors can have an infinite number of
dimensions.

Because (n|¢)* = (¥|n), the elements of the row vector (¢|n) that
represents a member of the dual space (| are the complex conjugates of
the elements of the column vector (n|y) that represents the correspond-
ing ket vector |¢). The matrix elements of the adjoint of an operator
satisfy (eq. [20.25])

(@)nm = (n|Q"|m)
= (m|Q[n)". (20.65)
= Q;‘en

Some terminology from the theory of matrices might be mentioned.
The conjugate transpose or Hermitian adjoint of a matrix is the complex
conjugate of the transpose of the matrix. That is, the Hermitian adjoint
of the matrix with elements H,,, has matrix elements H} = H}, .
Thus the row vector (¢|n) is the Hermitian adjoint of the column vec-
tor (n|y), and equation (20.65) says the matrix of Q' is the Hermitian
adjoint of the matrix of @. A self-adjoint operator thus has a matrix
that is equal to its Hermitian adjoint. A matrix with this property is
said to be Hermitian (and a self-adjoint operator thus is said to be Her-
mitian). We know the eigenvalues of a Hermitian matrix are real and
the eigenvectors orthogonal, because the same is true of the operators
and vectors the matrices are representing. Finally, the matrix elements



Abstract Linear Space of State Vectors 187

of a unitary operator, for which UTU = 1, are the elements of a unitary
matrix, such that the Hermitian adjoint of the matrix is equal to the
inverse matrix. This matrix formalism will be used in section 24 in the
treatment of spin.

Quantum theory in matrix form was invented by Heisenberg, Born,
and Jordan the year before Schrodinger developed his wave equation.
Only later did Schrodinger, Dirac, and others see that matrix and wave
mechanics are physically equivalent representations of an abstract linear
space. To see how wave mechanics can arise as another representation of
the abstract theory, let us consider next a basis of eigenstates of position.
These position eigenstates will be taken to have a continuous spectrum
of eigenvalues.

Representations: Wave Mechanics

Suppose a physical system consists of a single particle that moves in
three dimensions. The particle is assigned position observables &, §, and
2, which will be written collectively as r. The hats are written here
to distinguish these operators from their eigenvalues, z, y, and z, or
collectively, r. The position eigenstates satisfy the usual equations

F|r) = r|r). (20.66)

The eigenvalues r are assumed to be continuous, so the the eigenvectors
are normalized to

' (rlr') = 8(r — 1), / Ie)d®r(r| = 1, (20.67)
as in equation (20.57). The vector |¢) has components
Y(r) = (r|y). (20.68)

In a discrete representation the components might be written ¢,, = (nl|),
with a discrete label, n. Here the label is continuous, and the tradition is
to write the label as an argument of a function, %(r) in equation (20.68).
This is Schrédinger’s wave function.

The complex conjugate of the wave function is

P(r)* = (¥lr). (20.69)
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Using the completeness relation (20.67), we can write the inner product
of two vectors as

o) = [xidrel)

- [ X(®) Y(r)dPr
= (x,¥),

(20.70)

which is the definition of an inner product of the wave functions (eq.
(13.3]). This is the basis for the assertion at the beginning of this section
(eq. [20.2]) that the inner product of wave functions, (x,%), can be
equivalent to the inner product (x|v) in the abstract space.

An example of the treatment of matrix elements of operators in this
continuous case is discussed in section 22, after the general prmmples of
quantum mechanics have been reviewed.

21 Principles of Quantum Mechanics

The general assumptions of quantum mechanics have already been writ-
ten down in section 14 in the terms of wave mechanics; we only have to
restate them in the new language.

1) State vectors. The states of a physical system such as an atom
are represented by the vectors |¢) in a linear space. The state vector
tells us all that can be predicted about the system.

2) Observables. Any attribute of the system that in principle can be
be measured is associated with a linear self-adjoint operator @ in the
space of vectors.

3) Completeness. The state vector [¢) can be expanded as a linear
combination of a complete set of eigenvectors of the observable Q. If the
eigenvectors of () are degenerate, we can introduce another operator P
that commutes with @, and whose eigenvalues may distinguish different
eigenvectors with the same eigenvalue of Q. A complete compatible set of
observables all commute with each other, and the complete set of their si-
multaneous eigenvectors are uniquely specified by the set of eigenvalues.
For example, if the commuting observables P and @) completely specify
all eigenvectors, we can label the simultaneous eigenvectors as [pm, an),
where the eigenvalues of P and @ are p,, and g,. If the eigenvalues are
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discrete, we can use the normalization

(pm! QRlpm" ) qu’) = 6mm"6nn.’- (21.1)

Then the expansion (20.49) of the state vector |¢) is

[8) = [Pms @) (P, Galt)- (21.2)

m,n

If one of the eigenvalues were continuous and the other discrete, the
eigenstates would be normalized as in equation (20.57), giving

9) =3 [ loms0)dapms it (21.3)

4) Probability interpretation. Suppose P and @ are compatible ob-
servables with discrete eigenvalues that uniquely label the basis |pp,, g,)
with the normalization of equation (21.1). Then in the state represented
by the normalized state vector |1}, the joint probability that the results
of a measurement of the attributes represented by P and @ are p,, and
gn is

Pon = Kpms Qrzhb)F = (¢|Pm, qra}(.pmv 9n|w>- (21.4)

The expansion coefficients (p,, gn|1) are called the probability ampli-
tudes. The probabilities summed over all possible results of the mea-
surements of P and @ are, by the completeness relation (20.53),

Z Ppn = z<wlpm1Qn){pmsQniw> = (T‘L’WJ) = 1. (21'5)

m,n

The probabilities thus sum to unity, as required.

If an observable has a continuous spectrum of eigenvalues, one ar-
rives at the probability distribution in the value of the observable by
considering the limit of a discrete spectrum when the distance Aq be-
tween neighboring eigenvalues approaches zero, as in section 20. For
example, suppose a basis is labeled by the one discrete closely spaced
eigenvalue g,,, and write the normalization as in equation (20.54),

(@nlgm) = 6nm/Ag, (21.6)



190 Chapter 3

with Ag = g,41 — g,- Because the normalization of the |g,,) differs from
that assumed in equation (21.4) by the factor Ag, the expression for the
probability for observing the value g, in the state |i) changes to

P, = Aql{gal¥)[*. (21.7)

The number of eigenvectors in the small range of values ¢ to g+6qg is én =
6q/Aq. The probability of observing that the result of the measurement
is in the range g to ¢ + 6q is the product of the probability P, per
eigenvector with the number én of eigenvectors in the wanted range of
q:

6P = Pyén = 8q|(qlv)[*. (21.8)

In the limit Ag — 0, this is a differential probability distribution in
q, dP/dq = |{g|1)|?. This is the form we assumed for the probability
distribution in position in wave mechanics (eq. [8.2]). This approach to
a continuous probability distribution was used in the derivation of the
momentum distribution in wave mechanics (eq. [14.13]).

For another example, suppose the basis is completely labeled by
the discrete eigenvalues, p,, of the observable P and the continuous
eigenvalues, g, of the compatible observable @. The joint probability
that P is found to have the value p,, and @ is found to have the value ¢
in the range dg is

APy = [(pn, al¥)[2da, (21.9)

where the simultaneous eigenvectors of the commuting observables P
and @ are |pn, ¢), and the normalization is (p,, q|pm,q’) = énmd(q—4q').
Completeness gives the normalization condition

Y [aa’sr =% [Glapdaari) = vy, (21.10)

so the probabilities are normalized if the state vector |t} is normalized
to (lw) = 1.

It is left as an exercise to check that the probability assumption
implies that the expectation value of the observable @ in the state |v)
is

(@) = (¥|QIY). (21.11)

This is the same as equation (14.14) in wave mechanics. The elegant
form of this equation explains Dirac’s choice of symbols for the vectors
and their duals.
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5) Dynamics. In the Schrodinger representation (section 14), the
state vector representing a physical system evolves with time, while op-
erators representing observables are constant (in the absence of a time-
variable applied field). The starting assumption for dynamics is that
the state vector at time 9 is obtained from the state vector at time t;
by a linear mapping. That is, it is assumed that there is a linear time
translation operator U(tz,t;) such that

[t2) = Ul(t1,t2)[t1). (21.12)

Because the dual of equation (21.12) is (2| = (t1|UT (eq. [20.26]), the
length of the time translated state vector is

(talta) = (M|UTUIt) = (tiltr) = 1. (21.13)

That is, the normalization condition (¢[) = 1 is preserved by the re-
quirement that the time translation operator is unitary,

Ut =1. (21.14)

The operator U is a continuous function of time. Thus with {, =
t1 + 6t, we can expand U as a power series in 6t,

U=1—iHbt/h+.... (21.15)

The leading term has to be unity. The constant & in the first order term
is introduced to make the operator H have units of energy; it also makes
the differential equation (21.19) below look like Schrédinger’s equation.
The factor i is introduced to make the operator H self-adjoint, for the
product of U with its adjoint is

Uty =1+ %&(HT —~ Y s (21.16)

Since U is unitary, the term linear in 6t has to vanish, so HY = H, so H
is self-adjoint. Finally, if physics is unchanged by a translation in time,
H is independent of time.

For an infinitesimal time step dt, equations (21.12) and (21.15) are

|t +dt) = (1 —iHdt/R)|t). (21.17)
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We can define the time derivative of |¢) in the usual way:

alt)y  |t+dt)— o)
e i (21.18)

so we have alt)

This is Schrédinger’s equation, with Hamiltonian H.

We can get the time shift operator for a finite time interval, £, in
terms of the operator H by applying N times the operator U (eq. [21.15])
for a small time shift 6t = t/N (as was done for a position shift in egs.
[16.5] and [16.6]). In the limit N — oo we have

iHt\ N
e+ = (1- )

—iHt/h

(21.20)

=e€

This is equation (14.27) in wave mechanics.

As in wave mechanics (eq. [14.26]), the general solution for the time
evolution of the state vector can be expressed as a sum over the eigen-
vectors |n) of the Hamiltonian with eigenvalues E.,:

) =) enln)eFnt/m, (21.21)

where the constants of integration c,, are determined by the initial con-
ditions.

6) The “details.” For a specific physical system, one must decide
what are the observables P, @, and so on, and what is their algebra,
and one must decide by analogy or intuition how the Hamiltonian is
constructed out of the observables. The next section shows an example
of how all this is done, in the construction of wave mechanics out of the
general formalism.

22 Recovering Wave Mechanics

Let us set up a quantum mechanical description of a single particle that
moves in one dimension. We will assign just two observables, or linear
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self-adjoint operators, # to represent the position of the particle, and p to
represent the momentum. Following wave mechanics, or the canonical
quantization rule (eq. [19.33]), we will assume that the commutation
relation between these two observables is

(&, p] = ih. (22.1)

The factor h is arbitrary; it reflects the choice of units. The factor ¢
is required because & and p are self-adjoint, so the adjoint of [Z,p] is
—[#, p]. Finally, we will assume that the eigenvalues of & are continuous:
the particle can be observed to have any position.

Since & and p are the only observables, and they do not commute,
a complete basis is the set |z) of position eigenvectors,

i|z) = z|x). (22.2)

Since the eigenvalues z are supposed to be continuous, the normalization
and completeness relations for this basis are (eq. [20.57])

(z|z') = é(z — z) /|:c Yz (z (22.3)

As discussed in section 20, the vector [¢) is represented by its compo-
nents,

(z|) = ¥(z). (22.4)

This defines the wave function ¥ (z), with the usual form for the inner
product (eq. [20.70]).

The operator p is represented by its matrix elements between bra
vectors {z| and ket vectors |z'), just as in equation (20.61). To evaluate
the matrix elements of p, consider the matrix elements of the commuta-
tion relation (22.1) between (z| and [z'):

(z|2p — p2|z’) = ih(z|a’). (22.5)

In the first term, & operating to the left gives = (eq. [22.2]), and in the
second term & operating to the right gives 2’. The term on the right-
hand side is proportional to the Dirac delta function §(z—z') (eq. [22.3]).
Thus we have

(z — 2'){z|p|z’) = ihé(x — ). (22.6)
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This determines what p does when operating on a vector |¢). The com-
ponents of |¢) = pl) are

(@lpty) = [ (alple’)az' (1) (22.7)

On expanding the wave function (z'[t)) = ¥(2’) in the integral as a
Taylor series around the position z, we have

(zlply) = fdx'(ﬂfiﬁlw')[w(&?) +(a' —2)dg(z)/dz+..].  (22.8)

The first term in the brackets integrates to zero because the integrand is
odd around 2’ = . In the second term we can replace the matrix element
of p with equation (22.6). The higher order terms give zero because of
the higher powers of 2’ — z. The result is

dy(x)
dz

(z|ply) = —ih : (22.9)
This calculation shows that the result of operating on the vector [}
with p is, in the position representation, the function

. ., dy
¢(z) = (alpl) = —ih——, (22.10)
G
where ¥(x) = (z|y) is the position representation of |i). That is, the
momentum operator in the position representation acts as the derivative

operator
d

T’
which is what is used in wave mechanics (eq. [19.34]).

To complete the theory we must specify the Hamiltonian. The stan-
dard and successful model for a particle of mass m in a potential well is
the familiar form

p=—ih (22.11)

. P2
H = o +V(z). (22.12)

Schrodinger’s equation (21.19) is

a2

in i) = (f’— s V(:f:)) 10). (22.13)

2m
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We get Schrddinger’s equation in the position representation by taking
the inner product of this equation with the bra vector {z|. The potential
energy operator V' is some given function of &, so

(z|V(@) = V(@) (al. (22.14)

The calculation in equation (22.8) carried through a second time gives

; d?
(@lp?tv) = -2 228, (22.15)
Thus we have from equation (22.13)
2 o2
T 4 L) S O P T (22.16)

ot  2m Ox?

This is the usual Schrodinger equation in wave mechanics for a particle
in a potential well.

We could equally well have used as basis vectors the eigenvectors of
p. In this momentum representation,  acts as a derivative operator with
respect to p, of the form & = +ihd/8p, as equation (22.11), but with the
opposite sign. This symmetry of position and momentum representations
was seen in section 10 (egs. [10.42] to [10.44]).

To describe the motion of a single particle in three dimensions, one
uses three position observables, 7, with a = 1, 2, and 3 meaning &,
7, and %, and three momentum observables, p,. The position observ-
ables commute among themselves, the momentum observables commute
among themselves, and position and momentum are assumed to have
the cannonical commutation relations (19.33),

(o Pg) = ihbap. (22.17)

Since the three position observables commute with each other, and do
not commute with the components of momentum, the 7, are a com-
plete set of compatible observables. Their simultaneous eigenvectors are
|z,y, z) = |r). These eigenvectors are the basis for the position represen-
tation, in which the components of the vector |1) are the wave function

(@, y, 2|9) = (r[p) = ¥(r). (22.18)
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The matrix elements of the momentum operators are computed using
the generalization of equation (22.6),

(rg — 1) {(r|palr’) = ihéapd(r — r'). (22.19)
The generalization of the calculation in equation (22.8) gives
(r|pl) = —ihV(r). (22.20)

The usual Schrédinger equation for the wave function (rfy) = ¥(r,t) for
a single particle in the potential V'(r) follows from the Hamiltonian

2
H= ;’—m +V(@#), (22.21)
as in the one-dimensional case.

The generalization to an N-particle system follows in the same way.
There are 3N position observables, f;, which commute with each other
and whose eigenvectors |rj,rz...) are the basis for the position repre-
sentation. The representation of the vector |¢) is the wave function

(rlar%"'iw) = w(rlsr'zr"')' (2222}

This is a function of 3N variables, plus time in the Schrédinger repre-
sentation. There are 3N momentum observables, which commute among
themselves. The momenta belonging to particle j satisfy the commuta-
tion relations (22.17) for the position observables of particle j, and com-
mute with all the other position observables. The momentum matrix
elements are computed as in equation (22.20). This leads to the treat-
ment described in section 12 for a many-particle system in the position
representation.

23 Spin

Spin and Magnetic Moments

In the discussion so far, a particle such as an electron or proton moving
in three dimensions has been assigned six observables, the three compo-
nents each of position and momentum. A fuller description requires an-
other triplet of observables, the three components of the intrinsic or spin
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angular momentum, S = 5z, Sy, S.. This was introduced by Goudsmit
and Uhlenbeck in 1925, to account for features such as the fine-structure
in the lines of atomic spectra (section 42).

The total angular momentum operator, J, for a particle with spin
is the sum of the orbital angular momentum part L discussed in section
17 and the intrinsic spin angular momentum part:

J=L+s. (23.1)

This equation means components add, J, = L, + s, and so on. The
components of the observable s are assumed to commute with the po-
sition and momentum observables, so s commutes with the components
of L. One arrives at the commutation relations for the components of s
among themselves by the following argument.

We want to preserve the law of conservation of angular momentum,
where total angular momentum is represented by the sum in equation
(23.1). It will be recalled from the discussion in section 17 that this
conservation law follows in quantum mechanics from the fact that the
components of the angular momentum operator generate rotations of
the system, as in equation (17.60). If the Hamiltonian H of a system is
symmetric under rotations, then H commutes with the angular momen-
tum. That means energy eigenstates can be labeled with definite angular
momentum quantum numbers (for the square and one component of the
angular momentum), and these quantum numbers are conserved.

This argument requires that rotations of the full system, positions
plus spin orientations, be generated by the components of the total an-
gular momentum operator J. Thus the operator that rotates the state
|1) by angle # around the axis with unit normal n is is generalized from
equation (17.60) to

[9) = [) = eI/ |y). (23.2)
For a rotation through angle x around the z axis, this equation is
W) — ') = e=*%=/Py). (23.3)

For a single-particle system, the total angular momentum operator J is
given by equation (23.1). For an N-body system, J is the sum of the
vector operators J; for each particle.
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As discussed in section 17, the commutation relations (17.7) for the
orbital angular momentum operators L, and L, reflect the difference
between the results of applying a rotation about the z axis followed by
a rotation about the y axis, and the result of applying the rotations in the
opposite order. Since this difference is a general property of rotations,
the commutation relations (17.7) must apply also to the components
of J. We must therefore adopt the same commutation relations for the
components of s:

[82, 8] = ths,,
[8y, 8:] = thsg, (23.4)
[82, 85] = ihsy,.

The operator arguments in section 17 for the angular momentum
eigenvalues apply to s as well as L, because the algebra is the same, so
equation (17.41) gives the possible values of the quantum numbers of the
square and one component of s. For an electron or proton or neutron the
latter is observed to have only two values, +h/2. By equation (17.41),
this means the eigenvalue of s? for such a particle always is

1) = Rs(s + D) = K2 01w). (23.5)

These particles are said to have spin one-half, because that is the value
of the total spin quantum number s (though of course the square of s
is 3h%/4), and it is the maximum value of the spin component along a
given direction.

The word spin naturally leads one to think of an electron as behaving
like a spinning top. The picture is helpful, but one must remember that
it is only an analogy. An electron behaves as a pointlike particle in a
position measurement, or in interactions with other particles, and one
cannot really imagine that a point spins. One indication of the failure of
the spinning top picture is the fact that the angular momentum quantum
number for the spin of an electron is s = 1/2, which the algebra allows
but is not possible for the orbital angular momentum of a particle (eq.
[17.47]). Spin must be considered an intrinsic attribute of a particle. It
is associated with linear operators, the triplet of observables s, whose
algebra can be used to (successfully) predict the results of experiments.

The spinning top model does allow one to understand the order of
magnitude of the intrinsic magnetic moment of an electron (though di-
mensional analysis would do just as well). Consider the classical circular
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Fig. 23.1 Orbital model for a magnetic dipole. The ring has mass m, charge g,
and radius a. The mass and charge are rotating in the plane of the ring at speed v,
producing a current loop with angular momentum.

ring of material of mass m and charge ¢ shown in figure 23.1. The charge
and mass are uniformly distributed around a circle of radius a. The ring
is rotating in its plane at speed v < ¢. This produces a current loop. To
find the current, note that the total charge g passes a fixed point during
the rotation period 2wa/v, so the current is

i 4V

i= (23.6)

This current makes a magnetic field that at large distances from the ring
is the dipole field of a magnetic dipole moment [ with direction along
the normal to the current loop and magnitude equal to the product of
the current and area of the current loop and divided by the velocity of
light. Thus the magnetic dipole moment of this current loop is

a’i  qua

p=—

; o (23.7)

The magnetic field produced by this current loop at distances large com-
pared to the ring radius a is given in equation (34.4).

The angular momentum of the ring is | = mav, so we can write the
magnetic dipole moment as

(23.8)

=
I

2me
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The ratio of p to I is the gyromagnetic ratio; this spinning ring has
gyromagnetic ratio g/2me. The same value applies to any nonrelativis-
tic spinning object whose charge and mass have the same distribution
and motion, because the mean charge and mass distributions can be
decomposed into a sum of rings.

In classical electromagnetism a current loop with magnetic dipole
moment /I in an externally applied magnetic field B has energy

U=—ji-B. (23.9)

The energy U is minimized when the magnetic moment is parallel to B.
(This describes the tendency of a bar magnet to point along the direction
of the applied magnetic field, so as to minimize U.) In an inhomogeneous
magnetic field, there is a force on the magnetic dipole tending to move
it in the direction that reduces U. (This is the familiar attraction of
one bar magnet to another.) The force is the gradient of the potential
energy:

F=-VU. (23.10)

Problem (I1.20) shows that in quantum mechanics an applied static
homogeneous magnetic field B adds to the Hamiltonian for a particle
of charge g the term —gB - L/(2mc), where L is the orbital angular
momentum operator. This is equation (23.9), with the gyromagnetic
ratio of equation (23.8).

To account for the behavior of an electron in a magnetic field,
Goudsmit and Uhlenbeck were led to assume that an electron has a
magnetic dipole moment with twice the gyromagnetic ratio of equation
(23.8). That is, an electron has a magnetic dipole moment

i= —95%5, g=20022..., (23.11)
In the presence of a magnetic field B, this contributes to the Hamiltonian
aterm U = —f - B. In the expression for [i in equation (23.11), s is the
spin vector observable in equation (23.1). The form of the expression
follows equation (23.8), where m is the electron mass and the charge e
is a positive quantity, the magnitude of the electron charge. The minus
sign indicates that the magnetic moment is antiparallel to the spin, as
one might expect from the orbital motion model with negative charge.
As indicated by the dimensionless factor g, the magnitude of the dipole
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moment is slightly more than twice what one would expect from a naive
application of the orbital motion model. As shown in chapter 8, Dirac’s
relativistic electron theory predicts ¢ = 2. The small correction to this
value (which is known to considerably more decimal places than are
shown here), is successfully predicted by the quantum field theory of
electromagnetism.

An expression like (23.11) applies to the proton, with the proton
mass replacing m and g = 5.59. Here [ is parallel to s, again in the
direction one would expect from the orbital motion model. The magnetic
moment of the neutron is g = —3.83, the minus sign indicating that [
is antiparallel to s.

Single-Particle Wave Function

To see how the spin observable is incorporated into a position represen-
tation, let us write down the wave function for a system consisting of a
single particle with spin 1/2. A complete set of commuting observables
is the three position coordinates r and one component of the spin s. (We
could include s?, but that always has the same value so it adds nothing.)
It is conventional to use the z-component of s.

A complete set of simultaneous eigenvectors of r and s, is

Irr +>: |1’, '_)1 (23'12)

where
s4|r, &) = ﬂ:g]r, +). (23.13)

The position and spin representation of the state vector |¢) is
Ya(r) = (r,aly). (23.14)
The index a has two values, a = =, for the two possible values of the

spin component along the z axis, £h/2. The particle thus is described
by two wave functions, ¥, (r) and ¥_(r). They can be written as the

column vector
R R B
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The inner product of two state vectors can be written in terms of
the wave functions by using completeness, as in equation (21.3):

(Ylg) = Z /(u‘)lr, a)d>r(r, a|¢)
a==%
= 2L _/ d°r Ya(r)* da(r) (23.16)

_ f Bri, () 64 (v) + b ()" (0)}.

The probability that the particle with state vector |[¢) is found at
position r in the volume element dr with its z component of spin up is,
according to the rules in section 21 (egs. [21.4] and [21.8]),

dP = |(r, +[p)[2d®r = |94 (r)|*d°r, (23.17)

and similarly for spin down. As usual, one can use completeness to check
that this expression is correctly normalized if (¥|¢) = 1. If the state
vector is an eigenvector of s, with eigenvalue +% /2, then there is no
chance the particle will be found to have spin down: (r, —|1) = 0 because
the eigenvectors are orthogonal.

The Hamiltonians we have considered so far do not contain the spin,
so the two components of the wave function obey the same Schrodinger
equation. An example where that is not so is discussed next.

Stern-Gerlach Effect

This refers to the influence on the motion of a particle in an inhomo-
geneous magnetic field due to the gradient of the 7 - B term in the
Hamiltonian. The classical expression for the force due to the gradient
of the magnetic field is given in equation (23.10). In this discussion of
the quantum version we will ignore the presence of the magnetic field
in the kinetic energy term in the Hamiltonian for a charged particle (as
discussed in section 19), because that has the same effect on each spin
component. Also, we will assume the electric field is negligible, so the
Hamiltonian is 3
p "
H= o - B. (23.18)

To avoid unnecessary complications with the matrix elements of the
spin operators (to be discussed in the next section), let us imagine that
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the magnetic field is everywhere parallel to the 2z axis. (Since we want
B to be a function of z that is not possible, but a full treatment of
the components of B in the z and y directions does not add anything
interesting.) With this simplification, and using equation (23.11) for f,
the Hamiltonian becomes

2

_r . g
H= B + 2mcf)’(z)sz. (23.19)

Schrédinger’s equation is

d
ha1¥) = HlY). (23.20)

The inner product of this equation with (r, a| gives two differential equa-
tions, for a = + in the wave functions (r, a|y) = ¥,(r). The treatment of
the position part is the same as in section 22 (eq. [22.19]). The operator
s, on |r,£) gives h/2, so we see that the two differential equations are

‘ ag; __h_v2w++ geh (2)¥+,
(23.21)
M- _ ﬁ_ 2 S"Eh
ih—— 5 __va Y- = Trme (2)¥-.

We can use Ehrenfest’s theorem (section 14) to see how the difference
in signs in the last terms affects the motion of a wave packet. The time
rate of change of the z component of momentum of the particle is (eq.

[14.33))

zh%(m) = ([p, H]). (23.22)

The commutator of p, with the Hamiltonian in equation (23.19) is

ge. 0B
[p:, H] = 5o By % (23.23)

We have then 3p.) -
U\p.) __ 9¢ @8
=~ B (s,). (23.24)

The expectation value of p, then fixes the time rate of change of the
expectation value of the z component of position, as in equation (14.41).
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Suppose the spin of the particle is up, that is, the state vector is
an eigenvector of s, with eigenvalue +h/2. Because the Hamiltonian
(23.19) commutes with s, the spin stays up, so (s,) = +h/2. Thus the
factor multiplying B/8z in the right-hand side of equation (23.24) is
negative, and the wave packet is driven away from the direction of the
gradient of B. If the spin is down, (s,) = —h/2, the factor is positive,
and the wave packet is driven the opposite way, toward the direction of
the gradient of the magnetic field. The magnetic field gradient therefore
separates particles in the beam with spin parallel to the gradient from
those with spin antiparallel.

What happens if the system is not an eigenstate of 5,7 In this case,
the state vector |1) is a linear combination of eigenvectors of s, with
spin up and spin down, so 9 has nonzero components 1 (r) and ¥_(r).
As we have seen, the magnetic field gradient drives the wave packets
14 (r) and ¥_(r) in opposite directions. Thus, in the general case the
wave packet splits into two parts in space, each having a definite spin
along the direction of the gradient of the magnetic field.

If we chose a basis |r, £) of eigenvectors of position and s, with the 2
axis not along the gradient of B, we would of course still predict that the
splitting is along the gradient of B, but the calculation would be more
difficult because the differential equations (23.21) for ¥4 and %_ would
not be independent. The method of computing the matrix elements of
the spin observables that would be needed in this case is discussed in
the next section.

The splitting of a beam of atoms into discrete beams by a magnetic
field gradient was observed in 1921, by Stern and Gerlach. The effect
cannot be understood in classical physics because the force Vi - B in
equation (23.10) could assume any value between maximum and mini-
mum, depending on the orientation of the dipole moment /. In quantum
mechanics the wave packet is split into discrete parts because the com-
ponent of the spin along the magnetic field gradient is quantized.

24 Single Spin 1/2 System

Pauli Spin Matrices

The simplest of all physical systems in quantum mechanics consists of a
single spin 1/2 particle whose motion can be ignored. In this case, the
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only interesting dynamical variables are the three components of the spin
s, with the commutation relations in equation (23.4). A complete set of
commuting observables is one component of s, conventionally taken to
be s, and the square of s. The latter is uninteresting because it always
has the same value, so a complete set of eigenvectors can be written as

I+ =) (24.1)

These are the eigenvectors of s,, with eigenvalues +h/2.
The completeness assumption in section 20 is that any state vector
[4) can be written as a linear combination of these basis vectors:

1) = [)(+) + |-)-1¥). (24.2)

That is, any state vector is completely specified by its two components
1+ = (£|¢). In the matrix notation of section 20, the representation of
the state vector is the column vector

Yy ]
— . 24-3
b= % e
The inner product of two state vectors is the matrix product of row and
column vectors:

V1) = L la)as) = vios +vto- =i vl [ 5], a9

a=+

The last expression is multiplied out by the usual rules for matrix mul-
tiplication. The spin operators likewise are completely specified in this
representation by their matrix elements in the basis £}, which we will
now compute.

The |+) are eigenvectors of s;:

s =31 sl-)=-31). (243)

Thus we immediately see that the matrix elements of the operator s,
are

h h
{(Hszl+) = S{+HH+) =3,

(~losh+) = 5(-1+) = (246)

(~losl=) = 2=y = 2.
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The middle line vanishes by orthogonality. The results can be collected
in the matrix

@il =3 [ ] (247

To get the matrix elements of s, and s, recall from section 17 the
ladder operators (eq. [17.20]),

Sy = 8z +1sy, (248)

Since s, raises the eigenvalue of s, by the amount A, and s_ lowers it
by the same amount, s, must annihilate |+) and s_ must bring |+) to
a vector proportional to I—):

s+l4) =0,  s_[+)=c]-). (24.9)

To find the normalizing constant ¢, note that the dual of the second of
these equations is (eq. [20.26])

(+|sL = (+|s3 = e* (|, (24.10)
because the adjoint of s_ is s;. Therefore,
(Hs4s-|+) = ce(=|-) = [e%. (24.11)
The product s4s_ can be written in terms of s* and s, (as in eq. [17.33]):
848_ = (8 +48y) (8 —isy)

=g+ 33 — 1[sz, 8y]

(24.12)

=s+8) +hs,

= 5% — 52 + hs,.

This in equation (24.11) gives
lef* = (+]s* — 5% + hs.|+)
13 1 1
=P - = (24.13)
(2 s 1" 2)
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Thus the normalizing constant ¢ in equation (24.9) is equal to k up to an
arbitrary phase factor (that is, a number €'¢ with unit modulus). The
standard convention is to take the phase factor to be unity, so ¢ = A,
and equation (24.9) is

s_|+) = R|-). (24.14)

This is a special case of the relations found in problem (II.18).
The result of operating on equation (24.14) with sy and using equa-
tion (24.12) is
(82 — 82 + hs,)|+) = hisy|-). (24.15)

As in equation (24.13), the left side can be simplified because |+) is an
eigenvector of s? and s,. This yields

si|—) = hl+). (24.16)

The phase in this expression is fixed by the phase choice in equation
(24.14).

With equations (24.14) and (24.16) we can work out the matrix
elements of s, and s,. In terms of the ladder operators (24.8), these
spin components are

- 84 —8_

Sp = 2 N Sy = T (241?)

For example,
(+lsz|+) =0,

(24.18)
(+]sz]=) = (+]s+|=)/2 = h/2,

and so on.
The final results are that the matrix elements of the components of
the spin operator in the representation of equation (24.1) are

s =56, (24.19)

where the three components of & are the Pauli spin matrices,

0 1 0 —i 1 0
ox—[l U:I, Uy—-[i 0]‘ o’z—[o _1]. (24.20)
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In this matrix representation, the eigenvectors of the spin operators
are eigenvectors of the Pauli spin matrices. One readily checks that the
eigenvector of o, with eigenvalue +1 is

1 |1
Yoy = 3172 [1] . (24.21)

The factor 21/2 normalizes the state vector (eq. [24.4]). This is the repre-
sentation of the eigenvector of s, with eigenvalue +h/2. The eigenvector
of o, with eigenvalue —1 is

1 1
Yy = 212 {_1] . (24.22)

The eigenvectors of o, and o, are

I |1 1 1
¢y+=275[i]a wy_zél_/ﬁ[—i]’

Yos = m L e = m .

If the system is in the state ¢ = 1,4, the result of the measurement
of s, certainly is +h/2. If instead the y component of the spin is mea-
sured in the state ¢ = v, what is the probability of finding the value
+h/2? The rules of quantum mechanics (eq. [21.4]) say the probability
is the absolute value squared of the probability amplitude, which is the
inner product of the state vector |¢) = |¢,4.) with the eigenvector |, )
of s, with eigenvalue +h/2. The probability amplitude is

(24.23)

1

(Yy+19) = Wyt [¥es) = 5[1 —i] m = (1 -1)/2. (24.24)

The elements in the row vector in the third expression are the com-
plex conjugate of the elements in the column vector in equation (24.23),
because (1|+) = (+]¥)*. The probability is then

P = {82 = 1/2. (24.25)

The Pauli spin matrices satisfy two useful identities. First, the square
of any of the matrices is the unit matrix,

i =1, (24.26)
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as can be checked by multiplying out the matrix products. Second, it
is easy to check that the product of two different spin matrices is the
third:

Ox0y = 105,
0,0 = i0g, (24.27)
0,0z = i0y.

We see from these equations that the commutation relations for the spin
matrices are
[02,04] = 2i0,, (24.28)

and so on. This agrees with the angular momentum commutation re-
lations in equation (23.4) (allowing for the factor //2 in eq. [24.19]).
These identities will be used in the discussion of the angular momentum
operators as generators of rotations.

Rotations

As discussed in sections 17 and 23, the components of angular momen-
tum are generators of rotation. The unitary operator that rotates a spin
1/2 system by angle x around the z axis is (eq. [23.3])

U, = exp —ixs:/h = exp —ixo./2. (24.29)

The last expression replaces the spin operators with the matrix repre-
sentation in equation (24.19). It will be recalled that the exponential
function U, of the matrix o, is defined as the series expansion in powers
of 0. Since 02 = 1 (eq. [24.26]), all even powers of o, in this expansion
are the identity, and all odd powers of o, are just o,. In the series ex-
pansion of e?, the even powers add up to cosf, and the odd powers to
sind, so we have )

U, = e"X92/2 = cos(x/2) — io, sin(x/2). (24.30)

The same applies to rotations about the y and z axes generated by s,
and s,.

Now let us rotate a state vector. In the Pauli spin matrix represen-
tation, the vector

Yot = m (24.31)
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is an eigenvector of o, with eigenvalue +1 (eq. [24.23]), so it represents
a state in which the z component of the spin certainly is up. We can
rotate this to an eigenvector of o, with eigenvalue +1 (which means it
represents an eigenvector of s, with eigenvalue +%/2) by rotating the
system around the x axis by x = —n/2 radians. (Recall that a positive
rotation around the x axis swings a point along the positive y axis toward
the positive z axis, so we want to rotate the opposite direction.) Equation
(24.30) says the rotated state vector is

¢’ = {cos(m/4) + isin(7/4)0; } 9.+ (24.32)

The matrix product on the right is

S R

Since sin(/4) = cos(m/4) = 1/2'/2, the result of adding the elements in
the top row and the elements in the bottom row of the column vectors
in equation (24.32) is

2

; 1 |1

This is an eigenvector of o, with eigenvalue +1, properly normalized to
(W'Y =1 (eq. [24.23]). As expected, the state vector has been rotated
from spin certainly up along the z axis to spin certainly up along the y
axis.

Suppose we rotate the state (24.31) with spin up along the z axis
through the angle —x around the « axis. This brings a unit vector along
the 2 axis to a unit vector n in the yz plane tilted at angle x away from
the z axis toward the y axis, at polar coordinates § = x and ¢ = /2.
We see from equation (24.30) that the rotated state vector is

Y’ = {cos(x/2) + isin(x/2)ox }¥.+

) [COS iy ] (24.35)
~ |isiny/2]|°

In terms of ket vectors, this is

[¥') = cos x/2 |+) + isinx/2|-). (24.36)
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This state vector represents a system in which the component of the
spin measured along the tilted unit vector n certainly is +h/2. The
component of the matrix vector & along n is

Op =06 -n=0,co8X +0ysiny. (24.37)

It is an interesting exercise to work through the matrix products and
sums to check that the rotated state vector, ¢, in equation (24.35) really
is an eigenvector of o, (eq. [24.37]) with eigenvalue +1.

‘We can use the rotated eigenvectors to answer the following question.
Suppose a system has been arranged so the spin measured along a given
axis has a definite value. What is the predicted result of a measurement
of the component of the spin along some other axis? The state ¢’ in
equation (24.35) has spin +h/2 measured along the axis n with polar
angles = x and ¢ = /2. The probability amplitude for the result +#/2
in a measurement of the z component of the spin is the inner product
of 1’ with the eigenvector 1,1 (eq. [24.31]) of s, with eigenvalue +h/2:

cos x/2

Wi ) =[1 0] [z’sinx/?] = cosx/2. (24.38)

The probability is the square of this amplitude:
P = cos®(x/2). (24.39)

If x = 0, the probability is unity. If x = 7 /2, the probability is P = 1/2,
which means there is equal probability of finding that the spin in the 2
direction is up or down, for we have rotated the system to an eigenvector
of s,. If x = 7 the probability is zero: the system has been rotated to a
state in which the spin along the z axis is down.

It will be noted finally that if x = 27 the state in equation (24.35)
is

W = [‘01] . (24.40)

This is an eigenvector of s, with eigenvalue +h/2: the 27 rotation has
brought the state back to its original orientation. However, the state
vector has the opposite sign from what it started with (eq. [24.31]). The
change in sign is observable. The wave function for a spin 1/2 neutron
can be split into two parts by passing the neutron beam through a



212 Chapter 3

thin sheet of material that partially reflects the wave function, partially
transmits it. The two parts can be brought together again by further
reflections. One part of the wave function can be rotated by passing it
through a magnetic field, as discussed next. The sign change caused by
a full rotation of 27 radians is observable in the interference of the two
parts of the recombined wave packet.

Spin Precession in a Magnetic Field

Suppose the spin 1/2 particle is placed in a static magnetic field. Because
the only dynamical variable is the spin, the Hamiltonian is given by
equation (23.11):

2 ge
H=-i-B=—s-B. 24.41
fi T (24.41)

The time evolution of the state vector is given by Schrodinger’s equation,

L 0lY)

Since H does not depend on time, we can write the formal solution to
Schrédinger’s equation as (eq. [21.20])

[(t) = e/ |y). (24.43)

With equation (24.41), this is

[(t)) = e~/ |y, (24.44)
where B
e JE0D

o=%—. (24.45)

As in equations (23.2) and (24.30), we recognize equation (24.44) as a
rotation of the initial state around the axis defined by B by the angle
6 o< t. That is, the state is rotating with angular velocity w, period T

_ geB 2r  drme

— T —_——— - .
2me w geB i)

The torque caused by the magnetic field is causing the spin to precess,
just as a gyroscope precesses when torque is applied in a direction not
parallel to the gyroscope angular momentum.
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It is a useful exercise to solve Schrodinger’s equation for spin pre-
cession another way, using the spin matrices to write out the differential
equations for the time evolution of the two components of the state vec-
tor. To simplify the equations, let us take B to be along the z axis. Then
the Hamiltonian (24.41) in the Pauli matrix representation of equation
(24.19) is

H— geBHh

Ame 0, = WoBo, (24.47)
where "
g &
D= 3 omie (24.48)

The second factor is called the Bohr magneton.
The state vector has two components, ¥4 (t) and ¥_(t) (eq. [24.3]).
The z component of the spin operating on the state vector gives

{1 0[] _ | ¥+
wo=lo A [ ]=[5 ) (2449
so the two components of Schrodinger’s equation (24.2) are
%h% = I‘LOBw+!
3& (24.50)
z‘ﬁ% = —poBi-.

These are simpler versions of equation (23.21). The solutions are

Pu(8) = Ay oBHR,
24.51
oty = A o8, e

The normalization condition on the two constants of integration is (eq.
[24.4])
A2 +|A-? =1. (24.52)

Suppose that at time ¢ = 0 the spin is up along the z axis. Then
suitable initial conditions are Ay = 1, A_ = 0. The solution (24.51)
says the spin along the z axis stays up, while the phase of the state
vector increases at the rate p,B/h radians per unit of time. As expected,
the system remains an eigenstate of s,, because s, commutes with the
Hamiltonian.
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Suppose that at time ¢ = 0 the spin measured along the z axis is
+h/2. In this case, suitable initial conditions are 4, = A_ = 1/2'/2
(eq. [24.21]). The solution (24.51) is

ipoBt/h
. [e ] (24.53)

Y= 2172 | ginoBt/h

This equation says the system is precessing about the z axis. The initial
conditions have been fixed so that at time ¢ = 0 the state vector is an
eigenvector of o, with eigenvalue +1. A quarter of the precession period
T later (eq. [24.46]), the state vector (24.53) is

el B

Up to a phase factor, this is the eigenvector of o, with eigenvalue +1 in
equation (24.23). That is, the system has swung around a quarter of a
revolution. It is left as an exercise to check that at after half of the period
of revolution defined in equation (24.46) the system has swung through
half a revolution, with the state vector (24.53) now an eigenvector of o,
with eigenvalue —1, and so on.

25 Two Spin 1/2 Particles

Singlet and Triplet States

Now let us consider a slightly more complicated system, consisting of two
spin 1/2 particles. It will be assumed that the only significant dynamical
variables are the components of the two spin operators, s(1) and s(2), for
the particles. Spin operators belonging to different particles commute,
and the components of the spin for one of the particles satisfy the angular
momentum commutation relations (eq. [23.4]). Thus we have

[s2(1), sy(1)] = ihs(1),
[s2(2), 54(2)] = ihs.(2), (25.1)
[s2(1), Sy(g)] =0,

and so on.
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The total spin vector operator, s, for the system is the sum of the
operators for the two particles:

s =s(1) +s(2). (25.2)

As in equation (23.1), this equation means the components add. Because
s(1) and s(2) commute with each other, the components of s satisfy the
angular momentum commutation relations (23.4).

The square of the total spin operator is s* = s2 + s2 + s2. On

multiplying out the terms s2 = (s,(1) + s5(2))?, and so on, we get

8% =5(1)% + 5(2)% + 2s(1) - 5(2). (25.3)

We can choose two different representations, based on different
choices of the set of commuting observables, as in equations (17.72)
and (17.73):

set A: s(1)%, s:(1), 5(2)% s:(2)
(25.4)
set B: s%, s;, s(1)%, s(2)>

The observable s? cannot be added to set A because s(1)-s(2) in equation
(25.3) does not commute with s,(1). The observable s, commutes with
the observables in set A, but that adds nothing because s, is just the
sum of the operators s,(1) and s,(2) in set A. Since the particles have
spin 1/2 the operators s(1)2 and s(2)? always are equal to 3k%/4, so
we can ignore them. The interesting parts of the two sets of commuting
observables are then
set A: s.(1), s.(2);

) (25.5)
set B: s°, s,.

A complete set of eigenvectors for set A is [my, my), with eigenvalues
+h/2. These states will be written as

|++) |+=) =4, |=-) (25.6)

We know from the angular momentum operator algebra worked out
in section 17 that a complete set of eigenvectors of set B can be labeled
as (eq. [17.41])

|s,m), —s<m<s. (25.7)



216 Chapter 3
These states satisfy the eigenvalue equations

s?[s,m) = h®s(s + 1)|s,m), (25.8)

s;|s, m) = hm|s, m).

By the triangle rule in section 17, the possible values of the quantum
number s are s = 0 and s = 1 (eq. [17.74]). It is an interesting exercise to
derive this result by working the matrix eigenvalue calculation outlined
in section 17 for the particular case of two spin 1/2 particles, as follows.

Completeness says that we can write each of the eigenvectors of set
B as a linear combination of the eigenvectors of set A:

|s,m) = Z |m1, ma)(my, ma|s, m). (25.9)

The expansion coefficients (mi, ms|s,m) in this sum are derived with
the help of the ladder operators

84 = 8p L 18y = 5+(1) + 5+(2). (25.10)

As in equation (24.12), the angular momentum commutation relations
say these operators satisfy the equations

2 =5_5, +82+hs, =s8.5_+85—Hhs,. (25.11)
To begin the calculation, note that
s:l++)=hl++4), si|++)=0. (25.12)

The first equation follows because | + +) is an eigenvector of s.(1) and
s,(2) with eigenvalues h/2, and s, = s,(1) 4 s,(2). Thus | + +) is an
eigenvector of s, with m = 1. The second of equations (25.12) follows
because s = s4(1) + s4+(2), and neither of the raising operators can
raise the z component of the spin in this state. Since the eigenvalue of
s, cannot be raised by s, the state | + 4) must be an eigenvector of s?
with s=m =1:

£l+4+)=1-2-R3|+4). (25.13)

One can check this in a more direct way by using the first of equations
(25.11) and equation (25.12). We have then

ls=1,m=1)=|+4). (25.14)
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The two eigenvectors |1,1) and | + +) could differ by a phase factor; in
equation (25.14) the factor has been arbitrarily set equal to unity.

To get the eigenvector s = 1, m = 0, operate on equation (25.14)
with the lowering operator s_. We get (on taking the same phase con-
vention for both particles)

1,0) o 5-[1,1) = s—| ++)
={s_(1) +s-(2)}++) (25.15)
o |—4)+|+=).

The result of applying s_ to this is
I1,-1) =|--). (25.16)

This could have been obtained by the same argument that led to equa-
tion (25.14). .

We have written down three linear combinations of the four
[ry, m2). There is just one more independent combination, which we
can write as

[0,0) o |+ =) —|—+). (25.17)

This state satisfies

szms 0) = 0:
(25.18)
5410,0) x [+ +) —|++) =0.

The first equation says the s, quantum number is m = 0. The second
equation, which follows as in equation (25.15), says m cannot be raised
(or lowered), so this must be an eigenvector of total angular momentum
with s = 0. This is the fourth eigenvector of the set B in equation (25.5).

To summarize, the compatible observables s? and s, in set B have
three eigenvectors with s = 1, one with s = 0 (consistent with the
triangle rule in eq. [17.74]). The first three are called the triplet states,
and s = 0 is the singlet state. With the standard phase factors, the
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states are
1,1) =[++),
[1,0) = wi
2 (25.19)
|1= _1) = I = _)1
L] =)
ID,D) = T.

It is easy to check that these linear combinations |s, m) of the orthonor-
mal state vectors |my, my) are orthogonal and normalized. We know they
are a complete set of eigenvectors of s2 and s. for two spin 1/2 parti-
cles, because there are only four linearly independent combinations to
be made out of the four eigenvectors |+, +) of set A in equation (25.6).

For the discussion of Bell’s theorem in measurement theory, we will
need the following probability. Suppose the two particles are in the sin-
glet spin state |0,0). We can imagine simultaneous measurements of one
component of the spin of particle 1 and one component of the spin of
particle 2, because the spin operators for the two particles commute. For
particle 1, the z component of the spin will be measured. For particle
2, the measurement will be the component of the spin along the axis n
in the yz plane tilted at angle x to the z axis. To compute the proba-
bilities for possible results of measurements along these axes, we need
the simultaneous eigenvectors of s,(1) and n-s(2). The eigenvector with
both eigenvalues equal to +h/2 is

|¢) = cosx/2|+ +) +isinx/2|+ —). (25.20)

This is the same as equation (24.36) for particle 2. The same calculation
applies here because the quantum number for s.(1) is unaffected by all
the operations on the quantum numbers for particle 2 that produce an
eigenvector of n - s(2).

The probability amplitude for finding that the measurement of the
spin of particle 1 along the z axis is +//2 and that the measurement
of the spin of particle 2 along the axis n is +#/2 is the inner product
of the eigenvector (¢| in equation (25.20) with the given singlet state
vector |0,0) of the system. The singlet state is given in the last line of
equation (25.19). Using the orthogonality of the |+, +), we see that the
probability amplitude works out to

($]0,0) = # sin /2. (25.21)
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The probability is the absolute value squared of this amplitude:

P= %sinz(xﬂ). (25.22)
This vanishes if x = 0: if the spin of particle 1 along the z axis is found
to be up, then the spin of 2 along this axis has to be down to make the
sum of the two spins vanish in the singlet state. If x = =, the probability
is P = 1/2, again as expected because in the isotropic singlet state the
spin of particle 1 is up with 50 percent probability, and if the spin of
particle 1 is up the spin of particle 2 certainly is down.

Two Interacting Spin 1/2 Systems

The interaction of the magnetic dipole moments of the electron and
proton in a hydrogen atom contributes to the Hamiltonian a term pro-
portional to the dot product of the spin operators of the two particles.
This interaction is discussed in section 34. As a preliminary computa-
tion, we consider here a system in which the only dynamical variables are
the two spin vector observables, each with spin 1/2, with Hamiltonian

H =cs(1)-s(2). (25.23)

Since H is self-adjoint, the constant ¢ must be real.
The total spin of the system is

=s(1) +s(2). (25.24)

It is left as an exercise to show that the components of the total spin
commute with the Hamiltonian (25.23):

[H,s4] =0. (25.25)
This form for the Hamiltonian is adopted because it conserves angular
momentum.

The trick for solving this energy eigenvalue problem is to note that
the square of the total angular momentum is (eq. [25.3])

§% = 5(1)% + 5(2)2 + 2s(1) - s(2). (25.26)
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Thus we can rewrite the Hamiltonian (25.23) as

H= 5(32 - s5(1)% - 5(2)%)

_¢(2_op2l3
—2(3 21‘122).

This means eigenvectors of s? are eigenvectors of H. We saw that two
spin 1/2 particles can have total spin s = 0 or 1 (eq. [25.19]). The singlet
s = 0 state has energy

(25.27)

c 3 3
E,=Z(0-2K?) =-Sch? .
s =3 (0 25 ) 4ch (25.28)
The triplet s = 1 states have energy
52
E = 9&— (25.29)

For practice, let us find the energy eigenvector for the Hamiltonian
(25.23) another way, as the solutions to a matrix eigenvalue problem. The
matrix elements of the spin operators for each particle can be chosen with
the same phase conventions as for the Pauli spin matrices (eqs. [24.14],
[24.16], and [24.20]). We have for example

(+ = lsa (@] +4) = 7,
=l @+4+) = T, s

(+—s:(2)[++) =0.

The matrix elements of products of spin operators for the two particles
are

(+ — Is2(1)s2(2)| — +) = B?/4,
(+ — [sy(1)sy(2)] — +) = (—i)(i)h%/4 = K% /4, (25.31)
(+—1s2(1)s2(2)| — +) =0,
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and so on. The matrix elements of H in the representation |++), [+ —),
| —+), and [ — —) are

, 1 0 0 0
H= EZ‘_ g _21 _21 g (25.32)
0 0 0 1
The energy eigenvalue problem Hi = Ev is
\ 1 0 0 O e e
% g '21 _21 g ; =E ; : (25.33)
0 0 0 1] LA h
The column vector represents the ket vector
[} =2l )+ Fl+~) +gt =) bl ~=) (25.34)

One solution to equation (25.33) is e = 1 with f = g = h = 0, and
E = ch?/4. This s the first of the triplet eigenvectors in equation (25.29).
Another triplet eigenvector is h = 1 with e = f = g = 0. The eigenvec-
tors orthogonal to these two must have e = h = 0. In this case the result
of multiplying out the matrix product in the right-hand side of equation
(25.33) and then equating the elements on the left- and right-hand sides
is

- (—f +2g)ch?/4 = Ef,

(25.35)
(2f — g)ch®/4 = Eg.
The solutions to this equation are
2 2
padh it

These complete the solutions in equations (25.28) and (25.29). It is left
as an exercise to check that the values for f and g for these two solutions
are such that the state vector (25.34) is respectively triplet and singlet.

Finally, let us use the energy eigenvectors to work out a problem
in time evolution. Suppose that at time ¢ = 0 the spin of particle (1)
along the z axis certainly is up, and the spin of particle (2) along the =
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axis certainly is down. That means the initial value of the state vector
is | + —). What is the probability that the spin of particle (1) measured
along the z axis at a later time ¢ is found to be up?

To find the time evolution of the state vector, write it as a sum over
the energy eigenvectors, as in equation (21.21). With the Hamiltonian
(25.23), energy eigenstates are eigenstates of s2, so using equation (25.19)
for the singlet and triplet states and equations (25.28) and (25.29) for
the energy eigenvalues we have

[¥(t)) ={A| ++) + B[| + =) + | = +)] + C| — =) }e~icth/4
(25.37)
+ D(| + _) _ l _ _i_))eSicth/-—l’

This is the general solution for the time evolution of the state vector. The
wanted particular solution is obtained by choosing the four constants to
make the state vector at time ¢ = 0 agree with the given initial condition,
|#(0)) = | + —). This brings the solution to

[p(t)) = %(l + =Y | —4))eicth/4 4 %u + =) = | = +))e¥ch/4, (25.38)

Suppose the z components of the spins of the two particles are mea-
sured at time ¢. The probability that the spin of particle (1) is found to
be up and the spin of particle (2) is found to be up is, according to the
general rules, Py = |[(+ + |[¢(¢))|? (eq. [21.4]). We see from equation
(25.38) that this vanishes, because (+ + | is orthogonal to | + —) and
| = +). The probability that at time t the spin of particle (1) is found to
be up and the spin of particle (2) is found to be down along the z axis
is

Py = |(+ - [v@)?

I [ +l icth/4 5 (25.39)
=3¢ 5€

= cos®(cth/2).

At t =0, P,_ = 1. This is the initial condition that spin 1 is up and spin
2 is down. At time t = 7 /(ch), P+— = 0: the spin of particle 1 certainly
is down and the spin of 2 is up. At time 27/(ch) the state vector is back
to the initial value multiplied by a phase factor, which is to say that the
spins have returned to the initial conditions.
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Problems

I11.1)

I11.2)

b)

Suppose the commuting observables P and () define a basis with
continuous eigenvalues, so the completeness relation is

/ lp,q)dpdq(p,q| = 1. (IIL.1)

Use the probability assumption, as in equation (21.8), to show
that the ensemble average value of the observable @ in the state
) is

(Q) = (WIQI¥). (111.2)

The observable @ has the complete set of discrete, normalized
eigenvectors |n) with eigenvalues g,,:

an) = Qn|n>$ <n|m) = 0n.m. (1113)

The completeness relation for this basis is

> In)(n| = 1. (I11.4)

Find a derivation for each of the following inequalities.
For any element, |¢), in the linear space,

(¢lg) = 0. (I11.5)

A good way to start is to insert unity, in the form of equation
(I11.4), between (¢| and |¢), and then recall that (n|¢)* = (¢|n).
For any observable, P, the expectation value of P? in the state |n)
from the above basis is not less than |(n|P|m)|?, where |m) is any
vector from the above basis. Here a good start is to insert unity,
in the form of equation (III.4), between the two operators in the
matrix element (n|PP|n).

For any normalized state vector |¢),

(YIQIY) = qo(¥[¥), (IIL.6)

where gq is the smallest of the eigenvalues g, belonging to the
eigenvectors |n) of Q. A good start here is to introduce unity in
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d)

e)

111.3)

b)
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the form of equation (III.4) between @ and |¢) in the left-hand
side of equation (IIL6).

For any two normalized state vectors |¢) and |¢), the real part of
the inner product (¢|y) satisfies

Re (gly) < 1. (I1L.7)

One approach is to consider the inner product of |) — |¢) with
its dual, (| — (¢|.

For any two normalized state vectors [¢) and |¢), the real part of
the inner product satisfies

Re (¢[y) > -1. (II1.8)
For any observable P and normalized state vector |¢),

(P?) = ($|P?|y) > (P)>. (I11.9)

The Heisenberg uncertainty principle can be derived by operator
algebra, as follows. Consider a one-dimensional system, with po-
sition and momentum observables x and p. The goal is to find
the minimum possible uncertainties in the predicted values of the
position and momentum in any state |1) of the system. We need
the following preliminaries.
Suppose the self-adjoint observables g and r satisfy the commuta-
tion relation

[r,q] = ic, (IT1.10)

where ¢ is a constant (not an operator). Show c is real.
Let the system have the normalized state vector |4}, and define
the ket vector

|¢) = (ar +iq)[¥)), (TIL.11)

where « is a real constant (again, a number, not an operator). Use
equations (IIL.5) and (II1.10) to show

o?(r?) —ac+ (¢?) > 0, (I1.12)

where (r?) = (¥|r?|y)) and (¢?) are the expectation values of the
squares of the observables r and q in the state |1).
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By seeking the value of a that minimizes the left side of equation
(I11.12), show
(r*){(¢?) = /4. (IIL.13)

Define the operators r and ¢ by the equations

r=z—{(z) =z — (Y|zlY),

(I11.14)
g=p—(p) =p— WlplY),

where = and p are the position and momentum observables, with
[z,p] = ih. As in problem 116 (eq. [L.15]), o, = (r?)1/2 =
(|(xz — (x))?|¥)'/? is the standard deviation (rms fluctuation
around the mean in an ensemble of measurements) in the result
of measuring the position z, and o, = (¢?)'/? is the standard
deviation in the momentum. Collecting the above results, show
that 0,0, > h/2. This is the Heisenberg uncertainty relation in

position and momentum.

A spinless particle moving in one dimension has position and mo-
mentum observables £ and p. The position eigenvectors satisfy
the normalization in equations (22.2) and (22.3). The analogous
relations for the eigenvectors of momentum are

plp) = plp), (I11.15)

with the normalization
(plp") = 6(p — p'), / [p)dp(p| = 1. (I11.16)

This assumes the eigenvalues of x and p are continuous and can
range from —oo to +o00.
By considering (z|p|p), and using the result in equation (22.9),
find the differential equation satisfied by the function (z|p), and
show the solution is

(z|p) o eP=/", (I11.17)

Use the normalization in equation (IIL.16) (along with eq. [10.18])
to find the constant of proportionality.
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b)

IIL5)

111.6)
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Consider a state vector |1}, with (1|¢) = 1. The position repre-
sentation of this state vector is the wave function

Y(z) = (z¥), (I11.18)

and the momentum representation is

f(p) = (pl¥)- (IIL.19)

The probability distribution in the result of the measurement of
the momentum in the state |¢) is (eq. [21.8])

dP = |(p|y)[*dp. (II1.20)

Use part (a) to express this probability distribution in terms of
the position wave function ¢(z) defined in equation (II1.18). (The
result ought to be consistent with eqgs. [10.39] and [10.41].)

Show by multiplying out the matrix product of s - n (eq. [24.37])
with the column vector in equation (24.35) that the latter is in
fact an eigenvector of the component s - n of the spin along the
axis n.

A single spin one-half system has Hamiltonian
H = as; + Bs,, (I11.21)

where a and 3 are real numbers, and s, and s, are the z and y
components of spin.

Using the representation of the spin components s, as Pauli spin
matrices, find an expression for H2 in terms of the above param-
eters.

Use the result from part (a) to find the energy eigenvalues.

Find the eigenvectors of H in equation (II1.21) in the Pauli spin
matrix representation.

Suppose that at time ¢ = 0 the system is an eigenstate of s,, with
eigenvalue +h/2. Find the state vector as a function of time in
the Pauli spin matrix representation.

Suppose the z component of the spin in the state found in part
(d) is measured at time ¢ > 0. Find the probability that the result
is +h/2.
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Precession in a magnetic field for a spin 1/2 system was discussed

in section 24. It is good practice to work the spin 1 case, as follows.

Consider a dynamical system with the three observables s,

sy, and s that satisfy the angular momentum commutation rela-
tions

[82,8y] = this,, (I11.22)

and so on. The system has spin 1, so the square of the total angular
momentum, s? = s2 + s2 + s2, has the single eigenvalue A% x 1 x
2. A convenient basis is the set of eigenvectors |m) of s, with
eigenvalues mh, where m = 1,0, —1. In this basis, a state vector
|} is represented by the three-component column vector (mt),
and the observables are represented by the 3 x 3 matrices

($a)mms = (m|sqa|m’). (111.23)
Show that the methods in section 24 lead to the representations
010
h
Sp = 5172 1 0 1 ¥
2 010
5 0 - 0
Sy = 5173 i 0 —il, (111.24)
0 7« 0
1 00
s;,=h|0 0 O
0 0 1

Find the normalized eigenvector of s, with eigenvalue +h in this
representation.
Suppose the Hamiltonian is

H =gs-B, (I11.25)

where g is a real constant and B is the constant magnetic field.
Find the general solution to Schrédinger’s equation,

m?—ia—‘fl = H|y), (I11.26)
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for B parallel to the z axis, in the representation of equation
(I11.24) (as in eq. [24.51]).

Suppose that at time ¢ = 0 the state vector is an eigenstate of s,
with eigenvalue +h. Use the solutions from parts (b) and (c) to
find the spin precession frequency.

The spin operators belonging to a system consisting of two spin
one-half particles are s; and s3, and the total spin is s = 87 + 85.
Total spin projection operators are

2 52

P1=8— P0=1—'£§.

272 (111.27)

By using the fact that any state vector |¢) of the system can be
written as a linear combination of total spin eigenvectors, show
that |x) = Pi[¢) is a triplet eigenvector with (x|x) equal to the
probability that the total spin of the state [¢) is s = 1.

Consider a system consisting of three spin one-half particles, with
spin vector operators si, sg, and s3. The square of the total spin
is

§% = (s1 +s2 +53)2 (I11.28)

By following the methods in sections 17 and 25 and in prob-
lems (II1.18) and (II.19), find the eigenvalues of s2, and for each
eigenvalue find the number of different eigenvectors with the same
eigenvalue.

Consider a system consisting of two interacting spin one-half ob-
jects, with spin operators s; and sp, as in section 25. The Hamil-
tonian is

H =cs(1)-s8(2) +ds.(1), (I11.29)

where ¢ and d are real constants. This is a good model for the hy-
perfine structure of atomic hydrogen in an applied magnetic field,
the first term representing the interaction between the electron
and proton magnetic moments, the second the [ - B energy of
the electron in the applied field. (The proton magnetic moment is
much smaller because of the larger mass.)

The energy eigenvalues for the Hamiltonian in equation
(IT1.29) for the case where d = 0 were worked out in section
25 (egs. [25.31] to [25.34]). Generalize the calculation to find the
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energy eigenvalues in the case d # 0. Sketch a graph of energy as a
function of the parameter d (which is proportional to the applied
magnetic field), showing how the energy eigenvalues vary with d,
from d = 0 through to the case where the d term dominates the
energy.

A Hamiltonian for a deuteron that improves on the one in problem
.14 is
2 2
H=22 4+ Po vi(r) + Va(r)sn -5 (I11.30)
2m, = 2m, »

where m,, and m,, are the neutron and proton masses, V; and V3
are functions of the neutron-proton separation r = |r,, — r,|, and
as usual the components of the spin operators s,, and s, commute
with each other and satisfy the angular momentum commutation
relations among themselves.
What are the quantum numbers that can be assigned to an en-
ergy eigenstate, that is, what are the allowed eigenvalues of the
conserved observables?
Write down the one-dimensional differential eigenvalue equation
one would solve to find the energy of a state with definite energy
and other quantum numbers, and state the boundary conditions.

The system described by the Hamiltonian H, has just two orthog-
onal energy eigenstates, |1) and |2), with

(1) =1, (12)=0, (2]|2)=1. (I11.31)
The two eigenstates have the same eigenvalue, E,:
H,|i) = E,li), (I11.32)
for i =1 and 2.

Now suppose the Hamiltonian for the system is changed by
the addition of the term V, giving

H=H,+V. (I11.33)
The matrix elements of V are
(1]V[1) =0, (1|V]2) =Via, (2|V|2)=0. (111.34)

Find the eigenvalues of the new Hamiltonian, H, in terms of the
above quantities.

Find the normalized eigenstates of H in terms of [1), |2), and the
other given expressions.
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MEASUREMENT THEORY

We come now to the last element of quantum mechanics, the prescrip-
tion for how the mathematical theory is to be related to the results of
measurements. This is required for any physical theory, not just quan-
tum mechanics. For example, the formalism of general relativity theory
is quite misleading if one does not understand that coordinate depen-
dent objects like the four-velocity of a particle must be distinguished
from the scalars that are in principle measurable.

The measurement prescription in quantum mechanics can be stated
in a few lines (as has already been done in sections 14 and 21 on the
principles of quantum mechanics, and is done in a little more detail
in the first section of this chapter). There is no controversy over this
or the other elements of quantum physics. The theory has found an
enormous range of applications, in all of which it has proved to be con-
sistent with logic and experimental tests. Why then is this chapter so
long? It is because the implications seem so bizarre that such thoughtful
people as Einstein and Wigner have argued that the theory cannot be
physically complete as it stands. A review of these bizarre implications,
and the ways in which the reservations about the physical complete-
ness of quantum physics have been rationalized or otherwise laid to
rest to the satisfaction of many (but certainly not all) physicists gives
us an excellent framework for a discussion of some of the physics of
this subject.

The first section in this chapter reviews measurement theory in
quantum mechanics, and extends the prescription to the case where the
state vector is not known. Some of the “paradoxes” of quantum mechan-
ics (none of which prove to be paradoxical) are discussed in section 27.
Section 28 presents Bell’s theorem, that shows there cannot be a local
underlying deterministic theory for which quantum mechanics plays the
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role of a statistical approximation. Section 29 summarizes the worldview
of a modern-day “standard thoughtful physicist.”

26 Quantum Measurement Theory

As discussed in sections 14 and 21, in quantum physics the fullest possi-
ble description of a physical system is given by its state vector. It may be
that a prior measurement has uniquely determined the state vector (up
to an arbitrary phase factor) for the purpose of predicting the results of
subsequent measurements. In this case one says the prior measurement
has placed the system in a pure state. In other cases we may have to be
content with assigning probabilities for various possible state vectors, in
a mixed state. The use of the density matrix to describe mixed states is
presented in part (b) of this section.

Measurement of a Pure State

Physics has two parts: initial conditions express our prior knowledge of
a physical system, resulting from previous measurements of it, and the
laws of physics yield predictions of the results of subsequent measure-
ments. In classical physics there is no limit in principle to the precision
of predictions from initial conditions. It makes sense to think of a par-
ticle as having an objectively real position r(f) at time ¢, because we
can be perfectly sure that that is where the particle would be found if
its position were measured. The initial conditions for quantum physics
also take account of the knowledge of the system accumulated through
previous observations, and the laws of the theory yield predictions for
the results of further measurements. A quantum physics prediction may
be so sharp as to be a sure thing, but we have also seen cases where
the prediction is only probabilistic. In this latter case it is not so clear
that one can think of a particle as having definite attributes such as an
objectively real position r(t) at time ¢; in fact, we will have to argue that
the existence of an attribute can depend on a decision to measure it.
Let us consider the measurement of a component of the spin of a
spin 1/2 particle (such as a neutron) by means of the Stern-Gerlach ef-
fect discussed in section 23. The wave packet for the particle initially is
moving to the right in figure 26.1. It passes into a region of inhomoge-
neous magnetic field. We saw in section 23 that the energy of the particle
has the contribution U = —fi-B, where [ is the magnetic moment of the
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% 2
Fig. 26.1 Stern-Gerlach effect for spin 1/2 particles. A particle with spin up is
deflected along path 1; a particle with spin down, along path 2.

particle and B is the magnetic field. The gradient of U produces a rate
of change of momentum that deflects the wave packet. We can arrange
that, if the z component of the spin of the particle is up, the wave packet
is deflected up, along path 1 in the figure. In this case the wave packet
continues moving to the right along the upper arm 1, with the spin up.
If the z component of the spin is down, the packet is deflected down, to
move along path 2, with the spin down.

We can imagine that a second region of inhomogeneous magnetic
field is arranged so as to bring the two paths back together again, leaving
the z component of spin as it was initially. We can imagine in principle
that the paths 1 and 2 have identical lengths (though that would be
exceedingly difficult in practice).

Let the wave function for a particle with spin up, that moves along
path 1, be 9(r,t,+). The last argument indicates the sign of the z com-
ponent of spin. In matrix notation, the wave function is

¥lr.t, '”] . (26.1)

¢z+z[ 0

We can shorten this by writing the spin part of the wave function as
1
Yot = [0} . (26.2)

We are assuming that things are so arranged that if equation (26.2) is the
state of the spin of the particle as the wave packet enters the apparatus
in figure 26.1, then equation (26.2) gives the spin state as the particle
passes through and leaves the apparatus. Similarly, the wave function
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for a particle with spin down, that moves along path 2, is ¥(r, ¢, —), and
the spin part of this wave function is and remains

Py = [?] ) (26.3)

Now consider what happens if we pass through the apparatus the
wave packet of a particle with £ component of spin known to be +1/2
(that is, the system is an eigenstate of s, with eigenvalue +h/2). The
spin part of this wave function is (eq. [24.21])

1”:2‘11/—2“] (26.4)

We know how to write down the solution to Schriodinger’s equation for
this case in terms of the functions v (r, t, £) given above, because Schrad-
inger’s equation is linear. That is, if |a,t) and |b,t) are solutions to
Schrodinger’s equation with a given Hamiltonian, then another solution
is the linear combination

[t) = ala,t) + B|b, ), (26.5)

where « and 3 are constants. In the present case, the solution with the
initial conditions of equation (26.4) is

1
Yot = g {00, +) +¥(r,t, )}, (26:6)

for one sees that this makes the linear combination of spin wave functions
in equations (26.2) and (26.3) agree with equation (26.4).

In equation (26.6) the wave function passes along both paths. Did
the particle travel along both paths? The standard answer, following
Bohr, is to say that the question is meaningless. The concept of a particle
as an entity with a definite position, that would have to be either in
path 1 or in path 2, is classical, derived from our experience with the
macroscopic world, and Bohr emphasized that there is no reason why
what we have learned from macroscopic experience need apply in the
realm of atomic and subatomic physics. Indeed, we will have to argue
that the concept of an objective particle position is not one we can carry
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? 2
Fig. 26.2 Spin measurement by the Stern-Gerlach effect.

over from the macroscopic world to quantum physics. This is illustrated
in the following examples.

Suppose we put particle detectors Da and Db in the top path in
the Stern-Gerlach apparatus, as shown in figure 26.2. The detectors are
supposed to register the presence of a particle with good reliability, but
let it pass with relatively little energy loss. The probability that Da
registers a particle is the probability that the z component of the spin
is found to be up,

P, = |(%4|9)2. (26.7)

As in equation (21.4), |¢) is the state vector for the particle, [¢,4)
represents a particle with spin definitely up, as in equation (26.1), and
the inner product (1,4|v) is the probability amplitude. For the wave
function in equation (26.6), this works out to P, = 1/2: there is an
equal chance of finding the particle in path 1 or path 2. That is, if
the experiment were repeated many times with the same initial state
vector for the particle, Da would detect the particle in 50 percent of the
measurements.

If Da registers the particle, what is the probability that the second
detector, Db, on the same path in figure 26.2, also registers the particle?
Experience says Db certainly detects it. A familiar example of this effect
is the track of a particle in a bubble chamber. A particle may enter
the chamber in a broad wave packet. The first bubble in the chamber
localizes the particle, and subsequent bubbles show a continuous path
from the first: the particle moves from where it was detected.

The observation that Db detects the particle if and only if Da detects
it is interpreted to mean that after the detection of the particle in Da we
have new information, so we must compute predictions for subsequent
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measurements using a new wave function, here ¢,.. One way to put
this is that the detection of the particle in Da has caused a “collapse
of the wave function,” from the initial one, ¥+ (eq. [26.6]), to the new
one, 9,.. However, this does not mean that some physical entity has
discontinuously changed. The less dramatic way to put it is that the
knowledge gained from the result of the measurement in Da affects the
prediction for the result of the subsequent measurement in Db. Since the
prediction is based on a state vector, we have to update the state vector
used in the computation. A measurement of this kind in a Stern-Gerlach
apparatus to the left of the one in figure 26.2 might have been used to
prepare the state vector (26.6) we have been using.

Still assuming the initial condition is ¥, in equation (26.6), what
is the spin state after the paths rejoin? If the apparatus is the one shown
in figure 26.1, where there are no counters, then when the wave packet
leaves the apparatus v (r,t,+) and (r, ¢, —) again have a common space
part and the spin part is the linear combination of up and down in
equation (26.4). (We have assumed that the paths 1 and 2 have the
same length, so the phase shifts due to motions of the wave packets
along the two paths are the same.) This means a measurement of the z
component of spin after the wave packet leaves the apparatus certainly
yields +h/2. .

Suppose the detectors are in place, as in figure 26.2. If Da registered
the particle, the wave function for subsequent measurements would be
1.+. In this case, the particle would leave the apparatus as an eigenstate
of s, with eigenvalue +h/2, and a subsequent measurement of s; in
another Stern-Gerlach apparatus further downstream would give +h/2
with equal probability. That is, if the particle is detected in path 1 we
have to compute with a new state vector with eigenvalue +h/2 for s,,
rather than the old eigenstate of s..

Suppose the detectors are in place, and the particle enters as an
eigenstate of s.. If the particle is not registered in detector Da, what
is the final spin state when the particle leaves the system? The particle
has to have passed through path 2, because it is known that it is not in
path 1. This knowledge requires us to use in subsequent predictions the
wave function 1, _, for which the 2z component of spin certainly is down.
Here again, at the end of the experiment the spin is not an eigenstate
of s,: a measurement of s, yields +A/2 with equal probability. This is
an example of the “collapse of the wave function” as the result of the
absence of a detection. One often reads that the statistical character of
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the predictions of quantum mechanics is a result of the quantized nature
of the interaction between system and measuring apparatus: the mea-
surement necessarily disturbs the system. This can be a helpful concept
but it certainly is too simple, as we see from this example, where the
system has been disturbed from its original state as the result of the
absence of an interaction, a point Dicke likes to emphasize.

Measurement of a Mixed State”

Probability distributions are familiar in classical statistical mechanics,
where one introduces probabilities because as a practical matter it is im-
possible to know the detailed microscopic state of a system containing
a large number of particles. This is different from the statistical predic-
tions of quantum physics, where the theory says that it is impossible in
principle to make predictions sharper than those afforded by the state
vector. But it generally is the case in quantum physics that the predic-
tions are less sharp than is allowed in principle because the state vector
is not known: one can only say the state vector is one of some statistical
ensemble of possibilities. In this case the probability distribution of a
prediction has two contributions, one intrinsic to the limited predictive
power of the state vector, the other resulting from the practical matter
of the uncertainty in what the state vector is. They are combined in the
following way.

Let us imagine we have an isolated arrangement of objects with a
definite state vector, |¢). The arrangement will be supposed to consist
of two parts. One is the system whose properties we wish to study.
The remainder, to be called the surroundings of the system, will not
be observed; it might be the walls of a heat reservoir, or the distant
parts of the universe. The system to be measured has a complete set
of commuting observables whose eigenvalues will be labeled collectively
as a lower case letter, as a. The surroundings have a complete set of
commuting observables whose eigenvalues will be labeled collectively as
an upper case letter, as A. The observables belonging to the system
and surroundings commute because they refer to different things, so a
basis for the full arrangement, system plus surroundings, is the set of
simultaneous eigenstates |a, A). For simplicity, it will be assumed that
all the eigenvalues are discrete, so the completeness relation (20.53) is

Y la, A)(a, A = 1. (26.8)
a,A
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Suppose f is some attribute of the system. This means f is a function
of the observables of the system, and therefore that f commutes with
all the observables of the surroundings. The expectation value of f in
the state |¢)) is as usual (eq. [21.11])

(f) = (WIf1¥)- (26.9)

With the completeness relation (26.8), we can write this as

(Y= (@la, A)(a,Al|f[b, B)(b, B|p). (26.10)

a,Ab,B

The matrix elements of f in this expression vanish unless A = B, and
are independent of A. To see why this follows, let A be an observable
for the surroundings, with eigenvalue A in the state |a, A):

Ala, A) = Ala, A). (26.11)
Since f contains no observables of the surroundings it commutes with

A:
(4, f]=0. (26.12)

A matrix element of this equation is

Thus (a, A|f|b, B) vanishes unless A = B. The computation by which
one finds the value of (a, A|f|b, A) from the algebra of the observables @
of the system, as in the computation of the Pauli spin matrices in section
24, goes through whatever the value of A. We have therefore

(a, A|f]b, A) = fab, (26.14)
where f,; depends on the quantum numbers of the system, but not those

of the surroundings.
Equations (26.10) and (26.14) give

(f) =" fabPra; (26.15)
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where the density matrix for the system is defined to be

Poa = (b, AlY)(¥a, A). (26.16)

A

To summarize, the matrix f,; depends only on the algebra of the ob-
servables of the system. The density matrix py, describes the state of
the system.

Using the completeness relation (26.8), we see that the density ma-
trix satisfies the normalization condition

¥ aa= 1. (26.17)

Also, f.p and pp, are Hermitian matrices,
Pab = Pbas  Jab = Jfea- (26.18)

If the system is in a pure state of the kind discussed in part (a) of this
section, and if the basis vectors |a, A) are chosen so the pure state has
the quantum numbers ¢ of one of the basis vectors, then the coefficients
(a, Al¢) vanish unless a = c¢. This means the density matrix (26.16)
vanishes unless a = b = ¢, and p.. = 1 (as follows from eq. [26.17] when
there is only one nonzero diagonal component of the density matrix).
Equation (26.15) says the expectation value of f in this case is f,
which is the usual expression for a pure state.

The system is in a mixed state if we can only say that there is prob-
ability P, that the state vector of the system has the quantum numbers
a of one of the basis vectors |a, A). If the system had quantum numbers
¢, the expectation value of the observable f would be f... The result of
averaging the expectation value of f over the ensemble of possible states
of the system is then

() =) Pefe (26.19)

This agrees with equation (26.15) with the diagonal density matrix p.q =
P.bq.

As an example of this formalism, consider the spin part of the wave
function in the Stern-Gerlach experiment discussed above. The density
matrix for a particle in a pure state with spin up (along the +z axis) is

P, = [é g} : (26.20)
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To find the density matrix in the basis of eigenstates of s, for the eigen-
state of s, with eigenvalue +h/2, compute the inner products of the
latter with the former, using equations (24.21) and (24.23), and substi-
tute into equation (26.16). The result is

11 1
Pzt =3 [1 1] : (26.21)
A density matrix for an unpolarized beam, which is a mixed state,
e 11 0
p=z {0 1] . (26.22)

This is a statistical mixture with equal probabilities of states in which
the spin is up along the z and states in which the spin is down. It is
an interesting exercise to check that equation (26.22) also represents a
mixture with equal probabilities of states with s, equal to +h/2 and
states with s; equal to —A/2. This is done by writing the basis vectors
|a, A), where a represents the eigenvalues of s, as linear combinations
of eigenstates |i, A) of s..

The time evolution of the density matrix may be written down in a
convenient approximation if the basis vectors |a, A) are energy eigen-
states. Suppose the interaction between system and surroundings is
weak, so we can approximate the Hamiltonian as the sum of opera-
tors for the two parts, H = H, + H4. Let the bases be eigenstates of
H, and Hy, so

Hla, A) = (Eq + Ea)la, A), (26.23)

where E, and E4 are eigenvalues of the Hamiltonians for system and
surroundings. Then equation (21.20) for the time evolution of the state
vector is

(G,Alti’) s e—t’(E¢+EA):/ﬁ. (26.24)

The terms in the matrix element pp, in equation (26.16) thus oscillate
with time as
(a, Al)(¥|b, A) ~ e'(Fo=Ea)t/R, (26.25)

The energy E 4 of the surroundings cancels in this approximation. It will
be recalled, however, that this assumes the energy is the sum of ener-
gies of the system and of the surroundings. As we now discuss, a more
detailed description would include a term representing the interaction
between the two.
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In section 1, we considered a system in thermal contact with a heat
reservoir. The reservoir is supposed to be macroscopic, so its energy
levels F 4 are very closely spaced. This means the density matrix pg,
for the system, with the reservoir as the surroundings, is a sum over
an exceedingly large number of terms (a, A|t)(¥|b, A). The time evo-
lution of each term with a # b is approximated by equation (26.25).
However, because there is some coupling between reservoir and walls,
this is only an approximation: the phase in the exponential function in
equation (26.25) that describes the oscillation of (a, A|)(¥|b, A) must
evolve with time, at a rate that depends on the quantum numbers A for
the reservoir. Therefore, after a sufficiently long time the off-diagonal
matrix elements pap (With a # b) are sums of an enormous number of
terms each with a phase that has wandered to some random value. These
sums are much smaller than the diagonal terms p,,, because the latter
are sums of absolute values squared of the (a, A|?). That is, the density
matrix becomes very nearly diagonal in this energy eigenvalue represen-
tation. As remarked above, in a diagonal density matrix the system has
the state vector labeled by quantum numbers a with probability p.. (eq.
[26.19]). Thus we see that the thermal (statistical) equilibrium of a sys-
tem loosely coupled to a heat reservoir is described by the probabilities
Paa that the system is in each of its energy levels E,. In section 1 we
found that these probabilities are given by the Boltzmann distribution,

Paa x e~ EalkT, (26.26)

This is the thermal equilibrium density matrix.

Summary

There are situations in which a system can be imagined to be in a pure
state, described by a state vector [1/). An example of the preparation of
a pure state is shown in figure 26.2: if a detector Da in the upper arm
shows the particle is not there then the particle is in the lower arm, and
the wave function has been placed in the pure state ¢,_.

The state vector of an isolated system changes with time according
to Schrodinger’s equation. This is deterministic in the sense that a defi-
nite initial condition, fixed by a prior measurement, yields a definite time
evolution of the state vector. The result of an observation of a system
is to introduce a new state vector that is consistent with what has been
found: new information is gained and the results must be incorporated
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in new initial conditions for the state vector for use in the prediction of
subsequent measurements.

The more general description of a system in quantum mechanics is
the density matrix, p,p, which determines the expectation value of any
observable of the system (eq. [26.15]). The system is in a pure state if
there is a basis |a, A) such that the only nonzero component of the den-
sity matrix is the one element p.. = 1. In this case, we can say the system
is in the state |c), ignoring the quantum numbers of the surroundings,
because the latter do not enter the calculations of expectation values of
all functions of the observables of the system. In a mixed state, there is
no basis in which the density matrix reduces to a single term, but we
can use familiar methods to find a basis in which the density matrix is
diagonal. In this diagonal representation, p.. is the probability that the
system is in the pure state ¢. A measurement of the mixed state may
reveal that the state is d, and may leave it there. In this case, we now
compute with a new density matrix, the pure state with pgg = 1.

27 “Paradoxes” of Quantum Physics

Because some features of quantum physics are so contrary to our in-
stincts, it is natural to ask whether the theory really could bé a complete
description of physical reality. Three famous examples, in the forms of
paradoxes, are presented here. The discussion of why these effects are
not generally considered to be paradoxical is well worth following as a
way to sharpen understanding of the physics.

Complementarity

In the late 1920s and early 1930s there was a famous series of discussions
between Bohr and Einstein on the physical and logical consistency of
the quantum picture, with Einstein proposing ingenious thought experi-
ments that seem paradoxical in quantum physics, Bohr working through
resolutions within his complementarity picture. Bohr’s beautiful descrip-
tion of these debates is reprinted in Quantum Theory and Measurement,
edited by Wheeler and Zurek, where you will also find many other clas-
sical papers on the subject. Here is an example from the Bohr-Einstein
debates.
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Fig. 27.1 Double slit experiment.

Suppose a sequence of single particle wave packets, each with fairly
sharply defined momentum p, is incident on the screen with two slits
shown in figure 27.1. If the particle does not hit the screen then we have
a measurement, that says the particle got past the screen. Therefore, for
the purpose of further computation, the wave function is nonzero only in
the narrow regions of the two slits. The two parts of the wave function
then propagate to the right to the detector. Because the two parts of the
wave function that get through the slit are very narrow they spread as
they move to the right, so the two waves overlap at the detector. If the
path lengths along the two waves from the screen to a spot on the detec-
tor differ by an integral multiple of the particle de Broglie wavelength,
A, then the two waves add in phase; where the path difference is A/2, the
two parts of the wave function cancel. This produces a fringe pattern in
the wave function at the detector. That is, the probability distribution
in where the particle is detected is alternately large and small, in bands
or fringes, at the detector.

In quantum mechanics, a particle that arrived at the right-hand
detector passed through both slits, for how else could the particle know
to avoid the regions on the detector where the two waves destructively
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interfere? Indeed, if one slit is blocked, so the particle is forced to pass
through only one slit, the open one, the interference pattern disappears.
What happens if a thin detector (that allows the particle to pass with
only a small energy loss) is placed at one of the two slits so we can
discover which slit the particle really passed through? One finds that
the interference pattern disappears. The interpretation is the same as in
the last section for the experiment in figure 26.2. The particle has been
localized at one slit, so the wave function must vanish at the other.!
Thus only one wave packet leaves the screen, and there is no interference
pattern at the detector.

Einstein asked whether we might determine which slit the particle
went through in a way that would not be expected to affect the inter-
ference pattern in particle positions at the detector, as follows. If the
particle went through the top slit and reached the central part of the
pattern at the detector, it had to have been deflected down by the angle
~ @, in figure 27.1. This means the particle received a downward momen-
tum transfer ~ psin @, for incident particle momentum p. If the particle
passed through the bottom slit and reached the central part of the pat-
tern, there was an upward momentum transfer of the same amount. This
momentum must have come from the screen, for momentum is conserved
in quantum physics. Therefore, we would know which slit the particle
passed through if we could measure the change in vertical momentum
of the screen with sufficient accuracy. We need not measure the final
momentum of the screen until after the particle has been detected, so
this momentum measurement could have no effect on the probability
distribution of the position of the particle at the detector. And we can
take as long as we like to measure the final momentum of the screen with
arbitrary accuracy, by the time of flight method discussed in section 10.
So it would appear that we could in principle see the interference pattern
as the statistics of particle detections builds up, and also know which
slit each particle passed through. But if each particle passed through a
definite slit, how could the particles know that there is a second slit that
causes an interference pattern at the particle positions at the detector?

! The thin detector has shifted the phase of the wave by a large and uncontrolled
amount, and one might be tempted to say that this is what has eliminated the
interference pattern between the waves coming from the two slits: since the waves
are incoherent, their mean interference vanishes. But we know that that is not right,
because if the thin detector detects the particle near the upper slit, there is zero
probability that the particle will be found near the lower slit, so we have to set the
wave function from the lower slit to zero.
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Bohr pointed out that the uncertainty principle prevents this from
happening. To detect the momentum transfer, one must know the ini-
tial momentum of the screen with some precision, and that implies an
uncertainty in the vertical position of the slits. As we will now see, this
uncertainty is large enough to erase the interference pattern.

At the point 0 in figure 27.1, the paths from the slits are at angles
+60, to the normal of the detector, and the path lengths from the two
slits are the same. This is a point of constructive interference of the
two waves, that is, a point of maximum probability of detection. At the
point 1, the next point of maximum probability up from point 0, the
path lengths differ by one wavelength, A = h/p, and the angles of the
beams to the normal of the detector are

6, =6, + 60,

27.1
0, = 6, — 86. @71)

To simplify the calculation, let us assume that 66 < 6,.
At point 1 on the detector, the path length difference is

1 1
A=D - . 27.2
(cos #, cos 95) ( )

where D is the perpendicular distance from screen to detector. The result
of expanding this to first order in 66, and dropping factors of order unity,
is

A ~ Dsin#,60/ cos® 8, ~ h/p, (27.3)

where the last line is the de Broglie relation. The difference of momenta
of particles deflected down and those deflected up is

6p ~ 2psinb,. (27.4)

Finally, the vertical distance from the bottom slit to fringe 1 is ~
Dtan@,, and the derivative of this gives the vertical distance, s, be-
tween successive fringes in the interference pattern at the detector:

s~ D60/ cos? b,. (27.5)

To detect the momentum transfer ép, we would have to make the
uncertainty 6P in the initial momentum of the screen less than the
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needed precision in the measurement in the momentum transfer from
the particle to the screen, § P < §p. By the uncertainty principle (section
10, problem III.3), the vertical position of the screen therefore must be
uncertain by at least

06X 2 h/6P > h/bp. (27.6)

The result of combining equations (27.3) to (27.6) and dropping factors
of order unity is

6X > s. (27.7)

This means the vertical uncertainty in the slit position is larger than the
distance between fringes, so the uncertainty in the position of the slits
has smeared out the interference pattern.

The conclusion is that if the initial momentum of the screen were
well enough known that its momentum change could be used to deter-
mine which slit the particle passed through, the resulting uncertainty in
the vertical position of the slits would eliminate the interference pattern
on the detector. That is, if the experiment is set up so the momentum
transfer measurement can be used to determine which slit the particle
passed through, so we can see that the object acts like a classical par-
ticle that really passes through only one slit, the arrangement removes
the possibility of seeing the interference pattern that signals the wave
nature of an object that passes through both slits. If on the other hand
the vertical positions of the slits were well enough fixed that we could see
the development of the interference pattern in particle positions at the
detector, so as to see the wave character of the particle, then the momen-
tum of the screen would not be well enough known to allow us to observe
the behavior of a particle with a definite orbit that passes through a sin-
gle slit. This is an example of Bohr’s complementarity principle. The
attributes of position and momentum (wavelength) are incompatible,
represented by observables that do not commute. Any experimental ar-
rangement designed to observe one attribute precludes the possibility of
simultaneous observation of the other. This is not an intuitive concept
of reality, but then our intuition is based on the macroscopic world of
experience, which need not apply in the microscopic world.

The EPR Effect

Einstein’s most subtle puzzle is said to have been first mentioned by
him in 1933, and was later described in detail in a paper with Podol-
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sky and Rosen. The paper begins with the statement, “in a complete
theory there is an element corresponding to each element of reality. A
sufficient condition for the reality of a physical quantity is the possibil-
ity of predicting it with certainty, without disturbing the system.” The
authors then present an example showing that this does not apply to
the observables of quantum physics, and conclude that quantum physics
is an incomplete theory. A more recent and by now standard example
of how quantum physics conflicts with the EPR definition of reality was
introduced by Bohm, as follows.

Consider an electron and positron that were produced by the anni-
hilation of a system with zero net angular momentum. We can assume
the particles fly apart with zero orbital angular momentum. Since the
total angular momentum vanishes, the particles must have zero total
spin, which is to say that they are in the singlet spin state

9) = 51+ =) =1 = +)) (27.8)

As in equation (25.19), the ket vectors are eigenstates of the z compo-
nents of the particle spin operators. In the first vector, the eigenvalues
are +h/2 and —h/2 for the two particles, and the eigenvalues are re-
versed in the second vector.

After the particles have become well separated, the z component of
the spin of the electron is measured. If the electron spin is found to be
up, the state vector becomes the first term in equation (27.8), | + —).
Then without disturbing the positron, we know that if its z component of
spin were measured the result certainly would be down. Thus, according
to the EPR criterion a complete theory ought to grant that s, for this
particular positron exists and it is down (has the definite value —h/2).
But we could equally well have decided to measure the z component
of the electron spin, and if we found that the value is +h/2 we would
similarly conclude that s, for this particular positron exists and it is
—h/2. Since the positron has no way of knowing which component we
decided to measure, the EPR criterion says both s, and s, must exist for
this positron. But that certainly is wrong: we know that if the positron
had a definite value of s,, here —h/2, then its state vector must be
written as the linear combination (|+) — |—))/2/2, which does not have
a definite value of s,.

Bohr'’s response was that the EPR definition of reality conflicts with
his complementarity principle. He argued that here, as in the Stern-
Gerlach and double slit experiments discussed above, “the procedure of
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measurements has an essential influence on the conditions on which the
very definition of the physical quantities in question rests.” That is, the
complementarity principle denies the existence of an element of reality
corresponding to s, in advance of a decision to measure this component
of the spin, either directly, or, in the present case, indirectly by mea-
suring a particular component of the spin of the partner particle. We
saw another application of this principle in the double slit experiment,
which can be arranged either to reveal the particle nature of matter, or
the wave nature, but not both at the same time.

Wigner’s Friend

If we accept the proposition that an electron can be in two places at
once, as in the double slit experiment in figure 27.1, or that its spin
state can depend on a decision to observe another distant particle, as in
the EPR effect, can we believe the same of a sentient being? The question
has been discussed at least since 1935, when Schrodinger proposed that
we consider what it could mean for a cat. The version presented here is
based on a discussion by Wigner.

Suppose a physicist who acts as our assistant observer is standing
near a system consisting of a particle with spin 1/2. We will suppose the
physicist can be put in a pure state, with quantum numbers A repre-
senting a state of readiness to observe the particle, and that the particle
can be put in a pure state, with quantum number a representing the z
component of the spin. Then we can write the state vector for particle
plus observer at the starting time for the experiment as

1) = |4, a). (27.9)

As in equation (26.14), the expectation value of any function F' of ob-
servables of the physicist is independent of the quantum numbers a of
the system to be observed:

(F) = (A,a|F|A,a) = (A,b|F|A,b). (27.10)

This is the wanted situation: the expectation values of all functions F' of
the observer are independent of the quantum number a of the system;
the physicist does not know what the state of the system is.

Next we need to specify time evolution via the Hamiltonian. It will
be assumed that, before the physicist looks at the system, physicist and



Measurement Theory 249

particle are not coupled. That is to say that the Hamiltonian is the
sum of two terms, one containing only observables of the physicist, the
other only observables of the system: H = H, + H,. Observables for
physicist and system commute, so H, and H, commute. Therefore, the
time translation operator U = exp —iHt/h (eq. [21.20]) can be written
as the product

U=U,U,, (27.11)

where U, = exp —iH,t/h contains only observables of the physicist, U,
only observables of the system. At time t after the start of the experi-
ment, and before the physicist looks at the system, the state vector is
U|A, a), so the expectation value of the function F of the physicist is

(F). = (A,a|U'FU|A,a) = (A, a|UFU,|A,a). (27.12)

The last expression follows because U, commutes with F. This last ex-
pression is the expectation value of the function U;;FU,, of observables
of the physicist, and so is independent of a, as in equation (27.10). That
is, the expectation value (F'); at time ¢ of any function of the observer
is independent of a: the physicist still does not know the state of the
system.

When the physicist observes the system, physicist and particle are
coupled, in the sense that the Hamiltonian is no longer a sum of separate
functions of the observables of the physicist and of the system. This
means there develops a correlation between physicist and system, so
subsequently (F') depends on a. It can be arranged that the observation
does not affect the state of the system. (An example is the Stern-Gerlach
experiment in figure 26.2: a particle with spin down is not observed in
the upper arm and leaves the apparatus with spin down.) In the present
case, this means that if the spin of the particle in the system initially
were up, a = +, a careful physicist would be able to discover that and
leave the spin up, a = +, at the end of the observation.

In the final step, the physicist moves away from the system and the
coupling is removed. The physicist tells us the result of the observation.

If the initial state of the system were an eigenstate of the spin op-
erator s, with eigenvalue +%/2, the initial state vector would be |4, +).
The final state vector would be |A,,+), where A, represents the state
of the physicist after having discovered the spin is up. If the initial spin
were down, the physicist would discover that and leave the final state of
the spin as it was. Here the initial state would be |A, —) and the final



250 Chapter 4

state would be |A4, —), where A, represents the state of the physicist
on learning that the spin is down.

Now suppose the particle initially is in a state that is a linear com-
bination of spin up and spin down,

i) = a|A, +) + BJA, -). (27.13)

The physicist initially is in the state A, as before, with no knowledge
of the system. By the linearity of Schrodinger’s equation, we know the
final state after physicist and particle are again separated, at time iy,
is

[W5) = U(tp)lv) = alAu, +) + BlAa, —), (27.14)

This follows from the linearity of the time translation operator, U(ty),
just as in the discussion of the Stern-Gerlach effect in section 23 and in
equation (26.6). But can we imagine that the physicist has been placed
in a linear superposition of two states? Surely the physicist knows for
certain whether the spin is up or down!

This sequence of events, with the physicist replaced by a macro-
scopic measuring device, is the basis of von Neumann’s description of a
measurement in quantum physics. The idea is that we can arrange to
make the final state of a macroscopic measuring device a function of
the initial state of the system, and we can observe the state of the mea-
suring device at our leisure. Having discovered the state of the device
we have a measurement of the system. But what are we to make of the
measurement procedure when an animate object is used in the chain of

"measurement? One might be tempted to argue that quantum physics
cannot be extrapolated from the scales of length and energy where it
was invented to a macroscopic object like a cat or a physicist, but we
do have examples from superconductors and superfluids of macroscopic
quantum effects.

There is no generally accepted answer to this question, but we can
express the situation in a less dramatic way, by using the density matrix
formalism of section 26. The density matrix (eq. [26.16]) for the physicist
in the state vector of equation (27.14), with the particle considered as
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the surroundings, is?

le? 0 0
p=] 0 0 o0 (27.15)
0 0 |gP

The first column and the first row represent states of a physicist who
is sure the spin is up, the second row and second column represent
states of a physicist who does not know, and the last row and column
represent states of a physicist who is sure the spin is down. To see that
the off-diagonal matrix elements vanish, note that the matrix elements
connecting up and down states of mind of the physicist look like

> (A, alv) (] Ag, a). (27.16)

a=%

This vanishes in the state (27.14), because orthogonal states of mind of
the physicist always appear in connection with orthogonal spin states. As
discussed in section 26, equation (27.15) is equivalent to a mixed state,
in which pure states of mind appear in the ensemble with probabilities
|a|? and |B|2. This means we fully describe the predictions of quantum
mechanics for this experiment by using a classical statistical ensemble,
in which the probability is |a|? that the physicist really knows that the
spin is up, and |G|? = |a|? — 1 that the physicist really knows the spin
is down.

Under this density matrix picture, we can use the standard rules of
measurement theory, treating our physicist assistant as part of the quan-
tum system, and at the same time the physicist can apply measurement
theory treating the particle system alone in quantum mechanics, with no
contradiction in the results. One cannot always separate subsystems this
way; in general there is the possibility of interference of different states
of a subsystem such as the physicist. That is avoided in the present ex-
ample because the orthogonality of the spin states in the system makes
different states of mind of the physicist orthogonal, which in turn makes
the density matrix (27.15) diagonal. It is conjectured that anything large

2 This equation is shorthand for a matrix that is block-diagonal. The element |a|?
in the upper left hand corner stands for the matrix of elements among states of a
physicist who is sure the spin is up, the element in the first row and third column
stands for the matrix of elements between a physicist who knows the spin is up and
a physicist who knows the spin is down, and so on.
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enough to talk to is complicated enough that it always requires such a
diagonal density matrix.

28 Hidden Variables

Two aspects of quantum physics bothered Einstein and still bother many
people. The more serious to Einstein was the point discussed in the last
two sections, that physical attributes exist only as the result of a mea-
surement. The other aspect is the statistical character of the predictions
of the quantum theory. Einstein’s famous remark on this point usually
is translated as “The Lord does not play dice with the world.”

One recalls that thermodynamics was invented before the discov-
ery of the underlying physics of statistical mechanics. Could it be that
quantum physics plays the role of thermodynamics for some deeper and
maybe nonstatistical theory? Perhaps in an ensemble of physical systems
with identical state vectors, |¢), the “hidden variables” of the deeper
theory uniquely determine the results of all possible measurements on
any particular one of the systems, so that different results are obtained
from apparently identical members of the ensemble because the hidden
variables are different for each member. If there were enough hidden
variables to permit a unique correspondence of values of the variables
with all possible results of all possible measurements, the deterministic
hidden variables theory is trivially made equivalent to quantum theory,
by arranging that the distribution of values of the hidden variables for
the different members of the ensemble makes the distribution of results
of measurements of members of the ensemble agree with the probability
distributions of quantum mechanics. However, if the hidden variables
of a system do not know what measurement we are going to decide to
make on the system, then the construction can fail. The point was made
explicit in Bell’s theorem. The version presented here follows Wigner.

Consider a system consisting of two spin 1/2 particles, 1 and 2, in
the isotropie singlet (zero net. spin) state (eq. [27.8])

9 = 5751+ =) = | = +)). (28.1)

Suppose the component of the spin of particle 1 is measured along axis
a, and the component of the spin of particle 2 is measured along axis
b tilted relative to a by the angle ¢. It will be recalled from section 25
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that the quantum mechanical probability that the result for particle 1
along a is +1/2 and that the result for 2 along b is +1/2 is (eq. [25.22])

1
P=3 sin?0/2. (28.2)

Now imagine we have a statistical ensemble of systems, each with
the state vector of equation (28.1). For each member of the ensemble we
will allow three possible choices for the axis along which a particle spin
is to be measured: along axis a parallel to the z axis, along axis b tilted
at 45 degrees to the z axis, or along axis ¢ tilted at 90 degrees to the z
axis and in the plane of @ and b, so c is tilted at 45 degrees to b. Thus,
for example, equation (28.2) says the spin of particle 1 is found to be up
along a and the spin of 2 is found to be up along ¢ in 25 percent of the
cases where one chooses to measure the spins along these two axes; and
1 is up along a and 2 up along b in 7.3 percent of the cases where the
spins are measured along these particular axes.

We can choose two quantities to be measured: the spin of particle
1 could be measured along the axis a, yielding the value s, = +1/2, or
along axis b, yielding s, = +1/2, or along ¢, yielding s.; and the spin
of particle 2 could be measured along a, yielding ¢, = £1/2, or along b,
yielding tp, or along c, yielding ¢.. In the hidden variables program, the
particular values of the hidden variables belonging to a specific one of
the systems in the ensemble uniquely determine the results of measuring
the values of any particular choice of two of these six quantities, one for
particle 1, one for 2. Note that just one quantity can be measured for
each particle in the initial state: if spin 1 is measured along a the act of
measurement can affect the hidden variables that determine the result
of a subsequent measurement of spin 1 along b or c¢. But in a hidden
variables picture it seems reasonable to assume that a measurement of
spin 1 cannot affect the outcome of a measurement of spin 2, because
we can imagine the particles are well separated, as in the EPR effect
discussed in section 27.

This last point is the locality assumption, that the values of the
hidden variables belonging to a particular member of the ensemble do not
know what measurement we are going to decide to make on that member.
How could the system anticipate what observable we are going to single
out for a measurement? In the present example, the locality assumption
means that the hidden variables belonging to a specific member of the
ensemble of systems have to fix ahead of time the results of all nine of
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the possible experiments. That is, a specific system in the ensemble has
to yield a definite value s, if we choose to measure spin 1 along axis a,
it must yield a definite value s, if instead we choose to measure spin 1
along b, and so on to t. if we choose to measure spin 2 along axis c. For
example, the hidden variables for a particular system in the ensemble
might be rigged to yield (+ — —; — + +). This would mean that if we
decided to measure spin 1 along axis a we certainly would get +1/2; if
instead we decided to measure spin 1 along axis b we certainly would
get —1/2, and so on to +1/2 if we choose to measure spin 2 along axis
G

In the ensemble of systems, a specific combination of predetermined
results, s, to t., appears with some frequency, or probability,

P = P(sq,8b, Sci tas b, tc)- (28.3)

Many of these probabilities vanish. For example, in a measurement of
the components of spin 1 and spin 2 both along axis a, the only possible
results are +— and —+, because the total spin along any axis vanishes
(as we see from eq. [28.2] with # = 0, or from eq. [28.1] for axis a).

Now suppose we claim to have chosen these functions P to match
the quantum predictions. The probability that spin 1 measured along
axis a gives + and spin 2 measured along b gives + is

1
5@?%=PH~+V4"J+H+—ﬂH++} (28.4)

The left side is the quantum prediction in equation (28.2). The right side
is the sum over all the possible contributions of predetermined arrange-
ments in the local hidden variables theory. The first and fifth arguments
have to be “+” because that is what we stipulated is the result of the
measurement. Therefore, the second and fourth arguments have to be
“~" because, as we observed, measurements of the two spins along the
same axis have to give opposing results. This means that the sum is only
over the two possible choices for arguments three and six. In the same
way, one finds that the probability that spin 1 measured along b and 2
along ¢ both give + is

1
Eﬁf%:H++ﬂ*—H+PP+ﬂ+—H. (28.5)
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and the probability that spin 1 measured along a and 2 along ¢ both
give + is

1

ssin? 7 = P(++—— —+) + P(+— ==+ +). (28.6)
The result of adding equations (28.4) and (28.5) and subtracting equa-
tion (28.6) is

sin? g - %sinzi} =Pl —F—+ =)+ Pl—4+=4—4). (28D
The right-hand side cannot be negative, because probabilities are not
negative. But one readily checks that the left side is negative. This con-
tradiction means the local hidden variables scheme cannot reproduce the
quantum probability distributions.

Since the quantum probability distribution in equation (28.2) agrees
with the experiments, we have to conclude that a local hidden variables
theory is wrong. It still could be that the hidden variables of the system
are coupled to our choice of what measurement to make, in violation
of the locality assumption, but that seems unacceptably contrived. The
simpler and generally accepted interpretation is that there is not a non-
statistical theory underlying quantum physics.

29 Summary

The basic elements of the quantum theory are the linear operators Q
in a space of state vectors |¢/). What is the physical meaning of these
objects? It is curious that there is no generally accepted answer, de-
spite the fact that the application of the theory in laboratory physics
is well defined, and leads to no known operational® or experimental in-
consistency. We arrive at the generally accepted accommodation to the
question by recalling what is meant by a physical theory.

In the beginning, physics was the mechanics of the motions of the
moons and planets, and of the motions of projectiles and pendulums.
Given initial positions, mechanics successfully predicts orbits. It is nat-
ural to assign physical reality to these orbits; almost anyone can see

3 It must be admitted that there has been little discussion of our firm belief that a good
theory must be logically consistent, because the belief is not known to be challenged.
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the planets move through the sky. A more careful description would be
that we are following the motions of the centers of mass of the many
mass elements in each planet. A center of mass is not so visible, but a
belief in its objective presence is an easy extrapolation from our experi-
ence. Another extrapolation was the development of the kinetic theory
of gasses. In the early days of kinetic theory a particularly thoughtful
physicist, Ernst Mach, objected to the interpretation of atoms as real
objects rather than a mathematically convenient model or mental arti-
fice, but the many successes of the theory have made atoms seem very
real to us.

One might have thought that, if quantum theory were complete, its
elements, the state vectors |¢)) and observables @, also could be inter-
preted in terms of some sort of objective physical reality. We have seen
that that cannot be done within a classical version of reality. This may
mean the theory is incomplete, or it may simply mean we are asking
too much of a physical theory. A more modest requirement is that a
successful theory correlate results of measurements. In the example of
Wigner’s friend, the theory presents us with the density matrix in equa-
tion (27.15), in which the probability is |a|? that the physicist discovers
that the spin of the particle is up and tells us about it. The theory
presents the physicist with a density matrix in which the probability
is |a|? that the spin of the particle is up. Both descriptions agree with
experience. Of course, agreement with experience is not a complete cri-
terion for a good theory, for that would include a straight record of
experimental results, which may be of great practical use but by itself
would be of no fundamental interest. A physically interesting theory
makes successful experimental predictions that substantially outnum-
ber the experimental elements that were used as guides or constraints
to its construction. This the quantum theory has done in spectacular
abundance (only an exceedingly small part of which is recorded in this
book).

Quantum physics does predict bizarre things. The EPR effect in sec-
tion 27 shows that the choice of state vector for a system can depend
on a causally unconnected operation on another system. As another ex-
ample, a cosmic ray proton arriving from a distant galaxy has a wave
function with the local protons that is antisymmetric (as discussed in
section 41 below), even though the proton has not interacted with the
local matter for an exceedingly long time, if ever. However, it would
be illogical, even ungrateful, to fault quantum physics for such bizarre
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predictions, because to the accuracy of available experimental tests the
predictions agree with what is observed. The successes of the quantum
principles are convincing evidence that they are showing us a physical
reality deeper than classical physics. On the other hand, there is no rea-
son to believe the quantum paradigm is the ultimate truth, and there
certainly will continue to be great interest in experimental tests of the
standard theory and possible variants. And the search for variations on
the standard theory undoubtedly will continue to be motivated by the
question, what does the state vector |1)) really mean?






CHAPTER 5

PERTURBATION THEORY

The remainder of this book deals with applications of quantum me-
chanics. This is coupled to a presentation of approximation methods,
because the list of interesting applications that have analytic solutions
is nearly exhausted by the simple harmonic oscillator and hydrogen atom
considered in section 6. For the next simplest atom, helium, the wave
function of the two electrons is a function of six variables. A search for
analytic solutions to Schrodinger’s equation is not promising here, and a
straightforward numerical computation, with the wave function sampled
at ~ 100 points along each of the six coordinate axes, for a reasonably
accurate approximation to the wave function, wonld require storage of
~ 100% = 10'? numbers, a challenge for the largest computers. Yet before
there were electronic computers people had quite an accurate theoretical
understanding of the energy levels in helium and more complicated sys-
tems. The trick was (and is) to find approximation schemes that treat
unimportant parts of a physical system in quite crude approximations
while reducing the interesting parts to a problem simple enough that it
is feasible to compute but yet detailed enough to yield accurate results.

The approximation methods in this chapter deal with the effects
of small changes in the Hamiltonian, resulting for example from the
application of a static or time variable electric or magnetic field. This
may cause small changes in energy levels, and it may induce transitions
among eigenstates of the original Hamiltonian.

30 Time-Independent Perturbation Theory

Suppose the Hamiltonian for a system is written as the sum of two
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terms,
H=H,+V. (30.1)

In the case to be considered here, the operators H, and V' both are
independent of time. The eigenvalues and eigenvectors of H, are E,, and
[n):

Ho|n) = Ep|n). (30.2)

It may be easy to find these eigenvalues and eigenvectors, while the
addition of V' to the Hamiltonian complicates the computation. The
perturbation theory to be presented here gives a systematic way to ap-
proximate the solutions to the eigenvalue problem for H. An example
in section 34 below is the hyperfine structure of atomic hydrogen. Even
when the eigenvectors of H, are not accurately known, we can use per-
turbation theory to analyze the effect of introducing V, as in the theory
of the shifts in the energy levels of an atom when an electric or magnetic
field is applied.

In this section it will be supposed that the eigenvectors of H, are
not degenerate, that is, each eigenvector |n) has a different energy E,,.
The degenerate case is considered in section 33.

A convenient trick for keeping track of the order of the approxima-
tion in perturbation theory is to rewrite the full Hamiltonian as

H=H,+eV, (30.3)

where € is a parameter that measures the strength of the perturbation of
H from H,. One assumes the solutions to the energy eigenvalue problem,

Hlp) = Ely), (30.4)

can be expanded as power series in e,

E=E,+€eE(1)+€*6E?2) +...,
(30.5)
[¥) = n) + €l61) + €2]62) +......

The vector €|6;) is the first-order correction to the state vector due to
the perturbation €V, the vector €2|65) is the second-order correction, and
SO on.
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Since the eigenvectors |n) of H, are a complete set, we can write
these corrections to the state vector as linear combinations of the |n).
This brings the second of equations (30.5) to the form

) =In)+ €D Cili) + €D Djli) +.... (30.6)
i J

The coefficients C;, Dj, and so on in the expansion of the vectors
|61),]62), ..., are independent of e.

On substituting the expansions (30.5) and (30.6) into the energy
eigenvalue equation (30.4), using H,|n) = E,|n), and collecting powers
of €, we get

Enln)+¢ [VIn) + 3 CiEili)]

+é [Y GVl + Y DiEil)]
+ ...
= E,|n) (30.7)
+e[SE()In) + B, Y Cil)]
+é [6E(2)In) +6EQ) S Gili) + En Y D£|z')]

F g

Now equate coefficients of each power of ¢ on each side of this equa-
tion. The coefficients of the first power of € are

Vin) + Y CiEili) = 6E(1)|n) + E, Y _ Cili). (30.8)

The inner product of this with (n|, with the usual orthonormality con-
dition (n|i) = én, gives

§E(1) = (n|V|n). (30.9)

The parameter ¢ was used to keep track of the order of perturbation
theory. Now that we have this result we can set € to unity, so equation
(30.9) is the energy shift due to the perturbation V' in first-order, or
linear, perturbation theory.
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This result is worth remembering. It says that, to first order, the
perturbation §E(1) to the energy is the expectation value of the pertur-
bation V' to the Hamiltonian in the unperturbed state vector |n). For
example, consider a particle that moves in one dimension and is confined
to a box. The potential energy term in H, vanishes at 0 < 2 < L and is
very big elsewhere, making the wave function negligibly small at x = 0
and x = L. With these boundary conditions, the eigenfunctions of H,
are (as in eq. [8.5))

Yn(z) = (2/L)?sin(nrz/L), n=1,2,3,.... (30.10)
Suppose the perturbation is
V(z) =aé(zx— L/2), (30.11)

where a is a constant. This is supposed to represent a narrow bump in
the potential energy at the center of the potential well. In first-order
linear perturbation theory, V shifts the energy of the ground state (that
is represented to zero order as ¥ (z) in eq. [30.10]) by the amount

SE(1) = ($1|Vn) = (¥1, Vi)

- [devi@ViEme) (30-12)
=2a/L.

The position representation has been used to write the expectation value
as a wave function integral, as in equation (20.70). One similarly finds
that the first-order perturbation to the energy of the first excited state
(n = 2) vanishes, because the wave function vanishes at o = L/2.

So far we have used the component of equation (30.8) along the
unperturbed state |n). The components along the other basis vectors
|m) are used to get the state vector in first-order perturbation theory,
as follows.

The inner product of equation (30.8) with (m| for m # n gives

Co= % m# n. (30.13)
The energy eigenstate (30.6) to first order in € is then
= [m) (m|V'|n)

[¥) = [n)(1+€Cn) +€ Y & T e (30.14)

m#n
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The coefficient C,, is not determined, but note that we can rewrite this
expression correct to terms of first order in € as

[¥) = (1+€Cy) ||n) + Z |m) m1V|n) + order €, (30.15)

for this only differs from equation (30.14) in terms of second order in
the expansion (30.5) in powers of €. Thus we see that in first-order per-
turbation theory the coefficient C, represents a normalizing factor. We
know the normalizing factor is arbitrary because we are solving a linear
equation H|y) = E|¥). The normalization condition (1|¥) = 1 requires
that (1 + €C,) have unit modulus to first order in €, so C, has to be
a pure imaginary number. In higher-order perturbation theory, that is,
computing the state vector to higher powers of €, these undetermined
coefficients build up an arbitrary phase factor in |9), as one would ex-
pect.

Now let us consider the energy in second-order perturbation theory.
The terms proportional to €2 in equation (30.7) are

ZCV|@)+ZDE1\3)_<SE( )n) + 6E(1 ZC| +E, Y Dyli).

(30.16)
The inner product of this expression with the state vector (n| we started
with gives an expression for § E(2). Using again the orthogonality rela-
tion (n|m) = é,m, equation (30.9) for §E(1), and equation (30.13) for
the expansion coefficients C,,,, we get

(n|V|m)(m|V|n)
Ep — Epy

E = E, +¢(n|Vin) + € Z

m#n

+order €. (30.17)

This is the expression for the energy in second-order perturbation the-
ory.

We see from equations (30.14) and (30.17) why it was stipulated that
the energy levels are not degenerate: the expansion can be meaningless
if the sums contain eigenvectors |m) of H, different from |n) but with
energy E,, = E,, because the denominators vanish when E,, = F,. If
the matrix elements (n|V|m) vanish when E,, = E,, then the C,, for the
states degenerate with |n) vanish, and we have no problem. This is the
case in the examples of first-order perturbation theory in the following
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sections. Section 33 formalizes the treatment of degenerate perturbation
theory.

31 Zeeman Effect

For an example that is easy to compute, let us consider the effect of
a static homogeneous magnetic field on the energy levels of an atom.
We will imagine the atom consists of a single electron moving in a fixed
spherically symmetric potential well. The effect of the magnetic field on
the Hamiltonian was discussed in section 19: the momentum operator is
replaced with the combination p—gA /c, where A is the magnetic vector
potential (egs. [19.32] and [19.34]). On writing the electron charge as
q = —e, where e > 0 is the magnitude of the charge, we have

1 2
H= %[p+eA/c) — ed(r). (31.1)

The last term is the potential energy of the electron.
A vector potential that represents a uniform magnetic field B is

A= %B o, (31.2)
It is left as an exercise to check that for homogeneous (uniform through
space) B this agrees with B =V x A.
We will compute to first order in the magnetic field strength B, so
we can multiply out equation (31.1) and discard the term o A2 x B?,
to get
H=H +—E—( -A+A-p) H*Bri—eqb(r) (31.3)
=0T ome P P °7 2m d '
The terms in H proportional to A can be simplified as follows. With
equation (31.2) for the vector potential, we have

2p-A=p-Bxr
=Bxr-p (31.4)
:B-rxp:B’L.
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We can change the order of the observables r and p in going from the
first to the second line because in the cross product B x r the component
P sees only y and z, and so on. The last step brings us to the usual
expression for the orbital angular momentum vector operator, L (eq.
[17.1]). The term A - p gives the same result, so the magnetic field part
of the Hamiltonian in equation (31.3) is, to first order in the magnetic
field strength,

€
V=—DB-:L. 1.5
2me (315)

This is the same as the classical model in equations (23.8) and (23.9)
(with charge g = —e).

We must also take account of the energy of interaction of the mag-
netic field with the magnetic dipole moment of the electron (eq. [23.11]).
To simplify the expression, let us approximate the gyromagnetic ratio
as g = 2. Then with B along the z axis the sum of equation (31.5) for
the orbital energy of interaction with the magnetic field and equations
(23.9) and (23.11) for the spin interaction energy is

_ eB
~ 2me

Here s, represents the z component of the electron spin angular momen-
tum operator.

Since the Hamiltonian H, in the absence of the magnetic field (eq.
[31.3]) is supposed to be spherically symmetric, it commutes with the
components of L, and H, commutes with the components of s because
H, does not contain s. Thus H,, L?, L., and s, all commute with each
other, so we can find a complete set of simultaneous eigenvectors of these
observables, the eigenvectors being labeled as

v (L +2.). (31.6)

[¥) = In, I, i, ms). (31.7)

The eigenvalue of H, is E,, the eigenvalue of L? is h?[(l + 1), the eigen-
value of L, is myh, with — < m; < [, and the eigenvalue of s, is m;h,
with m, = £1/2.

Now it is easy to find the expectation value of the magnetic energy
perturbation V in equation (31.6) in an eigenstate |1)) of H,, because as
indicated in equation (31.7) we can choose simultaneous eigenstates of
H, and L, + 2s,. We have then

6E = (Y|V|v) = g%’z(m; + 2m,). (31.8)
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This is the Zeeman effect to first order in the applied magnetic field B.

It will be noted that we did not have to worry about the fact that
the eigenvectors of H, are degenerate, because the matrix elements of
V between states with the same energy and different m; and m, vanish.

32 Quadratic Stark Effect

The Stark effect is the shift in energy of an atom caused by the ap-
plication of a uniform static electric field. The isolated atom has the
Hamiltonian H,. The operator representing the energy of interaction of
the atom with the applied electric field is given by the usual expression
for the potential energy of charged particles in a uniform electric field,

V=-E-) gii=-E-d (32.1)

The i*® particle in the atom has position #; and charge g;. The atom
is assumed to be neutral, > ¢; = 0, so the operator d = ) ¢;F; is
independent of the choice of origin of coordinates. It will be noted that d
looks like the usual expression for the electric dipole moment of a charge
distribution. Also, we are working in the abstract space of states in which
position is an observable, as in section 22, so the three components of #
are operators.

We are assuming the unperturbed eigenvector |n) of H, is not de-
generate, that is, there is no other state with the same energy, so to first
order in the applied electric field the perturbation to the energy of the
state is

8E = (n|VIn) = —E->_ gi(n|fi|n). (32.2)

If parity is conserved, this expectation value vanishes, by the following
argument,.
The parity operator, II, is defined by the relations

[f, = —fuII, I =1. (32.3)

The first equation says the components of the position observable anti-
commute with the parity operator, as in equation (15.15) in wave me-
chanics. Since this anticommutation relation is unaffected if we multiply
II by a constant, we have to add the second condition, which is the same
as equation (15.8).
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Now let us consider a one-particle system. As discussed in section
22, an eigenvector of the position observable with eigenvalues r = z,y, 2
satisfies
r

r) = r|r). (32.4)

The result of operating on both sides of this equation with IT and using
the first of equations (32.3) is

#l1[r) = —rIljr). (32.5)

This means II|r) is an eigenvector of # with eigenvalue —r, that is, ITjr) =
¢| —r). The second of equations (32.3) implies that |c|? = 1, that is, c is
a phase factor. Since the phases of the |r} are arbitrary, we can choose
c=1,so

Hjr) = | —r). (32.6)

The wave function (r) representing the state |¢) is the set of com-
ponents of |¢) in the basis |r):

Y(r) = (rly). (32.7)

The wave function representing the state II|1) is, by equation (32.6),

y(r) = (r|Ijy)
= (-rl) (32.8)
=¢(-r).

The first line defines the parity operator in the position representation.
The last line is the definition of II in section 15. That is, equation (32.3)
agrees with the old definition of II as an operator on wave functions.

Now if IT commutes with H,, as is true to excellent accuracy in
atomic structure (broken only by the weak interaction), parity is con-
served. As discussed in section 15, this means the eigenstates of H, can
be classified as eigenstates of parity,

II|n) = w|n), (32.9)



268 Chapter 5

where the parity quantum number is m = %1 (eq. [15.10]). Therefore,
the expectation values of both sides of the first of equations (32.3) in
the eigenstate |n) of H, give

(n|I1F;|n) = —(n|EII|n),
(32.10)
m(n|t;|n) = —mw(n|t;|n),

where the second line follows from equation (32.9). Since 7 # 0,
(n|F;|n) = 0. (32.11)

Therefore the expectation value of the dipole moment operator d (eq.
[32.1]) vanishes. This means the perturbation to the energy vanishes to
first order in the electric field. As will be discussed in the next section,
this is a result of the assumption that the unperturbed state is not
degenerate.

In second-order perturbation theory, the energy is given by equation
(30.17):

cx 3
E=E.+ Y. EaEs) aid |m mld I (32.12)
a,f=123 m#n

To avoid confusion with the energy, the components of the electric field
have been written as E,. We can find an interesting interpretation of
this expression by considering the first-order perturbation to the state
vector.

The perturbed state vector to first order in the electric field E is

given by equation (30.15), with V = —E . d. Ignoring the arbitrary
phase factor, the state vector is
|m) (m|d*|n)
ZE > B Ay (32.13)
m#En

The expectation value of the dipole moment observable d in the unper-
turbed state |n) vanishes, by equation (32.11). The expectation value of
d to first order in the electric field E is, with equation (32.13),

n*G X
o9 =~ SE. 5 (o m) mldln)

E,—F
mn " : (32.14)
(n]d*|m)(m|d”|n)
ZE ey W

m#En
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The first term on the right side of this equation is the complex conjugate
of the second, for it will be recalled that

(n|d*|m)* = (m|d*|n), (32.15)

because d* is self-adjoint (eq. [20.25]). Thus, equation (32.14) may be
written in the form

(¥ld°y) = ZE A%, (32.16)

where the polarizability tensor is defined to be

A°® = _2Real 3 {ald*im){m|d’in) (32.17)
m#n Eﬂ. = Em
We obtain the real part of the sum because, by equation (32.15), the
second term on the right-hand side of equation (32.14) is the complex
conjugate of the first term.

As you can check, using equation (32.15), the polarizability tensor
is symmetric, Aog = Aga, and is equal to the symmetric part of the last
factor in equation (32.12) for the energy in second-order perturbation
theory. We see therefore that the leading term in the énergy perturbation
is the quadratic form,

1 B
E=FE,- > E.EgA*?. (32.18)

This is the expression for the energy of a neutral atom in an applied
electric field, with field components E,, in second-order perturbation
theory, when the first-order part, o< (n|d|n), vanishes. The constant
AP is determined by the wave function for the unperturbed atom, by
equation (32.17).

A similar expression for the energy is found in classical physics.
Suppose, in a classical model, the isolated atom has no dipole moment.
The application of an electric field shifts the position of the i*P charged
particle in the atom from the unperturbed equilibrium position by a
distance r{*. To first order, this shift is proportional to the electric field
strength, Eg. Thus the applied electric field induces an electric dipole
moment that we can write as

d*=) qry =) A*Es. (32.19)
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The constant of proportionality, A%?, is the classical polarization tensor
for the atom. The form is the same as the quantum expression in equa-
tion (32.16) for the expectation value of the dipole moment in linear
perturbation theory.

To calculate the energy perturbation in the classical model, con-
sider what happens when we increase the electric field strength by an
infinitesimal amount, E — E + §E. The 7*! particle shifts position by
the amount ér;, the force on the particle is ¢; E, so the work done on it
is 8W; = ¢;E - ér;. The net work done on the atom due to the shifts of
positions of the particles is then

SW =Y 6W; =) gE-br; =) E,bd". (32.20)

Here 6éd is the change in the electric dipole moment. Equation (32.19)
says 6d® = 5. A®P§Eg, so the expression for the work done on the
charges is :
§W =Y A°PE,6E;. (32.21)

Since A°? is constant, we can integrate this equation to get the net work
done on increasing the electric field from zero,

]. C!,'S
W= EZA E.Ej. (32.22)

This is the work done on the springs that hold the charges in place in
this classical model. To get the net change in the energy of the atom, we
have to add the electrostatic potential energy, which is given by equation
(32.1) with equation (32.19) for d:

U=-E-d=-)_ A*E,Es. (32.23)

The total change in energy of the atom due to the application of the
electric field is the sum of the electrostatic energy and the change in
internal energy:

1
- i B
E=W+U-= 3 E A®PEEg. (32.24)

This agrees with equation (32.18). We see that the quantum mechanical
calculation managed to keep track of all this, to give the same form for
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the energy perturbation in terms of the polarization tensor defined in
quantum mechanics by equation (32.16), and in classical mechanics by
equation (32.19).

The effect discussed here is quadratic, that is, at small electric fields
E the energy perturbation varies as the square of E. If the unperturbed
energy eigenstate is degenerate there is a linear stark effect, where the
energy perturbation is proportional to the first power of E at small E,
as discussed next.

33 Degenerate Perturbation Theory

In some of the above examples the unperturbed energy eigenvectors
are degenerate, but we could ignore that because the matrix elements
(n|V|m) between different states with the same energy vanish. If that is
not so, we can arrange it by using linear combinations of the degenerate
states, as follows.

Suppose we start from the unperturbed energy eigenvectors |n,c),
where n labels the eigenvalue F, of H, and c labels the N different
states with the same value of E,. As discussed in sections 13 and 20,
the states can be arranged to be orthogonal,

(n,clm,d) = 6nmbed. (33.1)

An equally good basis would include instead N different linear combina-
tions of these states |n, ¢). The game will be to choose these combinations
so the off-diagonal matrix elements of the perturbation V' vanish in the
new basis.

Write the NV linear combinations of the |n,c} as

In,i) =) Filn,c). (33.2)

The label i has N different values, and the constants F! are the expansion
coefficients for the i*? of these new states, |n,i). The matrix elements of
V' among pairs of these new basis vectors are

(n,i|Vin,j) = > Fi*VeaF3, (33.3)
e,d
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where the matrix elements of V' among the original basis vectors are
Ved = (n, c|V|n, d). (33.4)

Now let us choose the expansion coefficients F! in equation (33.2) to be
the solutions to the matrix eigenvalue equation

> VeaFi = v'FL. (33.5)
d

As discussed in sections 12 and 13, we know these N linear equations,
for ¢ = 1,2,..., N, have N solutions, labeled i, with eigenvalues v*.
Also, the solutions are orthogonal in the sense that, with suitably chosen
normalization,

> F*Fi=8;. (33.6)
c

The proof follows just as in the demonstration in section 13 that dif-
ferent eigenvectors can be chosen to be orthogonal. It follows from this
orthogonality relation that the new set of states in equation (33.2) are
orthogonal,

(n,iln, j) ZF“FJ = 6;j, (33.7)

where the first equation follows from the orthogonality of the original
[n, e} (eq. [33.1]). In the same way, we have from equations (33.3) and
(33.5)

(n,i|Vn, ) = v'6;;. (33.8)

That is, we have made the matrix elements of V' diagonal in the new set
of N degenerate states |n,i), for i = 1 to N (and fixed n, which labels
the common energy of these basis vectors).

Let us check that this solves the problem with vanishing energy
denominators in equation (30.15) for the first-order perturbation to the
wave function and equation (30.17) for the second-order perturbation to
the energy. These were obtained from the first-order part of the energy
eigenvalue equation (30.7). In terms of the |n, i), equation (30.8) is

Vin,i) + Y CmkEmlm, k) = 6E(1)|n,i) + En > Cmk|m, k). (33.9)

m,k
The inner product of this with (n, j| is, with equations (33.7) and (33.8),

6E(1)6:; = (n,j|V|n,i) = v*6;;. (33.10)
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The labels ¢ and j represent two of the N degenerate eigenvectors of H,
in the linear combinations |n,i) (eq. [33.2]). The delta function on the
left follows from the orthogonality of the |n,7). This is consistent with
the delta function on the right, because we have chosen the degenerate
state vectors to diagonalize the matrix elements of V.

We see from equations (33.5) and (33.10) that in first-order pertur-
bation theory the values of the energy perturbation caused by V are the
eigenvalues v' of the matrix elements V4 of the operator V in the set
of degenerate eigenvectors |n,c) with energy E, (eq. [33.4]). If there are
N degenerate eigenvectors |n, ¢) of H,, there are N values of the energy
perturbation v* (some of which may of course be the same).

In the discussion of the quadratic Stark effect, we saw that the ex-
pectation value of the electric dipole moment d vanishes in a state of
definite parity. That is why there is no linear Stark effect, where §FE
proportional to the first power of the electric field strength, in a state
that is not degenerate: the unperturbed energy level has definite parity
so the expectation value of V vanishes. If there are degenerate states
with opposite parity, then we can form linear combinations of even and
odd parity in which the expectation value of d is nonzero, leading to
a linear Stark effect, where the degenerate states are split in energy by
an amount proportional to the electric field (at small E). The classical
analog of the linear Stark effect is the energy in an electric field of an
object with a permanent electric dipole moment.

34 Hyperfine Structure in Atomic Hydrogen

The interaction between the magnetic dipole moments of the atomic
nucleus and the electrons perturbs the energy levels of an atom. Since
the effect is small it is called hyperfine structure. The hyperfine splitting
of the ground state energy of atomic hydrogen is equivalent to a wave-
length of 21.1 cm. This is the famous line used to drive the most stable
atomic clocks, and used in radio astronomy to map out the distribu-
tion and motion (through the Doppler effect) of neutral gas in galaxies,
the bulk of the gas being atomic hydrogen. The computation of the hy-
perfine structure in atomic hydrogen is longwinded; it is presented here
as an example of a complete and fairly detailed but still manageable
computation in quantum mechanics.
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The Hamiltonian

The term in the Hamiltonian that represents the magnetic energy of
interaction of the electron and proton dipole moments is taken from
classical electromagnetism. We will need the multipole expansion of the
field of a charge distribution, as follows.
The electric field at position r of a point charge ¢ placed at position
s is s
E(r) = QW. (34.1)

The Taylor series expansion of this expression in powers of s is

3r(r-s) S)+...,

E(r) = q?% +q (———-— i (34.2)

5 r3
where the dots represent higher powers of s/r. The electric field of a
charge distribution is a sum of expressions of this form, one for each
particle. We can write the sum as

E(r):Q:—3+ (3—"(;;&*%)4-.... (34.3)

Here @ = ) q is the total charge, or the monopole moment, of the
charge distribution. The first term on the right side of equation (34.3) is
the monopole part of the field; it is what is seen at great distance from
the distribution. The first-order correction in the next term is the dipole
field, where the dipole moment of the charge distribution is d = }_ gs,
as in equation (32.1). The next term in the expansion is the quadrupole
field, which is of order s2, and decays with distance r from the charge
distribution as r=4.

The static magnetic field produced by a localized steady current
source has to have the same multipole expansion outside the region of
the currents, because E and B satisfy the same differential equations in
the region outside the sources. However, there are no (known) magnetic
monopoles, so the leading term in the expansion of B is the dipole field
in equation (34.3), with the magnetic dipole moment j replacing the
electric dipole moment d.

The magnetic field of a proton is a pure dipole field with moment

—

ki (- i)
r(r- fip) _ fp
B=— 5% (34.4)
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The energy of the electron magnetic moment in this field is (eq. [23.9])

— —

fie - fp _ 3(fe 1) (fp-T)
e‘rg E— 7‘5 z 1 (34'5)

V:_ﬁe‘B:

where fi. is the electron magnetic dipole moment, and r is the separation
between the electron and proton. It will be noted that this expression is
symmetric in the electron and proton variables.

We will use the classical equation (34.5) for V" as a guide to writing
down the Hamiltonian for a hydrogen atom. The observables for the
atom are the three components of the position, momentum, and spin of
the electron and proton: r., Pe, Se; I'p, Pp, and s,. These observables
satisfy the usual commutation relations,

[T?,PE] = ihéag,
8%, 8¥] = ihs?, (34.6)

[re, 98] =0,

and so on. As discussed in section 23 (eq. [23.11]), the proton and elec-
tron magnetic dipole moments are

= 9o

Hp = Sp, gp =95.59...,
’ 23’?2 (34.7)
#E:—mse, 9922.002....

The electron and proton masses have been written as M. and M, to
avoid confusion with the spin quantum numbers. It will be noted that
the charge e is positive. The magnetic moment of the negatively charged
electron is antiparallel to the spin, and the magnetic moment of the
positively charged proton is parallel to the spin.

The Hamiltonian for a hydrogen atom is

H=H,+V, (34.8)

where

2 2
pe €
2M, |rp—r,

2

P

H,= =L
¢ 2Mp+

(34.9)
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represents the kinetic and electrostatic energies of the particles. The
magnetic energy of interaction of the dipole moments is, following equa-
tion (34.5) with the magnetic moments in equation (34.7),

Vo _9e90€ [3(se-r)(8p'r)_se-sp]‘

= . e (34.10)

withr =r, — .

The computation of the eigenstates of H, is discussed in sections 6
and 18. As shown in section 12, the computation is reduced to a one-
body problem by changing the position variables from r. and r, to
center of mass coordinates and the relative coordinates r = r. — rp.
This makes H, a sum of two terms, H, = K + H;, with K representing
the kinetic energy of translation of the atom. The Hamiltonian for the
internal energy is

P2 2
H;,=H;+V, H=-—-—. 4.11
i 1+ 1= " 7 (3 )
Here M is the reduced mass (eq. [12.17]), and p is the momentum conju-
gate to the relative position observable r. We will start with an eigenstate
of the Hamiltonian H;, and compute the effect of the spin-spin coupling
V in equation (34.10) in linear perturbation theory.

Perturbation Calculation

The first step is to introduce a basis to represent state vectors. This is
done by a straightforward extension of the discussion in section 23 for a
single particle with spin. Convenient basis vectors are

Ir, me, mp). (34.12)

These are simultaneous eigenstates of the three components of relative
position and the z components of the electron and proton spins, with
me = +1/2 and mp, = £1/2. The position observables have continuous
eigenvalues, so the normalization is

(r, me, mp|r’, Mg, mp) = 6(r — r')6m, m! bmy,me» (34.13)

and the corresponding completeness relation is

1= Z d*r Ir, Me, Mp) (T, Me, My, (34.14)

MeMp
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as in equations (20.53) and (20.58).
The representation of the state vector [¢) in the basis (34.12) is

w(r)mc,mp = (l‘, Me, mplw) (34‘15}

This is a function of the three continuous variables r = z,y, z and of the
discrete variables m, and m,. The representation of the energy eigen-
value equation

H\|¢Y) = Ely), (34.16)

where H, is the Hamiltonian (34.11), is the inner product of both sides
of this equation with the dual vector (r,m.,mp|. As in section 22, this
yields the differential equation

ﬁ,2

T 2m

2
V2 — ?T_w = Ev, (34.17)

where 1) is the wave function in equation (34.15).
Since m. and m,, do not appear in the differential equation (34.17),
we can write the solutions in the form

Y = P(r)Xmemy» (34.18)

where the spin wave function X.»,m, is an arbitrary function of the two
discrete variables m,. and m,. Because Xm.m, has four possible sets of
values of the arguments (for m.,m, = +1/2), there are four linearly
independent choices for this function. As discussed in section 25, these
can be taken to be the triplet of states with total spin 1 and the singlet
spin zero state (eq. [25.19]). We will see that the spin-spin coupling
term V (eq. [34.10]) produces an energy difference between the singlet
and triplet states.

We are interested in the ground state eigenfunction of H;. The
ground state wave function was obtained in section 6 (egs. [6.21], [6.23],
[18.34]); the normalized wave function is

e-—r/a,_,
where the Bohr radius is 5
h
Gy = (34.20)

Me2’
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In first-order perturbation theory we must evaluate the expectation
value of V' in the eigenstates of H;. The method of computation of the
matrix elements of a product of operators such as appears in equation
(34.10) for V was discussed in section 20. In a discrete basis |m), the
matrix element of an operator product V = AB of two operators, A and
B, between states |¢) and |¢) is

(®IVIg) = (W|ABIg) = D (¥lm)(m|Aln)(n|Blp)(pl¢),  (34.21)

mnp

where the completeness relation Y |n)(n| = 1 has been used three times.
For a continuous eigenvalue, the sum is replaced with an integral, as dis-
cussed in equation (20.57). The basis vectors here are the |r,me,mp)
in equation (34.12), with the completeness relation in equation (34.14).
The matrix elements of the components of the spin operators are the
Pauli spin matrices that were worked out in section 24; the only differ-
ence here is that we have extra eigenvalues that have to match on either
side of a matrix element such as equation (34.22) below. (It is left as an
exercise to explain why.) We have for example

h
(r,me, mp|sg|r’,me, my) = Eaf‘nem;&(r ~')0m,ms, (34.22)
where the Pauli spin matrices ¢, are given in equation (24.20). Simi-
larly, the matrix element of a function f(f) of the position observable ¥
is

(r, me, my|f()|r', my, m;) = f(r)é(r - rf)é‘mgm;‘smpm;,- (34.23)

We need the matrix elements of the perturbation V in equation
(34.10) between eigenstates of H;. As in equation (34.21), the game
is to insert the completeness relation in equation (34.14) between each
factor in the matrix element. The two ends yield the wave function
(egs. [34.15] and [34.18]) and its complex conjugate. In between we have
factors like equation (34.22). After eliminating the sums over Kronecker
delta functions and integrals over Dirac delta functions, we get

9egpe? 812 4 o s
(V)= T A Y- TX'oCopx- (34.24)
ed¥lp af
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The indices a and # are summed from 1 to 3, representing the dot
products in equation (34.10). The integral over relative position r is

o 8 a3
196 — / d3r [o(r)[? P L ‘1—3] (34.25)

T

with 1o(r) given by equation (34.19). The last factor xl‘ogof x in equa-
tion (34.24) is the matrix product of the spin wave function y in equation
(34.18) and its Hermitian adjoint with Pauli spin matrices:

Xrg‘e’afx = Z x&cmpafncméof‘pm;xm;m;. (34.26)

e T, My,

This comes from the matrix elements of the spin operators (eq. [34.22]).
Now we have to work out the integral 7*? in equation (34.25), and the
sums over spin quantum numbers in equation (34.26).

The integral has an interesting property. Since the wave function
1o in the integrand is spherically symmetric, the integral cannot be
affected by a rotation of the coordinate system. The only tensor with
this property is the Kroneker delta function, so the integral must be of
the form 1% = [§°P. (For another way to see this, note that the angle
integral at fixed radius makes I*# vanish when a # 3, and that the angle
integrals of 22, 32, and 2? are the same.) To compute the quantity I, we
might be tempted to set @ = § in equation (34.25) and then sum over
a. But when we do that we see that the integrand vanishes everywhere
except at r = 0, where it diverges. This does show that the only place
where the value of ¢p(r) can matter is at r = 0, so we can write

17 = [ (0) 2T,

5 op (34.27)
Jaa:/d% [3*'_*'_5 }

5 r3

A safe strategy in evaluating this integral is to write the magnetic
field of the proton in a way that approximates the dipole form in equation
(34.4) everywhere save near r — 0, where the approximation rounds off
to a nonsingular value. We will evaluate the integral for this nonsingular
field, and then take the limit as the field approaches a pure dipole.

The magnetic field is the curl of a vector potential, A (eq. [19.14]).
A potential for the dipole field in equation (34.4) is

A= f, crfrd. (34.28)
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The trick in evaluating the curl of this cross product, to get the magnetic
field, is to use the standard vector identity for a double cross product,
being careful not to change orders of differentiation, as in equations (2.7)
and (2.8). That gives

B =V x (i, xr/r®) = [,V - (x/r3) = (@, - V)r/r3. (34.29)

The divergence of r/r® vanishes at r # 0, because this is the field of
a point charge. On differentiating out the last term, one arrives at the
dipole expression in equation (34.4). That is, this is a vector potential
for the dipole magnetic field.

Now let us replace the vector potential with the form

A=, scrf(r), (34.30)

where f(r) = 1/r® at large r, and f(r) rolls over to a finite value at
r — 0. Then on repeating the above calculation, one finds that the
magnetic field of this potential is

B =i, (2f+r%) _pltE (34.31)

r dr

This changes the expression for the magnetic energy of interaction of
the electron and proton magnetic moments in equation (34.10) to

_ 9e9p€> [ (se-r)(sp-r)df df
e 4Mp;fec2 {: r : dr 8.8 (2f+?‘a)} . (34.32)

The integral in equation (34.27) becomes
A d
J‘*‘B~/d3 [—T ra -+ bag (2f+r%)]. (34.33)

One readily checks that when f = 1/r3 this is the same as equation
(34.27).

Let us evaluate this integral in polar coordinates. The integral over
angles makes the factor 7% vanish when o # 3, and when o =  the
value of (r®)? averaged over angles is 72/3. That brings equation (34.33)
to the form

2r df ]

3 dr

o0
JoP = 47é,s / r2dr [2f+ (34.34)
0
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The final step is to note that we can rearrange the integrand to make it
a total derivative:

8 o0
P ?ﬂ czﬁ] [3r2f+r3 f]

Since f = 1/r3 at large r and f is finite at 7 — 0, the integral is unity
at the upper limit and vanishes at the lower limit. We have then

(34.35)

JoB = 8%5(,)@. (34.36)

Since this expression is independent of f (as long as f = 1/r3 at large
r), it is the wanted value for the integral in the limit of a pure dipole
field.

With this result in equation (34.27), the expectation value of the
magnetic energy in equation (34.24) is

2

?_37_ Jeldp€ 2@__ ts =
V)= BB 0P hxs gx. (343D

The trick in evaluating the spin matrix product in equations (34.37)
and (34.26) is to recall that, to apply first-order perturbation theory,
we must choose the eigenstates of H; so that the matrix elements of V'
between degenerate eigenstates are diagonal (eq. [33.10]). We saw how

to do this in the present case in section 25 (eqs. [25.23] and [25.27]).
Introduce the total spin operator,

§ =8, +85,. (34.38)

On squaring this sum and rearranging, we have

1
BurBp= 5(32 - 82— 8. (34.39)
Since §? commutes with H; (because H; does not contain §, or §,), we

can take the eigenstates of H; to be simultaneous eigenstates of the total
spin 42 and of the z component §,. It will be recalled from section 25
that the eigenvalues of §2 are hzs(s + 1), with s = 0 and 1, representing
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the singlet and triplet states (25.19). We see from equation (34.39) that
the spin wave function x(s,m)m, m, for the ground state wave functions
in the hydrogen atom (eq. [34.18]) belonging to a state with total spin
s and z component m satisfies

2
%&'E -Gp x(s,m) = %hz(s2 + 8 —3/2) x(s,m). (34.40)
(Recall that we are representing the spin observable §, as hd, /2, where
the o, are the Pauli spin matrices, so the matrix on the left side of
this equation is the representation of s, - §,. Also, since the electron and
proton have spin 1/2, §2 = 2 = 3h%/4.)

Equation (34.40) says x(s, m) is an eigenvector of . -7,. That means
the matrix product x'd. - 5px in equation (34.37) vanishes unless the
quantum numbers s and m in x are the same on the left and the right,
that is, the matrix elements of V' between states with the same unper-
turbed energy are diagonal. The diagonal matrix elements (those with
the same s and m) are the values of the first-order perturbation to the
energy.

Collecting equations (34.19) and (34.20) for ¥(0), and equations
(34.37) and (34.40) for (V), we find that the first-order perturbation
to the ground state energy in atomic hydrogen due to the interaction
between the electron and proton magnetic dipole moments is

e M?
6E, = (V) = %(f +5—3/2). (34.41)
The reduced mass has been approximated as M = M,.

For the three terms in the triplet state, with s = 1, the last factor
in equation (34.41) is 1/2, and for the singlet state with s = 0 the
factor is —3/2. This means the value of the energy perturbation averaged
over the four initially degenerate states vanishes: the magnetic spin-spin
interaction pushes the three triplet states up, and the one singlet state
down three times as far.

The difference between triplet and singlet state energies can be writ-
ten as

0E; — 6Eg = 2mwhv. (34.42)

This gives the frequency v of the radiation emitted in the decay from the
excited triplet state to the ground singlet state, as discussed in section
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3 and in section 37 below. From equation (34.41), the frequency is

8ar2
L — 9edpe"M¢

= & 34.43
37 M,c2h® (34.43)

As in section 9, we can simplify this expression by introducing convenient
physical constants. The fine-structure constant is

ol s (34.44)
 he  137.04° ’
and the Compton wavelength of the electron is
A= L =3.86 x 1071 em (34.45)
e Mec " - il
With these expressions equation (34.43) becomes
4 M,
v = 9eIp® Ve € (34.46)

3t M,

With equation (34.7) for the gyromagnetic ratios, we get v = 1420 MHz,
corresponding to wavelength A = ¢/v = 21 em.

The ratio of the energy difference between the singlet and triplet
states in equation (34.41) to the binding energy B of the electron in the
hydrogen atom (eq. [6.24]) is

0E, —6Ey 4 M, 5

5 =311, Gegpa”. (34.47)
This is a product of the small numbers a? = 1/137? and M,/M, =
1/2000. That is, the energy shift due to the interaction of the electron
and proton magnetic moments is a very small perturbation to the net
energy of the atom.

35 Time-Dependent Perturbation Theory

The formalism that has been developed so far successfully predicts the
energy levels of an isolated atom, but it says an isolated atom in an ex-
cited state stays there indefinitely, which certainly is not right: the atom
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decays with the emission of one or more photons. The problem is that we
have not used a quantum mechanical description of the electromagnetic
field. The way this is done is described in this and the following two
sections. The first step is to consider the behavior of an atom placed in
a given classical electromagnetic field that is oscillating with time at a
definite frequency. We will see that the atom is induced to make tran-
sitions between what would be the stationary energy levels if it were
isolated. Because this electromagnetic field acts like a simple harmonic
oscillator, we can use the quantum mechanics of an oscillator to find the
spontaneous transition rate in the absence of the applied field.

Perturbation Expansion

Consider a Hamiltonian of the form
H=H,+V(t). (35.1)

The time-independent operator H, represents an isolated system, and
V(t) can represent the effect of an applied time varying field, such as
electromagnetic radiation. Since this latter part of the Hamiltonian can
be a function of time, we must consider here solutions to Schrédinger’s
time-dependent equation.

Suppose the eigenvectors of H, are discrete and normalized,

H,|n) = Eq|n), {n|m) = énm. (35.2)

Because H, is independent of time, the vectors |n) and energies E,
are independent of time. The solution to Schriédinger’s time-dependent
equation for the isolated system,

L OlY) _
th—5= = Holy, (35.3)
can be written as an expansion in this basis,
) = eqlnje Entl, (35.4)

where the expansion coefficients ¢,, are independent of time,
We are interested in solutions to Schrodinger’s equation for the full
Hamiltonian in equation (35.1),
. 09)

29— (1, + vi)ie), (35.5)
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Since the eigenstates |n) of H, are a complete set, we can express a
solution to this equation as a linear combination of the |n). Following
equation (35.4), let us write this expansion in the form

|6} = ealt)In)e~Ent/R, (35.6)

In the limit V' — 0 the ¢, are constants, as in equation (35.4), but in
general the ¢, are functions of time. Equation (35.6) in Schrodinger’s
equation (35.5) is

Z(@n%‘; + Encp)e  Ent/Mn) = Y (B, + V(t))cae™ERn). (35.7)
mn

n

On taking the inner product of this expression with the dual basis vector
(m|, using the orthogonality condition (m|n) = 6m,, and rearranging,

we get
. dem

ih—r = > (m|Vn)cn(t)eiEm—Ent/R, (35.8)

n
This set of coupled differential equations determines the expansion co-
efficients ¢, (t) in the expression (35.6) for the state vector.

Suppose that, at time ¢ = 0, the system is in the eigenstate |i) of
H,. This means the initial conditions at ¢t = 0 are that ¢; = 1 and all the
other coefficients vanish. Then if ¢ is positive but small enough we can
set the ¢, in the right-hand side of equation (35.8) equal to their initial
values, to get the first approximation to the expansion coefficients cy,

"h% = (fIV1]i)elBr=Ft/R, (35.9)

If f #1, cg(0) =0, so the solution to equation (35.9) is

: t

cs(t) = f% ] dt(f|V|i)eiBr =Bt/ (35.10)
for f # i. This is the wanted expression for the expansion coefficients in
equation (35.6) in first-order time-dependent perturbation theory. These

coefficients are determined by the transition matrix elements (f|V|i).
It will be noted that the operator V need not be a function of time. If
V is constant, the time-independent perturbation theory in the preceding
sections gives approximations to the eigenstates and eigenvectors of H,+
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V, while equation (35.10) in equation (35.6) gives the time evolution
of the state vector from the initial condition |¢) = |n), which is an
eigenstate of H,, not H, + V.

In second order time-dependent perturbation theory, one substitutes
the expression (35.10) for the coefficients c(t) back into the right-hand
side of equation (35.8), and then one integrates the equation to get an
expression for the amplitudes c¢(t) that contains terms with products of
two matrix elements (n|V|m). On iterating this procedure, one develops
an expression for the amplitudes as a power series in the matrix elements
of V.

As we will now discuss, the probability amplitude for finding that
the system at time ¢ is in the eigenstate |f) of H, is (f|¢) = c;(t), and
the square |cs(t)|? is the probability of finding that V has induced a
transition from the initial eigenstate |i) of H, to the final eigenstate |f)
at time t.

Transition Probabilities

Suppose the time-dependent perturbing term in equation (35.1) is an
oscillating function of time,

V(t) = V, cos(wt). (35.11)

The amplitude V, is a constant operator, and w is the real constant

frequency of oscillation of the perturbation V(). On using coswt =

(et + =) /2 and writing the energy difference between the eigen-
states |i) and |f) of H, as

E; — E; = hw,, (35.12)

we see that the first-order perturbation solution in equation (35.10) is

wetw)t _ (wo—w)t _
2 Ly & 1] (35.13)

Wo +w Wo — W

When the applied frequency w in V(t) is close to the resonant fre-
quency w, defined in equation (35.12), the term with the small denom-
inator in equation (35.13) dominates. Thus if w, > 0, which means
Es > E; so the atom gains energy, and if w is close to resonance, w ~ w,
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we can approximate equation (35.13) by keeping only the term with the
small denominator (w, — w):

ei(wo —w)t _ 1

er(0) = —5p Vel ———. (35.14)

o

If instead Ey < E;, so w, < 0 and the atom loses energy to the field,
equation (35.13) is dominated by the other term, with w ~ —w, (if we
adopt the rule that w in eq. [35.11] is positive).

By the rules of quantum mechanics, the probability that the atom
is found to be in the state |f) at time t is Py = |(f|$}|* = |cy(t)]?. On
squaring equation (35.14), and using the identity

e —1|* = 2(1 — cos 6) = 4sin?6/2, (35.15)

we get

_ K IVoli)? sin®[(w — wo)t/2]

£ K2 (w — wo)?

(35.16)

This is the first-order perturbation theory approximation to the prob-
ability for finding that a near resonance perturbation has induced a
transition. The initial state vector at time ¢ = 0 is the eigenstate |¢) of
H,, and Py is the probability that a measurement of H, at time ¢ reveals
that the system is in the eigenstate |f).

The function of w, — w in equation (35.16) has width éw ~ 1/t at
time t. This says the probability of inducing a transition by applying the
oscillating field for a time interval ¢ is about independent of the choice
of applied frequency w if w differs from the resonance frequency w, by
no more than about 1/t. In the picture developed below, one thinks
of the oscillating electromagnetic field as a sea of photons with energy
hw. The absorption of one of these photons promotes the energy of the
system from F; to Ey = E; + hw,. Equation (35.16) says the absorption
probability in the time interval ¢ is relatively high if the photon energy
differs from the energy difference between initial and final states of the
system by no more than § E ~ héw ~ h/t. This relation between the time
interval and energy uncertainty, t6 E ~ h, is similar in appearance to the
uncertainty principle relating position and momentum (eq. [10.50]).
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36 Induced Transitions between the Hyperfine Levels in
Atomic Hydrogen

In the example to be considered here, a hydrogen atom is placed in
electromagnetic radiation with frequency w that is close to the resonance
for the hyperfine transition. This means the wavelength A = 2w¢/w of
the radiation is about 21 cm. Since this wavelength is very much larger
than the size of the atom, we can take it that the atom has been placed
in a homogeneous magnetic field that is oscillating with amplitude B,
and frequency w:

B = B,écoswt. (36.1)

-

The constant unit vector € (with |€] = 1) defines the polarization of
the radiation field. It will be recalled that € is perpendicular to the
propagation vector of the electromagnetic wave, as discussed in section
2 (eq. [2.13]).

The important part of the perturbation to the atom is the coupling
of the magnetic field to the magnetic dipole moment of the electron. (We
can ignore the smaller coupling to the magnetic dipole moment of the
proton, because the much larger mass makes the proton magnetic mo-
ment much smaller.) As discussed in section 23, this magnetic coupling
to the electron magnetic moment is (eq. [23.11])

= —ji- — ge .
V{t)=~-B=grs.-B, (36.2)

where s, is the electron spin vector operator and M, is the electron
mass. With equation (36.1) this is

V(t) = 2—1%?—&30 Se - € coswt. (36.3)
e

Then the transition probability in equation (35.16) becomes

2 .9
3 gz [ 98Bo 7 sin®(w — w,)t/2
Py = [(flse - €]3)] (2 Mech) - (36.4)
Now we have to evaluate the matrix element in this equation. Let
the polarization vector € be placed in the z — z plane and tilted at angle

0 to the z axis, so
Se € =5, cos0 + s;sinb. (36.5)
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Suppose the atom initially is in the ground singlet state, and consider
the probability of excitation to the triplet state with m = 1. The initial
and final states are

: 1
i) = 10,0) = 571+ =) = | = +)),
) =1L,1) = |++)

(36.6)

As in equation (25.19), the arguments in the ket vectors |0,0) and |1, 1)
are the total spin quantum number s = 0,1 and the quantum number
m for the z component of the total spin, and the vectors |m.,m,) are
eigenvectors of the z components of the electron and proton spins.

The matrix element (f|s.(e)|i) of the z component of the electron
spin between the initial and final states in equation (36.6) vanishes be-
cause i) and |f) are orthogonal and |f) is an eigenvector of s,(e). The
matrix element of the operator s.(e) is readily evaluated by using the
Pauli spin matrices (eq. [24.20]):

(Flos @) = g+ + loale)l =+ =~z (367)

Then with equation (36.5), the transition probability (36.4) is

_ (geBo)? sin’(w —wolt/2

Py = BOLSF (o —w)? 0 6. (36.8)

This is the probability in first-order perturbation theory for the excita-
tion from the ground singlet state of the atom to the triplet state with
m = 1 by an applied magnetic field that oscillates at frequency w with
amplitude B,. The magnetic field is tilted at angle # to the z axis.

The angular dependence of the transition probability in equation
(36.8) is worth noting. If # = 0 the perturbing magnetic field B(t) is
parallel to the z axis, so the system is invariant under rotations around
this axis, and the z component of angular momentum is conserved. Since
|i) and |f) have different z components of total spin, Py in equation
(36.8) has to vanish when § = 0. The probability for a transition in
which m changes by unity is largest when B is perpendicular to the z
axis, 8 = /2.

It is also interesting to consider a circularly polarized electromag-
netic wave. This means the magnitude B, of the magnetic field at the
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position of the atom is constant, while the direction € of the field rotates
in a circle (normal to the propagation vector) at constant frequency w.
In a right-hand circular polarized wave propagating along the +2z axis,
the magnetic field at a fixed position is

B(t) = B,(icoswt + jsinwt), (36.9)

where i and j are unit vectors along the r and y axes. With the usual
Pauli spin matrices, a calculation like the one that led from equation
(36.4) to (36.8) shows that the matrix elements between the singlet
ground state and the triplet states are

_ Bohe-z'wt
23/2 !

(1,1/s-B|0,0) =

(1,0ls - B|0,0) =0, (36.10)

B,k .,
(1,—-1|s-B|0,0) = 5373¢ &

The matrix element (f|V|i) o< (1, 1[s-B |0, 0) in the first of equations
(36.10) has only a positive frequency term, oc e ~***, while in the previous
examples where the potential varies with time as

V o coswt ox et et (36.11)

the matrix elements have both positive and negative frequencies. (From
the convention that a state with positive energy E varies with time as
e tEt/h one says that e~ ™ with w > 0 has positive frequency, while et
has negative frequency.) This means the two terms in equation (35.13)
are replaced here with only one term, which in the first of equations
(36.10) is proportional to

ei(wg —w)t _ 1

; (36.12)

Wo — W

with fw, = Ey — E;. In the transition from singlet to triplet states the
atom absorbs energy from the field, Ey > E;, so wp > 0. Thus, if w
is close to the resonance frequency, w ~ w,, an appreciable transition
probability develops with increasing time.
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In the third of the matrix elements in equations (36.10), the transi-
tion probability amplitude is proportional to
o
=g (36.13)
wo +w
Since w, > 0 for the transition from singlet to triplet states, there is no
resonance: the amplitude cs(#) just oscillates with increasing time. That
means the right-hand circular polarized wave in equation (36.9) has neg-
ligible probability for excitation from the singlet state to the triplet state
with m = —1 (or to the triplet state with m = 0, as we see from the
second of the matrix elements in eq. [36.10]). In the picture to be dis-
cussed next this is because right-hand circular polarized electromagnetic
radiation consists of photons with spin 1 and z component of spin equal
to +h, parallel to the direction of propagation of the radiation. By con-
servation of the 2z component of angular momentum, the absorption of a
photon with spin +h along the z axis can only promote the singlet state
of the atom to a triplet state with m = +1, corresponding to a gain of
angular momentum +h along the z axis. This is the allowed transition
in the first line of equation (36.10).

37 Spontaneous Transitions between the Hyperfine Levels in
Atomic Hydrogen

Electromagnetic Radiation as a Collection of Simple Harmonic
Oscillators

Now we are ready to discuss the quantum treatment of the electromag-
netic radiation field. As in section 2, it is convenient here to suppose
the universe is periodic in a volume V, = L3, so we can represent the
electromagnetic field as a Fourier sum rather than integral. A mode of
oscillation, or term in this Fourier sum, is specified by its propagation
vector,

k=2mn/L, (37.1)

where n = n,,ny,n. is a triplet of integers, and by the constant polar-
ization vector, €, for the magnetic field. Since € is perpendicular to k,
there are two linearly independent modes for a given k, corresponding
to the two constant vectors €; and €, we can choose to be orthogonal to
k and to each other.
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In the classical picture of electromagnetic radiation, the magnetic
field of a given mode of oscillation evaluated at a fixed position in space
varies with time as

B = €B, cos(wt + ¢), (37.2)

where the angular frequency is w = ke, and B, and ¢ are the real con-
stant amplitude and phase. Since the mode acts like a simple harmonic
oscillator, let us quantize it according to the rules for a simple harmonic
oscillator. This will lead us to replace the magnetic field in equation
(37.2) with the field operator in equation (37.18) below.

As discussed in section 6, the position observable corresponding to
the displacement from equilibrium in a one-dimensional simple harmonic
oscillator is (eq. [6.34])

2o a+a*, (37.3)

where a is the lowering operator and the adjoint, af, is the raising oper-
ator for the energy eigenvectors of the oscillator. The Hamiltonian (eq.
[6.37]) is

H=a'a+ hw/2. (37.4)

The raising and lowering operators satisfy the commutation relation (eq.
[6.39])
[a,a'] = hw. (37.5)

In quantum field theory, it is conventional to eliminate the factor
hw from the commutation relation by setting a = (hw)*/2b. Then the
operator b satisfies

bd]=1, H=hw(bb+1/2). (37.6)

It also is conventional to go to a Heisenberg representation for the
time evolution of the operator we are going to introduce to represent the
magnetic field. It will be recalled that in the Schrédinger representation
we have been using, the evolution of a system is expressed by the time
dependence of the state vector, through Schrodinger’s equation, while
observables like angular momentum and the potential energy V' are con-
stant (in the absence of a time-variable applied field of the sort discussed
in the last two sections). As discussed in section 14 (eq. [14.30]), the
Heisenberg representation is obtained by a unitary transformation from
the Schrodinger representation that makes the state vectors independent



Perturbation Theory 293

of time, and the observables time-dependent, in such a way that the ma-
trix elements (¥|Q|¢) are the same in the two representations. In the
Heisenberg representation, the time evolution of the operator b is (eq.
[14.31))

z'h—(dfg = [b, H]. (37.7)
With equations (37.6), this is
z’h% = hw(b, b'b] = hwb. (37.8)
The solution to this differential equation is
b(t) = ce™ ™, bi(t) = clett. (37.9)

The constant of integration is the constant operator, ¢. The second equa-
tion follows from the usual rules for the adjoint of an operator.

Finally, it is the standard convention to write the constant operator
as a instead of ¢. This brings equations (37.3) and (37.6) to

&= K(ae ™ +ale™?),
(37.10)
[a,al] =1, H =tw(aa +1/2).

This is the wanted form for the operator Z that represents the magnetic
field in a chosen mode of oscillation of the electromagnetic field. The time
dependence of the operator can be compared to the time dependence of
the classical expression for the magnetic field in equation (37.2). We will
get the real normalizing constant K by demanding consistency with the
classical limit, where the fields satisfy Maxwell’s equations.

To compute in time-dependent perturbation theory, we will need
the matrix elements of the operators a and a! between eigenvectors of
the oscillator Hamiltonian H. Since the operator a lowers the energy, we
know the ground state |0) for the simple harmonic oscillator satisfies

al0) =0, (37.11)

as in equation (6.48), for otherwise |0) would not be the state of lowest
energy. The first excited state is found by applying the raising operator
to the ground state:

11) = a'|0). (37.12)
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The normalized n'" excited state is

1
In) = Gy (@hIo) (37.13)
To understand the normalizing constant, you are invited to check that
the commutation relation in equation (37.10) implies

[a, (@a")"] = n(a")™ 1, (37.14)
and to show from this and equation (37.11) that
(0la™(a™)™|0) = nl. (37.15)

This means the state in equation (37.13) is normalized, (n|n) = 1.
You can use the same method to see that the only nonzero matrix
elements of a and a' are of the form

(n — 1laln) = n'/?, (n+1lat|n) = (n +1)V2. (37.16)

This means the nonzero matrix elements of the observable & in equation
(37.10) between energy eigenstates are

(n —1|&|n) = n'/2Ke ™",
(37.17)
(n+1|&|n) = (n + 1)V2Ke“",

all others vanishing. These matrix elements will be used to get the re-
lation between the excitation and decay rates of an atom in an electro-
magnetic field (egs. [37.28] and [37.29] below).

Returning to the electromagnetic radiation field, we noted above
that each mode of oscillation of the field can be labeled by its propagation
vector, k, along with an index e = 1,2 to represent the two orthogonal
choices of the polarization vector € normal to k. Because each mode is a
simple harmonic oscillator, quantum theory replaces the field strength
in the mode with an operator constructed out of the raising and lowering
operators ak . and aLa, as in equation (37.10). That is, quantum field
theory replaces the classical magnetic field in the mode (eq. [37.2]) with
a field operator,

B, cos(wt + @) — Ky olax o™ + aL ey, (37.18)

M
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The frequency is related to the propagation vector by the usual expres-
sion,
w = ke. (37.19)

As noted above, the constant of proportionality, Ky o, will be fixed by
demanding that this quantum expression have the right classical limit.
The index (k, @) in the constant of proportionality and the raising and
lowering operators in equation (37.18) indicates that these objects refer
to a particular mode, with propagation vector k and polarization vector
€~- To get the full magnetic field operator, we would introduce the space
dependence of the magnetic field, x ¢*, and then sum over modes. The
space dependence is not needed because in the example to be worked
here the wavelength is very long compared to the size of the atom.

The vector (GLQ)"W) in equation (37.13) is an eigenvector of the
energy operator (37.11) for the mode:

Hya(a 4)"10) = hwi(al sax.q +1/2)(a) ,)"[0)

(37.20)
= (n+ 1/2)hwi(af ,)"[0).

The last line follows from the algebra in equation (37.14), or more sim-
ply by recalling that aLa raises the energy by the amount hwy. The fact
that the energy in the mode can only change by integral multiples of
hwy agrees with the phenomena discussed in sections 2 and 3, that in-
dicate the energy in electromagnetic radiation is quantized in units fwy
that act as particles, photons. Thus a;r(,a is called the creation operator
for photons in the mode labeled by k and «, the photon annihilation
operator is ak q, and (-:111;,0“}"’"IO)/(?@!)”2 is a state containing n photons
in the mode k, . Equation (37.18) is the expression for the magnetic
field observable for the mode in terms of these creation and annihilation

operators.

Induced and Spontaneous Decay

Equation (36.3) gives the magnetic coupling to the hyperfine spin states
of a hydrogen atom in terms of the classical expression for the magnetic
field. Quantum theory replaces the classical magnetic field of a mode of
oscillation of the radiation with the field operator in equation (37.18).
The net radiation field is the sum over all modes of oscillation, so the
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coupling must be summed over all mode labels k, . This gives

V=  Eica Kica(ax,ae™ ™ + af ). (37.21)

The frequency is w = k¢ in the mode with propagation vector k.

Now let us compute transition probabilities using this interaction
term. Suppose a hydrogen atom initially is in the singlet ground state
s = 0, and consider the probability that at a later time ¢t it is found
to be in a specific one of the excited triplet s = 1 states. In first-order
perturbation theory, this probability is proportional to the square of the
matrix element between initial and final states |i) and |f). The state
|#) is labeled by the quantum number s = 0 for the initial state of the
atom, and by the photon numbers for each mode of the electromagnetic
field. Since each term in the interaction potential V in equation (37.21)
contains a raising or lowering operator, we see that in first-order pertur-
bation theory the probability amplitude is nonzero only if there is unit
difference between the photon numbers of just one of the modes in the
initial and final states. Let us consider the transition probability ampli-
tude in the case that the number of photons in the specific mode k, a
has changed from n to n — 1, the numbers of photons in all other modes
being the same in initial and final states. The change n — n — 1 means
the energy in the electromagnetic field has decreased by the amount
hwy -

Leaving out the photon numbers for all the unaffected modes, the
initial and final states can be written as

i) = ls,n),

(37.22)
If)=It,n—1).

Here s and t stand for specific singlet and triplet states of the atom, and
n is the number of photons in the particular mode that loses a photon.
The matrix element of the interaction term (37.21) between these initial
and final states is

(f|V| ) (se) ts fk oKy anlﬂ R (3723)

2M

In the sum over modes in equation (37.21), the only term that survives
with nonzero matrix element between the initial and final states in equa-
tion (37.22) is the one containing the annihilation operator ax o for the
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mode (k, ), for it is this operator that connects the photon numbers
in the initial and final states. The factor n'/2 is the matrix element of
the annihilation operator, as in equation (37.16). The annihilation op-
erator in equation (37.21) is multiplied by the positive frequency factor
e~ % If the photon number had increased from n in the initial state to
n+1 in the final state, the nonzero matrix element would have had neg-
ative frequency from the creation operator in equation (37.21). Finally,
the factor (s.):s in equation (37.23) represents the matrix elements of
the three components of the electron spin operator between the initial
singlet and final triplet state of the atom.

In linear perturbation theory, the probability amplitude cs(t) for the
final state |f) is given by equation (35.10). In the present example, we
have

Ldey o\ i(Ef—E)t/h
ih—L = (f|V]i)e W
= 239; c(s)“ _gk'QKk,anlfzei(Ee—Es—ﬁw}t/ﬁ‘
e

In the second line, E; has been written as the initial singlet state energy
E,, and Ey as the final triplet energy FE;.

As discussed in section 35, the probability amplitude cs(t) can only
grow to an appreciable value if the argument of the exponential is close
to zero, which means here that

E, — E, ~ hw. (37.25)

This just means the annihilation of a photon with frequency w is ac-
companied by an energy increase fuww in the system that absorbed the
photon.

It is easy to see that the increase in energy of the system, from
singlet to triplet, has to be accompanied by annihilation rather than
creation of a photon. If instead of the transition in equation (37.22) we
had considered the transition from singlet to triplet with the production
of a photon, |i) = |s,n) — |f) = |t,n + 1), the creation operator in
equation (37.21) would have been needed for a nonzero matrix element.
That would have given the matrix element (37.23) a negative frequency,
so equation (37.24) for dcy /dt would be proportional to ei(Ft—Es+hw)t/h
Since F; > E, this factor oscillates with time whatever the frequency, so
deg/dt cannot integrate up to an appreciable probability amplitude c;.
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As one would expect, the excitation of the atom has to be accompanied
by the loss of a photon.

In the decay from an excited triplet state to the ground singlet state
of the atom, a photon is created in a mode that initially contained n
photons. Here the initial and final states are

i) = It,n),

(37.26)

[f) =|s,n+1).
Only the negative frequency term from equation (37.21) survives here,
because the creation operator a;‘t'u connects the photon number n —
n + 1. The matrix element of the creation operator between initial and
final states yields the factor (n + 1)'/2, in place of the factor n'/? in
equation (37.24) (eq. [37.16]). Thus, in place of equation (37.24) we get

oy . 9°

U~ 2Ma

(Se>st N é.k,crszk.,-t:« (?’1 + 1)1}2ei(Es—E,+hw)tfh‘ (3727)

for the decay from the excited state in equation (37.26). Here also the
probability amplitude c;(t) can only grow to an appreciable value if
E; — E; = hw. That is, in decaying from the excited state to the ground
state the atom creates a photon with energy hw nearly equal to the loss
of energy by the atom.

The transition probabilities for these two processes, absorption and
emission of a photon, are found by integrating equations (37.24) and
(37.27) from time 0 to t and then squaring. The results differ only in the
factor n in the probability for absorption of a photon from a specified
mode and n+1 in the probability of emission of a photon into the mode.
This does not depend on the specific process of emission and absorption;
it comes from the matrix elements of the creation and annihilation op-
erators, that contain respectively the factors (n + 1)}/2 and n'/? (eq.
[37.16]). Thus we have the following handy rule.

Let P(a — b) be the probability that in some fixed time interval a
system is found to be excited from state a to b by the absorption of a
photon from a specific mode of oscillation of the electromagnetic field.
As we see in equation (37.24), this probability is proportional to the
number n of photons initially in the mode,

P(a — b) = nA, (37.28)
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where A is the constant of proportionality. As in equation (37.27), the
probability for decay from the excited state b to a during the same time
interval, with n photons initially present in the mode, is

P(b—a) = (n+1)A. (37.29)

This is proportional to n + 1 because that is the square of the matrix
element of the creation operator. The constant of proportionality is the
same as in the excitation probability in equation (37.28), because the
rest of the computation goes the same way in either case.

The result for absorption, P(a — b) proportional to the photon
number, n, is familiar: the excitation probability is proportional to the
number of photons available to be absorbed. If n = 0, equation (37.29)
says the decay probability is A. This is the probability for spontaneous
decay of the system accompanied by production of a photon in a spec-
ified mode. Equation (37.29) also says that the decay probability with
production of a photon in a specific mode is enhanced if photons already
are present in the mode. This induced decay is the basis for a maser am-
plifier: radiation tends to induce decays to amplify the radiation already
present. The relations (37.28) and (37.29) among absorption, induced
decay, and spontaneous decay probabilities were discovered by Einstein
before the discovery of quantum mechanics, from the statistical mechan-
ics of Planck’s blackbody radiation theory.

Decay Rate for the Hydrogen Hyperfine State

To compute the half-life of a hydrogen atom in the excited hyperfine
state, we must sum the decay probabilities P(t — s) over all modes for
the decay photon, and we need the constants Ky o in equations (37.18)
and (37.27). We could get the K o by going a little deeper into quantum
field theory, but an easier way is to demand that the theory agree with
classical electromagnetism in the limit of large photon number.

In the classical limit, the transition probability associated with a
specific mode of the electromagnetic field is given by equation (36.8),
where B, is the classical amplitude of the magnetic field in the mode.
To connect that to the photon number n in the mode, note that in the
classical limit the net electromagnetic energy in the mode is
I |
2 X = x2xV, =nhw. (37.30)

U=gr X3
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The first factor is the usual magnetic energy per unit volume, B?/8.
The factor 1/2 corrects the square of the amplitude of B to the mean
square value of the oscillating field. (The time average of sin® wt is 1/2.)
The factor of two takes account of the fact that there is as much energy in
the electric field as in the magnetic field. The last factor is the volume of
the universe with our periodic boundary conditions. The second equation
says this total energy in the mode is equivalent to n photons of energy
fuw.

We see from equation (37.30) that in the classical limit of large
photon number n the electromagnetic field in a mode with frequency w
and magnetic field amplitude B, is equivalent to photon number

n = B2V, /(87hw). (37.31)

(As discussed in problem [I1.23], in a state with a well-defined magnetic
field the photon number is a random variable; eq. [37.31] is the mean
photon number, which is what we need to compute the decay probabil-
ity.)

The transition probability in equation (36.8), which treats the ra-
diation as a classical electromagnetic field, is proportional to B2. Thus,
equation (37.31) says that in the classical limit the transition probabil-
ities from t to s or s to t are proportional to the photon number, n.
Equations (37.28) and (37.29) say the Einstein transition probabilities
are proportional to n or n + 1, depending on whether a photon is anni-
hilated or created. This consistent, because the relation between n and
B2 applies only in the limit n > 1, where there are enough photons
to define the electric and magnetic fields. And we see that the constant
of proportionality A in the transition probabilities in equations (37.28)
and (37.29) is just the factor multiplying n in the classical probability
(36.8), with B2 expressed in terms of n. That is, on substituting equa-
tion (37.31) for B? into equation (36.8) for the transition probability,
and then setting n = 1, we get

2 2w —
_ 8w (ge)* sin’(w—wo)t/2 . 5, (37.32)

Ak = =7 32(Mo0)?  (w—w,)?

This is the wanted expression for the probability for spontaneous decay
of the atom from the excited triplet state with m = 1 (eq. [36.6]) to the
ground singlet state, with the creation of a photon in the mode k, a.
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Fig. 37.1 Magnetic field polarization vectors. The propagation vector, k, for the
mode of the electromagnetic field is tilted at angle #) to the z axis. The polariza-
tion vector €2 is in the xy plane and normal to k. The polarization vector € is
perpendicular to k and €3, tilted at angle 8 = w/2 — 6y to the z axis.

Since this calculation might at first seem unconvincing, it may be
well to review the logic. The classical equation (36.8) that applies in
the limit of large photon number n says the transition probability is
proportional to n. The Einstein probabilities in equations (37.28) and
(37.29) say the transition probabilities are proportional to n and n+ 1.
This is consistent, because the classical result assumes n > 1. Since
the Einstein probabilities apply whether n is large or small, we can use
the classical probability to determine the constant of proportionality, A.
But this constant is just the spontaneous part of the decay probability
(37.29).

We have now the probability Ay , for spontaneous decay from the
triplet to the singlet state, with production of a photon in a definite
mode. To get the total decay probability, we need to sum the Ay , over
all modes, as was done in section 2 for blackbody radiation. The sum
is over the values of the propagation vector, k, and the polarization,
a=1,2.

The transition probability Ay, in equations (36.8) and (37.32) is
proportional to sin?#, where 6 is the angle between the z axis and the
polarization vector € along the direction of the magnetic field in the
mode. Let the propagation vector k be tilted at angle 6y to the z axis,
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as indicated in figure 37.1. Since € has to be perpendicular to k, we can
take one polarization vector to be perpendicular to k and to the z axis,
so € is in the zy plane and sin@ = 1. Then the orthogonal polarization
vector is in the plane of k and the z axis, and tilted from the z axis at
angle 6 = 90° — 6y, so this polarization vector also is perpendicular to
k. Here sin @ = cos 6. Thus the sum over polarizations for fixed k gives

Z sin® 0 = 1 + cos?® by. (37.33)

In the limit where the size of the periodic universe goes to infinity,
the sum over k becomes an integral, as in sections 1 and 2 (eq. [1.58]):

Vud3k
g — / (LR (37.34)

The sum of the decay probabilities Ay , in equation (37.32) over polar-
izations and values of the propagation vector k thus is

P = (1 + COS2 Gk).

(37.35)
It will be recalled that hw, is the energy difference between ground and
excited states (egs. [35.12], [37.24]). The integral over k has been written
in polar coordinates, with f the polar angle, as in equation (37.33), and
volume element d°k = k?dk sin 6 dfydpy. The integrals over the polar
angles 0y , ¢k are easy. The variable of integration k is the magnitude of
the propagation vector, and the frequency of the mode is w = ke. We
can simplify the integral over k£ by noting that at large ¢ the integral is
dominated by the small denominator at w &~ w,.!
To evaluate the integral over the resonance at w ~ w,, note that
everywhere except in the last factor in equation (37.35) we can set w = ke

f Vi k2dk sin Oy dby doy. mhwg?e? sin?(w — w,)t/2
83 AV, M2c2  (w—w,)?

! The term sin?(w — w,)t/2 in the numerator of eq. [37.35] cuts off the diverging
integral over (w — w,) 2 at |w — we| ~ 1/, so the integral over the resonance grows
in proportion to the time interval t. Therefore, at large enough t the integral is
dominated by the integral over the small denominator at w ~ wg. It might be noted
that the integral over k in equation (37.35) diverges at k — oo. However, that is
removed by the fact that at large k the wavelength is smaller than the atom, so the
matrix element is suppressed by the factor e’ in the photon wave function. The
coupling between the field and the electron spin must be integrated over the width
of the electron wave function. At large k, the oscillation of the space part of the field
makes the space part of the integral negligibly small.
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equal to the value w, at the resonance. Then all we have to evaluate is
the integral

I= f a2 0 —walt/2 (37.36)
(w—wp)?
With the change of variables w = wg + 2z/t we get
t [ sin’z wt
Pes | B e 87
- /_ N 8 (37.37)

Then equation (37.35) is

P _ 4V, w__g Thw,g?e?
t 873 3 4V,M2c?

A=

4 2. 4% .2
g 5= ;i Tie (37.38)

T 12M265°

Two pleasant features of this result will be noted. First, the volume
of the universe, V,,, cancels, as we must require because the atom cannot
know we have chosen to compute in some finite but enormous periodic
universe. Second, the decay probability P is proportional to the time
interval, £, so we can define the decay rate, A, as the decay probability per
unit time. This constant decay rate is the result of two competing factors.
Exactly at resonance, where w = w,, the time derivative dey/dt of the
probability amplitude per mode is independent of time, so cy(t) o t.
The probability per mode exactly at resonance therefore varies as t2.
However, the width of the resonance is proportional to 1/, as discussed
in section 35. The net decay probability varies as the product of these
factors, or as P ox t.

Before evaluating equation (37.38), let us simplify it as in section 34
by using the fine-structure constant, a = €2 /(hc), the electron Compton
wavelength A\, = h/(M,c), and the wavelength of the transition,

Ao = 2mc/w, = 21.1 cm. (37.39)

This gives

3
X= 2% g2ach/A3 =29 x 1075 sec™!. (37.40)

The half-life is ¢/, = log(2)/A ~ 107 years. This is a slow decay, but
there are so many hydrogen atoms in a galaxy that the 21 cm radiation
~ from decay of atoms in the triplet state (that are placed there by colli-
sions with other atoms) is detected from galaxies 100 million light years
away.
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Problems

V.1)

b)

V.2)

The Hamiltonian H, has eigenstates |n) with energies E,, that are
not degenerate. The |n) are discrete and normalized,

(n|m) = bmn.- (V.1)

As discussed in section 30, to terms of first order in the perturba-
tion €V the eigenstates of the Hamiltonian H = H, + €V are

[¥n) =In)+e ) W + order €2, (V.2)
mn n m

Show that, to terms of first order in €, the state vectors in equation
(V.2) are orthogonal and normalized,

(¥n|¥m) = bnm + order €. (V.3)
By substituting equation (V.2) into the equation

and rearranging the expression, verify that, correct to terms of first
order in €, equation (V.2) in fact solves the eigenvalue equation
(V.4).

Suppose there is an operator G such that the perturbation V
satisfies the operator relation

V =[G, H,). (V.5)

Show how this expression can be used to simplify equation (V.2)
by eliminating the sum over m.

If V satisfies equation (V.5), find an expression for the n*® en-
ergy level of H in second-order perturbation theory in terms of
expectation values of V', G, and their product.

A particle that moves in one dimension is confined to the interval
—L/2 <z < L/2 by the potential well

U(x) = o0, at |x|>L/2,
(V.6)
U(z)=0, at |z|<L/2
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a) Find the ground state energy for the Hamiltonian
H, =2 +U(@). (V.7)
m
b) Suppose the potential is changed by the addition of the term
V(z) = cx?, (V.8)

where c is a real constant. Find in first-order perturbation theory
the ground state energy for the Hamiltonian

H=H,+V. (V.9)
Express the answer in terms of the relevant physical constants

multiplied by a dimensionless integral you need not bother to eval-
uate.

V.3) Consider the Hamiltonian
H=H,+V, (V.10)

where H, represents a one-dimensional simple harmonic oscillator,

2
1
H, = ;’—m + 5w, (V.11)
and the perturbation is
V =cx, (V.12)

with ¢ a real constant.

a) Find the energy levels of the Hamiltonian H by writing the full
potential energy term kz?/2 + cz as a completed square plus a
constant. This makes H the sum of a simple harmonic oscillator
Hamiltonian and a constant.

b) Use perturbation theory starting from the eigenstates |n) of H, to
find the ground state energy of H to terms of second order in V.
You will need matrix elements of the form (n|z|0), which you can
compute by operator techniques using the ladder operators a and
a' in section 6, as was done in problem (I1.22). If all goes well,
your answer should be consistent with the result from part (a).
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A particle of mass m and spin 1/2 moves in three dimensions with
the Hamiltonian

H=H,+V, (V.13)

where H, represents a three-dimensional simple harmonic oscilla-
tor,

P 1 g5
H,= 4+ —mw V.
T 2m 2 ™ (V<14)
and
V=2As"r, (V.15)

where s is the spin vector operator and A is a real constant. Com-
pute the ground state energy through terms of second order in the
perturbation V.

In section 6, the binding energy and ground state wave function
of the electron in a hydrogen atom were obtained under the as-
sumption that the proton acts as a point charge, so the potential
energy is —e?/r all the way to r = 0. In this approximation, the
wave function is

P(r) cc e/, (V.16)

where a, is the Bohr radius. In a better model, the charge of
the proton is uniformly distributed within a sphere with radius
characteristic of the size of a proton, so the charge density is

3e
= —, r<ro=1%10""em,
P 4mrd ¢ (V.17)

=0, G

To see how this distributed charge affects the predicted binding
energy of the electron, use classical physics to find an expression
for the potential energy Vi(r) of a point charge —e as a function
of distance » from the origin of the charge distribution in equation
(V.17). Let Vo = —e?/r be the potential used to derive the wave
function in equation (V.16), treat the difference V(r) = Vi(r) —
Vo(r) as a perturbation, and use first-order perturbation theory to
find the correction 6 B to the binding energy B in the ground state
due to the finite size of the proton. Obtain a numerical value for
the fractional correction B/B. You can simplify the calculation
by noting that r, is much smaller than the Bohr radius, a,.
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Explain why the corrections to the energy levels of a hydrogen
atom for the finite width of the charge distribution in a proton are
a good deal larger in the s-wave states (orbital angular momentum
quantum number [ = 0) than for the states with [ > 0.

A particle of mass M and zero spin moves in one dimension with
periodic boundary conditions, period L. The particle is almost
free, so the energy eigenstates are well approximated as

wn(x) x e21r§nz,’L’ (VIS)

where n is an integer (that can be positive or negative). The par-
ticle is perturbed by a periodic potential

V(z) = V,sin(2rma/L). (V.19)

Here Vj, is a real constant and m is a positive even integer.

Find in first-order perturbation theory the effect of V' on the
energy of each of the unperturbed states in equation (V.18). Note
that you will have to be a little careful because each of the un-
perturbed energy levels except for n = 0 is doubly degenerate,
corresponding to a positive and negative n.

The first excited energy levels in atomic hydrogen have principal
quantum number n = 2. The four degenerate states (neglecting
relativistic corrections) with this energy have angular momentum
quantum numbers | = 0 and [ = 1 with m = 0, 1. The electron
wave functions for these states are (eq. [18.34])

$2s x [1 — 1/ (2a,)]e~"/(32),
b2p.1 o TsinfePe 7/ (200) = (z 4 jy)e~T/(2a0),
(V.20)
¢2p,0 X rcos 68_1-',(2“") = ze_r/('zan)’
bap,—1 o sinfe~ P~/ (22) = (g — jy)e=T/(200),
The polar coordinates r, 6, and ¢ are defined in equation (17.42).

Suppose a uniform electric field E parallel to the z axis is
applied to the atom, adding to the Hamiltonian the constant term

V = eEz. (V.21)
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(The electron charge is —e; spins can be ignored, and the proton
can be taken to be fixed in space, so this is a single-particle prob-
lem.) To find the shifts in energies of the originally degenerate
n = 2 states, we need the matrix elements

{L,mV|l',m), (V.22)

for the four unperturbed wave functions.
Show that the only nonzero one of these matrix elements is

(0,0[V1,0), (V.23)

along with its complex conjugate.
Find the perturbation to the energies of the n = 2 levels to terms
of first order in the electric field, E.

The degenerate perturbation theory in section 33 indicates how to
deal with a situation in which two or more eigenstates of the unper-
turbed Hamiltonian have the same energy. The question naturally
arises, what does one do if two or more unperturbed eigenstates
have energies that are close but not exactly equal?

Suppose the Hamiltonian H, has the complete set of discrete
eigenstates |n), with eigenvalues E,,. The energy E, is close to but
not necessarily equal to Es, and the other energy levels are well
removed from E; and Es:

|E — Bl > |Ez - E4l, (V.24)

for all other n. In computing the perturbations of the energy eigen-
values away from F; and E5 in the Hamiltonian

H=H,+¢€V, (V.25)

a convenient expansion for the eigenstates |¢) of H is

[¥) =a|1) +B|2) +€ Y Cnln). (V.26)

n#l1,2

Here a, G, and the C,, are constants, and as indicated the ansatz
is that the dominant parts of |¢) are |1) and |2), with only small
admixtures from the states |n) with n # 1,2.
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By substituting equation (V.26) into

Hlp) = El), (V.27)

discarding terms of order €2 on the left-hand side, and then taking
the inner product of the equation with (1| and with (2|, find the
energy FE in first-order perturbation theory, in terms of E;, Es,
and the matrix elements

Viin = (1|V]1), Via=(1|V]2), Va2 = (2|V]2). (V.28)

Check that your result for F is consistent with degenerate first-
order perturbation theory when E; = E5, and with nondegenerate
first-order perturbation theory in the limit of sufficiently large
|Ey — Ex.

V.9) In a magnetic resonance experiment, a sample is placed in a con-
stant magnetic field and a much weaker perpendicular oscillating
magnetic field. Ignoring the particle motion and the interactions
with other particles, we can write the Hamiltonian as

H = =521 (Bos; + Bys, coswt). (V.29)

Here ¢ and m are the charge and mass of the particle, and g is
its dimensionless gyromagnetic ratio, as in equation (23.11). The
constant magnetic field, along the z axis, is By, and B; is the
amplitude of the perpendicular oscillating magnetic field directed
along the z axis.

Suppose the particle has spin 1/2. A convenient basis is the
set of two eigenstates of s,,

35 == [(1}] e m . (V.30)

These are the energy eigenstates when B; = 0.

Find in first-order perturbation theory the probability that
the oscillating field applied for a time ¢ causes a spin flip, that is,
find the probability P(t) that, if the system is in the state x_ at
time = 0, it is found to be in the state x; at a chosen time ¢ > 0.

V.10) A particle moves in one dimension with the Hamiltonian

H=H,+V(t), (V.31)
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where H, represents a simple harmonic oscillator,

P’ -
Hy= s + ik (V.32)
and
V(t) = aze= /)’ (V.33)

with @ and 7 real constants.

At time t — —o0, when V(£) is negligibly small, the system is
in the ground state of H,. Use first-order perturbation theory to
find the probability P, that at time { — +o0 the system is in the
n'P eigenstate of H,.

A hydrogen atom in the 2s state (principal quantum number n =
2, angular momentum quantum number [ = 0) has a long half-life
against decay to the ground state compared to the half-life of the
2p states (with n = 2 and [ = 1), because decay from the 2s state
violates the selection rules for electric dipole radiation discussed
in problem (V.21). In a laboratory gas, a hydrogen atom in the 2s
state typically decays through a collision with another atom that
induces a transition to a 2p state from which it quickly decays to
the ground state.

To approximate the effect of a collision on a hydrogen atom in
the 2s state, we can imagine that a uniform electric field pointing
along the +2z axis is turned on to the constant value E, for the
time interval t,. That is, the applied electric field at the position
of the hydrogen atom vanishes at times ¢t < 0 and ¢ > ¢,, and the
electric field is E=E, at 0 < t < t,.

Given that at ¢t < 0 the electron is in the 2s state, compute in
first-order time-dependent perturbation theory the probabilities
that the electron ends up in each of the 2p states. The perturba-
tion to the Hamiltonian is given by equation (V.21), where here
the electric field E is a function of time, and the electron wave
functions for the four n = 2 levels of a hydrogen atom are given
in equation (V.20). It will be recalled that these four states have
very nearly the same energy.

As discussed in section 34, an isolated hydrogen atom has a sin-
glet ground state (where the spins of the electron and proton are
combined to total spin s = 0), and three degenerate triplet (total
spin s = 1) hyperfine states at energy E above the singlet state.
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When a magnetic field B is applied along the z axis, it adds
to the Hamiltonian for the atom the term

ge
Vi = Bst V.
! QMEC Sz ( 34)

where s¢ is the z component of the spin operator for the electron.
Suppose the magnetic field is applied for time ¢,, so the magnetic
field vanishes at times ¢ < 0 and t > t,, and the field is constant
at B, at 0 <t <t,.

Before the field is applied, the atom is in the excited hyperfine
state s =1 and m = 1.
Use first-order time-dependent perturbation theory to find the
probability that the atom ends up in the excited hyperfine state
with m = —1, that is, find the transition probability for

s=11m=1-—>3=1,m=—1_ (V35)

Use first-order perturbation theory to find the probability that the
atom ends up in the excited hyperfine state with m = 0, that is,
find the transition probability for

s=1l,m=1—-s=1 m=0. (v.36)

Consider a single spin zero particle in a spherically symmetric
potential well. Transitions between energy eigenstates |i) — |f) of
this system are induced by the addition of the sinusoidally varying
potential energy term

Vi = A€ Lcoswt. (v.37)

Here A and w are real constants, € is a constant unit vector, and L
is the orbital angular momentum operator for the particle. (This
models the magnetic dipole interaction of the particle with the
radiation field, as in problem [I1.20].)

For states |¢) and [f) that have definite parities, 7; and 7y, what
are the selection rules for this transition, that is, what are the
values of 7; and my such that the transition probability in first-
order perturbation theory is not forced to vanish?
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Suppose the initial and final states have definite orbital angular
momentum quantum numbers, |i) = |l;, m;), and |f) = |lz,ms).
By considering what happens when each component of L operates
on |l;, m;), find the the selection rules for Iy and my for given [;
and m;, such that the transition probability is not forced to vanish
in first-order perturbation theory.

The method of coupling of angular momenta is discussed in sec-
tions 17 and 25, and applied in problems (11.19) and (II1.9). This
problem is meant to give you some more practice.

It will be recalled that, if J;, J,, and J, obey the angular
momentum commutation relations (17.7), there is a complete set
of simultaneous eigenstates of J? and J.,:

J2jm) =1%j(G + Dlj,m),  J.lj,m) =mhlj,m), (V.38)
with —j < m < j. The ladder operators,
Jo= Jpkidy, (v.39)
change m by £1 (eq. [17.26]), so we have
Jilj,m) =Clj,m+1). (V.40)

The normalizing constant, C, is computed in wave mechanics no-
tation in problem (II.18). In the abstract space notation, one takes
the inner product of the expression (V.40) with its dual. As you
are invited to check, the identity

J_Jp=J2~T2 —hl,. (V.41)

gives
IC)? = K2(52 + j — m? —m). (V.42)

The square root has an arbitrary phase factor; the standard con-
vention is to take C' to be real and positive. This gives

Jelj,m) = k(52 + j —m? —m)'/2|j,m +1). (V.43)

By operating on both sides of equation (V.43) by J_, and using
equation (V.41) again, you can check that the normalizing factor
in the lowering operator equation is

J_lj,m) = k(3% + j — m? + m)V?|j,m - 1). (V.44)
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Note that once the phase factor in equation (V.43) has been fixed,
there is no freedom in the phase of equation (V.44).

For an example, consider a system of two spins, one spin 3/2,
the other spin 1. A basis for this system is the set of simultaneous
eigenstates of the z components of the two spin operators,

Im1, ma), (V.45)

with
-3/2<m; <3/2, -1<my<1 (V.46)

Let the total spin operator for the system be s = s; + so, where
s; and sp are the two vector spin operators.

By considering the results of operating on the vector |m; =
3/2,m2 = 1) in equation (V.45) with s, = s,(1) + s,(2), and the
results of operating with s_s,, show that |3/2,1) is an eigenstate
of total spin with s = 5/2 and m = 5/2:

s =5/2,m =5/2) = |m; =3/2,my =1). (V.47)

By operating on equation (V.47) with s_ = s_(1) + s_(2), find
an expression for the state |5/2,3/2) with total spin s = 5/2 and
m = 3/2 as a linear combination of the basis vectors in equation
(V.45).

Show that the state |3/2,3/2) with total spin s = 3/2 and m = 3/2
has to be a linear combination of the vectors in equation (V.45)
with my +me = 3/2.

By using the fact that the state |3/2,3/2) has to satisfy

54+]3/2,3/2) =0, (V.48)

find the expression for [3/2,3/2) as a linear combination of the
|my, m2). As a check, you ought to find that the result is orthog-
onal to the expression for |5/2,3/2) from part (b).

Suppose the Hamiltonian for the system is the dot product of the
two spin vector operators,

H = AS] + 89, (V4g)

where A is a positive real constant. By using the trick in equation
(34.39), find the energy eigenvalues, and find the degeneracy of



314

f)

V.15)

Chapter 5

each, that is, the number of different states all with the same
energy. The total number of different energy eigenstates ought to
be equal to the number of vectors in the basis in equation (V.45),
4%x3=12

Suppose the system is perturbed by adding to the Hamiltonian in
equation (V.49) the term

Vo =bs,(2). (V.50)

Here b is a real constant, and s,(2) is the z component of the spin
operator for particle 2 (with spin 1). This removes the degeneracy
in the largest eigenvalue of H in equation (V.49). Find the new
energies of these states in first-order perturbation theory.
Suppose V, is removed and instead the system is perturbed by
applying a weak oscillating magnetic field, adding to the Hamil-
tonian the term

Vi = €85(2) coswt, (V.51)

where ¢ and w are real constants. Here s,(2) is the  component
of the spin of particle 2 (not the z component from the last part).
The frequency is tuned to induce transitions from the state with
total spin s = 5/2 and m = 1/2 to the states with s = 3/2. Find,
in first-order time-dependent perturbation theory, the final values
of m for which there is a nonzero transition probability amplitude,
and find the ratio of transition probabilities to each of these final
s = 3/2 states.

After relativistic corrections, the n = 2 states in atomic hydrogen
with orbital angular momentum quantum number [ = 1 and total
angular momentum j = 1/2 are degenerate with the n = 2 states
with orbital angular momentum quantum number [ = 0 and total
angular momentum j = 1/2 (from the spin of the electron). The
relativistic correction gives the states with [ = 1 and j7 = 3/2
slightly higher energy.

Use first-order perturbation theory to find the shifts in energy
of these degenerate j = 1/2 states when an electric field E is
applied along the z axis, adding to the Hamiltonian the potential
energy term

Vi = eEz, (V.52)

where e is the magnitude of the charge of the electron. The n = 2
electron wave functions are given in equation (V.20).
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A deuterium atom consists of an electron bound to a deuteron
(which is the bound state of a proton and neutron). The difference
in reduced mass in a hydrogen and deuterium atom is negligible;
the only important differences for the hyperfine structures of the
two atoms are that a proton has spin 1/2 and a deuteron has spin
1, and the magnetic moments of the two nuclei are

-~ __ _9p€ = _9d¢€
fip = —gMpcSp, fid _szch, (V.53)
where
gp = 5.59, ga = 0.86. (V.54)

The proton and deuteron spin vectors are s, and s4. The mass in
both expressions is the proton mass.

Find the wavelength in centimeters of the hyperfine line in atomic
deuterium by scaling from the known line in atomic hydrogen,
A = 21.1cm, and suitably adapting the calculation in section 34.
Suppose atomic deuterium is placed in a uniform static magnetic
field. Find the Zeeman shifts in the energies of the six spin states
in the ground electronic state of the atom in the limit that the
energy shifts due to the applied magnetic field are small compared
to the hyperfine splitting. As for atomic hydrogen, it is a good
approximation to ignore the magnetic moment of the deuteron
compared to that of the electron.

A system of three spin 1/2 particles with spin vector operators
s(1), s(2), and s(3) was considered in problem (II1.9). Suppose
the Hamiltonian for this three-spin system is

H = as® + bW (t)sz(1). (V.55)

Here a and b are real constants, s? is the square of the total spin
operator, s.(1) is the z component of the spin of particle 1, and
the function W (t) signifies that this second term is present only
from time t =0 to t = 7:

W(t)=0 for t<0,

=1 for 0<t<m, (V.56)

=0 for t>r.
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If initially the system is in the state |i) = | + ++), find in first-
order perturbation theory the probability that the system ends up
in the state | — ++).

Consider a configuration of the two electrons in a helium atom
that has total orbital angular momentum quantum number [ = 2
and total spin angular momentum quantum numbers s = 1. The
spin-orbit coupling to be discussed in section 42 breaks this con-
figuration into three energy levels, with total angular momentum
quantum numbers j = 1, 2, and 3. If a weak magnetic field B is
applied to the atom, the energy level with total angular momen-
tum quantum number j is further split into 2j + 1 states with
equally separated energies, at energy differences

__ gjeh

o5 2mec

B, (V.57)

where —e and m, are the electron charge and mass. This equation
defines the Landé g factor, g;.

To compute the g factor in linear perturbation theory, we need
the matrix elements (eq. [31.6])

{J,m|L; + 2s.|3, m"), (V.58)

when the z axis is placed along the magnetic field. This matrix
element vanishes unless m’ = m, so we are doing nondegenerate
perturbation theory. It is easy to evaluate the matrix element

(4, m|L; + s.|j,m), (V.59)

so we need
(4, mlsz|j,m). (V.60)

This can be computed by writing |j,m) as a linear combination
of simultaneous eigenstates of L, and s, by the methods used in
problem (V.14), but it is also worth knowing about a less laborious
method.

The Wigner-Eckart theorem says the matrix elements of the
components of the total spin operator s between states with total
angular momentum quantum number j and z components m and
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m' are related to the matrix elements of the components of the
total angular momentum operator J by the equation

(j,m']san, m) = f(J)(J! mfl'}&lj) m) (VGI)

The factor f(7) is a function of the quantum number j alone. (That
is, the dependence on m and m' appears in the matrix elements
only.) The derivation of this equation, and its generalizations, are
to be found in more complete books on quantum mechanics. The
content of the equation can be understood by considering the ma-
trix elements of s, and J, computed in two coordinate systems
that are rotated at some given angle relative to each other. In both
coordinate systems the total angular momentum quantum num-
ber has the same value, 7, but the rotation mixes the m values.
Equation (V.61) says that since the vectors J and s transform the
same way under a rotation of the coordinates, the matrix elements
of J and s transform the same way under the rotation.

To find the function f(j) in equation (V.61), consider the matrix
element

Gmls-Ilgmy = 3 Gm'lsali”, m") (5" m" | Jaliym).
J'f!,mf! ,Q
(V.62)
The right-hand side is simplified by noting that (", m”|J.|j,m)
vanishes unless j = j, and by using equation (V.61). The left-
hand side is simplified by using the relation

L2=J-8)2=J2+s-2]'s. (V.63)
Show that the result is the relation

G mlaldm) = —23(—3"‘.1:‘_—;)-[3'(; +1)+s(s+1) — 1+ 1) (V.64)

Use the result from part (a) to find Landé’s g-factor for the states
in helium with [ =2, s =1, and j = 2.

The electric dipole approximation to a radiative transition be-
tween states of a system of charged particles assumes the particle
velocities are small, so the size of the radiating system is negli-
gibly small compared to the wavelength of the radiation, and it
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neglects the interaction of the system with the magnetic field of
the radiation. The energy of a particle with charge ¢ at position
r in an electric field E is

V =—gr-E. (V.65)

In the electric dipole approximation the variation of the electro-
magnetic radiation field across the system is taken to be negligibly
small, so the electric field at the system can be written as

E(t) = E,€coswt, (V.66)

where E, is a real constant, w is the real constant frequency of
the radiation, and € is a unit polarization vector. The term in the
Hamiltonian describing the interaction of a single particle with
the radiation is then

V = —qE,€- rcoswt. (V.67)

In the first-order approximation to the photoionization of
atomic hydrogen, the initial electron wave function is 9; o< e~ "/a,
representing an electron in the ground state in a hydrogen atom,
and the final state is approximated as a plane wave,

Yy e T, (V.68)

representing an unbound electron with final momentum hk;.

Use first-order time-dependent perturbation theory, with the
perturbation in equation (V.67), and the above initial and final
wave functions, to find the angular distribution of the ejected elec-
tron. That is, find how the probability for observing that the elec-
tron ends up in the final state with momentum hky varies with
the direction of ky relative to the fixed direction € of the electric
field of the electromagnetic radiation. Do not bother to compute
factors that are independent of direction.

The computation is simplified by using polar coordinates with
polar axis along ky. A useful result from spherical trigonometry
is that if € has polar angles fy and ¢y in this coordinate system,
and r has polar angles # and ¢, then the angle 6., between € and
r satisfies

08¢, = cos By cosf + sin Oy sin 6 cos(¢py — ¢). (V.69)
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If you find yourself working lengthy integrals you have missed the
simple approach.

It is interesting to compare the electric dipole radiation rate in
quantum mechanics to the expression for the electric dipole radi-
ation rate in classical electromagnetic theory.

Consider a particle with charge ¢ that is moving as a simple
harmonic oscillator with frequency w, along the direction of the z
axis. If the electric field polarization vector makes an angle 6 with
the z axis, then the electric dipole interaction in equation (V.67)
for an applied electromagnetic field with frequency w and electric
field amplitude E, is

V = —qE,zcoswtcosf. (V.70)

Show that, in first-order perturbation theory, the probability per
unit time for spontaneous decay from the initial state n of the
simple harmonic oscillator to the final state n — 1, with energy
change E; — Ef = huw,, is

_4q%W3

=35 |(n — 1]z|n)|2. (V.71)

The calculation proceeds as in section 37. One first computes
the transition probability At for a given applied radiation field
(given E,, w, and 6 in eq. [V.70]). The prescription for converting
to a spontaneous transition rate is the same as in section 37, ex-
cept that F, replaces B, in equation (37.30). Here the transition
probability is proportional to cos#, instead of sin#, so you have
to rework the sum over polarizations in equation (37.33).

By evaluating the matrix element in equation (V.71), by the meth-
ods in section 6 and problem (II.22), show that equation (V.71)

becomes
_ 2 ¢*wo

"~ 3mcdh
for the transition from the energy level E, = (n + 1/2)hw to
(n—1/2)hw.

To compare equation (V.72) to the classical electric dipole
radiation rate, let us write the initial energy of the oscillator as

n, (V.72)

1
E, = (n+1/2)hw, = Emngj. (V.73)
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The last expression is the energy of a classical oscillator with classi-
cal amplitude (maximum displacement from equilibrium) z,. This
expression only makes sense when n > 1, so we can ignore the
difference between n and n + 1. Then the result of eliminating n
from equations (V.72) and (V.73) is

Aw, = . (V.74)

The left side is the probability per unit time for emission of a
photon, multiplied by the photon energy, fuw. That is, it is the
mean energy radiation rate in quantum mechanics. The right-hand
side is the classical expression for the mean energy radiation rate
in electric dipole approximation.

The selection rules that govern the allowed changes of parity and
angular momentum quantum numbers in an electric dipole radia-
tion transition may be studied as follows.

If the system has charges g; at positions r;, the electric dipole
moment of the system is

d=3 ars (V.75)

and the coupling to a classical electromagnetic radiation field with
electric field amplitude F, and electric polarization vector € is

V = —E,¢- dcoswt. (V.76)

Neglecting spins, the stationary states of the unperturbed
atom can be classified as eigenstates of the Hamiltonian H, for
the isolated system, the total orbital angular momentum opera-
tors L?, L,, and parity:

i) = |n,1,m, ). (V.77)
The definition (32.3) of the parity operator generalizes to
1d = —dIL. (V.78)

By considering the matrix elements of this relation, in the basis
of equation (V.77), show that the matrix elements for transitions
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among the eigenstates of H, induced by the perturbation V in
equation (V.76) vanish unless the initial and final states satisfy
the selection rule for parity in an electric dipole transition,

7' = —m. (V.79)
Let _
dy = dg +idy, (V.80)

where the d, are the components of the electric dipole moment
(V.75). Evaluate (reduce to simplest possible forms) the commu-
tators

[L21 dz] )

[Lza d:t]a
[L:I:! dz]a
[Li!d:l:]'

(V.81)

Here L. and Ly = L, £iL, are the usual total orbital angular
momentum operators.

Use the commutators to show that (dx +idy)|l,m) is an admixture
of (linear combination of) states |I’,m’) with m’ = m + 1.

Find the electric dipole selection rule for the quantum numbers
m and m’' in the transition |l,m) — |lI';m’) when the electric
polarization vector € is directed along the z axis.

A right-hand circular polarized wave propagating toward the pos-
itive z axis has electric polarization vector at the position of the
atom that is given by the equation

€(t) = icos(wt) + jsin(wt), (V.82)

where i and j are unit vectors along the z and y axes, and w is
the constant frequency of the radiation.

Find the selection rule for m and m’ for this case. (Here the
selection rule follows not from the vanishing of the matrix ele-
ment but from the resonance condition, that allows the transition
amplitude ¢f(t) to grow with time. As discussed in section 36,
you will have to consider separately the cases of absorption and
emission of radiation.)
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Suppose the radiation is linearly polarized, so the electric polar-
ization vector € in equation (V.76) has a fixed direction, at angle
# to the z axis in the z2z plane. Consider a transition for which
m’ = m. Find how the transition probability in electric dipole
approximation varies with the angle 6.

Consider a state |¢) = |0,0) with zero orbital angular momentum:
! =m = 0. Use the commutation relations from part (b) to show
that d.|0,0) and d+]0,0) are eigenvectors of the total orbital angu-
lar momentum operators L? and L., find the quantum numbers,
and use the results to find the selection rules for an electric dipole
transition between a state with [ = 0 and a state with angular
momentum quantum numbers !’ and m/.

We are labeling state vectors by their orbital angular momentum
quantum numbers: |/, m). Use the commutation relations (V.81)
to show

dill,l) o< |1 +1,1+1). (V.83)

Use the commutation relations (V.81) with equation (V.83) to
show that the vector [l + 1,1) can be expressed as a linear combi-
nation of d.|l,1) and d4|l,l —1).

Use the result from the last part to show that the vector |l,1) can
be expressed as a linear combination of d.|l,1) and d4|l,I — 1).
Use the commutation relations with the result from the last two
parts to show that the vectors |[+1,{—1), [[,l—1) and [[—1,l—1)
all can be expressed as linear combinations of d_|l, 1), d,|l,l — 1),
and d|l,l — 2).

You will note that the last four parts are identical to the procedure
in section 17 for the addition of angular momenta [ and I’. Use
this to find the electric dipole selection rules for [ and [’



CHAPTER 6

ATOMIC AND MOLECULAR STRUCTURE

This chapter deals with the structures of the lighter atoms and the sim-
plest molecule, molecular hydrogen. The main approximation method
used here is the energy variational principle in section 38. This chapter
also introduces the Pauli exclusion principle, that governs the symmetry
of the state vector for a system of identical particles such as electrons.

38 Energy Variational Principle

A powerful technique for computing the low-lying energies of a system
such as an atom or molecule is based on the following simple theorem.
Let the Hamiltonian for the system be H, and let E, and |n) be the
complete set of energy eigenfunctions and eigenvectors,

H|n) = E,|n). (38.1)

It will be supposed that the eigenvectors are discrete, so we can normalize
them to
{n|m) = bnm. (38.2)

Let |¢) be a trial approximation to the ground state solution |0) to
equation (38.1). Completeness allows us to express this trial vector as a
sum over the eigenvectors of H:

6) = caln). (38.3)

In terms of this expansion, the expectation value of the energy in the
vector |¢) is

(olH|¢) _ Zlcnlenl

@) S leaP (38:4)

(H)p =
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The denominator, {¢|¢), has been inserted because |¢) need not have
been properly normalized. Since the ground state energy is less than
any other, Fg < E,,, we can only reduce this sum by replacing E,, with
Ey, so

(i), = LE9 5 g, (38.5)

(¢lo) —
That is, the expectation value of the energy in the trial vector |¢) never
is less than the ground state energy. This gives a computational tech-
nique for finding an approximation to the ground state energy: the best
approximation to Ey among a set of trial functions |¢) is the one that
gives the minimum value of (H)4.

It will be noted that a mediocre approximation to |0) can give a
good approximation to Ey, because the difference between |¢) and |0)
is measured by the size of the ratios ¢,/co, while we see from equation
(38.4) that the difference between (H), and Ej is measured by the
squares, (cn/co)?. Thus if the c,/co are fairly small the energy error
may be quite small. Note also that if the ground state has some definite
quantum number, ¢, in addition to energy, then we can estimate the
energy of the lowest exited state with quantum number ¢’ # ¢ by using
trial vectors with quantum number ¢’.

As-an example, consider a three-dimensional simple harmonic oscil-
lator, with Hamiltonian

This is the sum of three one-dimensional Hamiltonians for each of the
three position components z, y, and z, so we know the ground state wave
function is a Gaussian and the ground state energy is 3hw/2. Suppose,
for the purpose of the example, the energy and wave function for the
ground state of the oscillator are not known. The wave function might
be expected to be roughly like that of a hydrogen atom,

bp=e". (38.7)

We will seek the value of the parameter o that gives the best approx-
imation to the oscillator ground state wave function, by varying o to
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minimize the expectation value of the energy, (H)g, in the wave func-
tion (38.7).
The normalizing denominator is

(9l6) = f drg(r)?
—an [ r2dre-2or (38.8)
4/0 rédr

=7/a>.
A handy integral here and below is
o0
/ dzz™e™" =nl. (38.9)
0

For the kinetic energy we need (¢, V2¢) = —(V¢, V¢).! The gradient of
the trial wave function is

Vo =—ae *r/r. (38.10)
This gives (¢, V@) = — [|V¢|?d®*r = —n/a. Thus the kinetic energy
part of the numerator of the expectation value of H is
mh?
(¢, 2m¢) T (38.11)
The potential energy part is
1 o595, 3mmw?
(¢, 5mw’r¢) = —5 % (38.12)
Equations (38.8) to (38.12) give
2 2 2
(HY, = ha Imw (38.13)

2m 2a2
As usual, one finds the minimum of this function by setting the derivative
with respect to a? equal to zero. At the minimum, the parameter is

o? = 3 %muw/h, (38.14)

1 The first derivative of ¢ = e~ " is discontinuous at r — 0, so the second derivative
is singular. One sees that this does not affect the relation (¢, V2¢) = —(V¢, Vo)
by imagining ¢ to be the limit of a sequence of smooth functions. By computing
(V¢, V), we avoid having to think about the singular second derivative of ¢.
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and the expectation value of H at the minimum is
(H)min = 3Y%hw = 1.73hw. (38.15)

The result is greater than the correct value, 1.5hw, as it must be, but
it is reasonably close considering the crude approximation of the trial
wave function. It is left as an exercise to check that the characteristic
width of the trial function, ~ a~! with a given by equation (38.14),
approximates the width of the ground state simple harmonic oscillator
Gaussian wave function.

39 The Ground State of Helium

Here there are two electrons bound to a nucleus with charge 2e. We
will treat the nucleus as a point charge fixed at the center of mass. The
Hamiltonian for the electrons is?

P pi 2% 2% ¢?

e S (39.1)

Hi= ]
2m  2m T To T12

The first two terms are the kinetic energy, with m the electron mass. The
next two terms are the potential energies of the electrons of charge —e
at distances r; and ro from the nucleus with charge 2¢. The last term is
the potential energy of interaction of the two electrons, with separation
T12 = |ry —r2|. If the Hamiltonian contained only the first four terms (of
the five shown), we could find exact solutions for the energy eigenvalues
and eigenfunctions. We will take the forms of these exact eigenfunctions
to be the trial wave functions for the full Hamiltonian.

Neglecting the last term in equation (39.1), that represents the en-
ergy of interaction of the two electrons, the Hamiltonian is the sum of
two single-particle hydrogen atom Hamiltonians, one for each electron.
These operators commute, so we know their simultaneous eigenfunctions
are products of hydrogen atom wave functions. The ground state eigen-
function is

P(ry,r2) = P(ry)P(rz) = e, (39.2)

2 In section 41 below we take account of the exclusion principle that determines the
symmetry of the electron wave function. For atoms with larger numbers of electrons
this principle restricts the possible eigenfunctions of the Hamiltonian (39.1), but in
helium it restricts only the spin part of the wave function; the calculation given here
is unaffected. In section 42 we will discuss a relativistic correction that adds a small
spin interaction term to the Hamiltonian in equation (39.1).
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We will use this functional form, with a an adjustable parameter, as
a trial wave function to estimate the ground state energy in the full
Hamiltonian.

Some of the integrals needed to compute (H)y (eq. [38.4]) in the
trial wave function 1 have already been done. We have from equation
(38.8) the normalizing integral,

(¥, 9) =n?/a’, (39.3)
and from equation (38.11) the kinetic energy for one of the electrons is
2 2
pi_ T 7h
(¥, o ) = o3 oma’ (39.4)

The potential energy of each electron in the field of the nucleus is deter-
mined by the integral

(W, ry'y) = /d:;rle_%"‘ /d3rge_2“"’/r2 =72/a’. (39.5)
For the interaction between the electrons, we need the integral

(w‘rl_Qlw) = /d3T1d3T2€—20(r1+r2)/T12

1
T 32a’

(39.6)

/d3x1d3$ge_(“+x’)/2?12,

with x = 2ar. As a first step, note that the integral over x; at fixed x;
is

I(x;) = /d3$28‘m2/$12- (39.7)

This is the form of the potential energy of a unit point charge at x;
due to a charge distribution e™*2. We know from electrostatics that a
particle at radius x in this distribution sees the charge within = as a
point charge at the center, so the potential at x; is

1 Ty o0 1
I(z)) = & /; dBzye™"2 + / —x—2d3xze"“. (39.8)
T

This works out to

2 2™
I(.’.L'l) =47 [.’E_l = 1 =€ ] . (399)
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Now it is easy to work the integral over z;, to get

_ 52
(W riz¥) = 8as (39.10)
Collecting equations (39.3) to (39.5) and (39.10), we get
2 2 2
(H) = h%a®  27e .3 (39.11)

m 8

On setting the derivative of this expression with respect to o equal to
zero, we find that at the minimum of (H), the parameter is

_ 27e’m

=y (39.12)

This value for a in equation (39.11) gives the estimate of the ground
state energy, :
271% me?
6

To get a numerical result, recall from section 6 that the binding
energy of atomic hydrogen is

o= — [ (39.13)

4

B="5 =136ev, (39.14)
2h
so our approximation to the ground state energy of helium is
i
Ey=— [E:I X 2x13.6eV = -T7.5eV. (39.15)

The measured value is —78.97 e¢V. This is a little lower, as it must be.

Our approximation to the ground state wave function in helium can
be compared to the wave function for a hydrogen-like atom consisting
of a single electron bound to a nucleus of charge ze. The calculation in
section 6 is easily generalized to show that the latter is

¢ ox e~ *"/% (39.16)

where the Bohr radius is a, = h?/(me?). Thus in the trial function
for helium in equation (39.2) each electron has the wave function of a
hydrogen-like atom with effective charge zes defined by the equation

= Zet /Gy (39.17)
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By equation (39.12), the effective charge is
Zegt = 27/16. (39.18)

That is, each electron behaves as if it were bound to a positive charge
ezeq that is less than the full charge of the nucleus, 2e, but greater than
e. In effect, the negative charge of each electron partially screens the
other electron from the full charge of the nucleus.

More accurate calculations allow for adjustment of the shape of the
trial wave function, and also take account of the fact that the wave func-
tion is not a product of single-particle functions, as in equation (39.2),
but rather a single function of the six position variables for the two
electrons. For high precision one also has to take account of relativistic
corrections as well as the fact that the nucleus is not quite at the center
of mass. The measured binding energy of the two electrons in a helium
atom is the sum of the work required to remove one electron, derived
from measured wavelengths of spectral lines connecting the ground state
and a fully removed electron, and the work to remove the second elec-
tron, computed from the theory of hydrogen-like atoms. It is important
as a demanding test of quantum mechanics that theory and measure-
ment agree within the joint uncertainties, about one part in 107.

40 The Lowest Excited States of Helium

The ground state of helium has zero angular momentum. As we noted
in section 38, a trial wave function with [ = 1 is guaranteed to make
the expectation value of the Hamiltonian not less than the energy of the
lowest state in helium with [ = 1.

We can classify energy eigenfunctions according to yet another quan-
tum number. Since the Hamiltonian in equation (39.1) is symmetric
under exchange of the positions of the two electrons, the energy eigen-
functions must be either even or odd under exchange of the particle
position arguments in the wave function. Thus we can approximate the
lowest energy even and odd [ = 1 states by using even and odd trial
wave functions.

We will again use trial functions constructed out of single-particle
hydrogen-like functions. We have already used the ground state single
particle function,

P1s =€ . (40.1)
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The first index means this is the wave function belonging to principal
quantum number n = 1 in hydrogen. The second index, s, says this is
an s-wave function, with angular momentum quantum number [ = 0.
The degenerate first excited states in hydrogen, with principal quantum
number n = 2, have angular momentum quantum numbers [ = 0 and
[ = 1. The former is designated ¢os. The n = 2 p-wave functions, with
[ =1, are of the form (eq. [18.34])

¢ap = re "7 cos, (40.2)

for m = 0, and
dap = 1€ P sin e*'?, (40.3)

for m = £1.

As we have noted, the wave function is either even or odd under
exchange of the two electrons. We will approximate the lowest energy
even and odd states with angular momentum [ =1 as

Vi = P15(r1)d2p(r2) = d15(7r2)P2p(r1). (40.4)

This trial function has two parameters, o and 3, in ¢1, and ¢gp.

Working out the expectation value of the Hamiltonian (39.1) in this
trial function is a good exercise, but not one that is appropriate here,
so the computation will only be outlined. With equation (40.2) for ¢y,
the normalizing integral for 4 works out to

2n?
(¥, 92) = —55 5 (40.5)
The kinetic energy integral is
e gy T [ Ly ) (40.6)
2om T om |af T B3B3 '

The term representing the potential energy of an electron in the field of
the nucleus is fixed by the integral

1 1 1
(¥, Ewi) =q? [a—fﬁ—s + WJ . (40.7)
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Using tricks like those in equations (39.7) and (39.8), one finds that the
term representing the interaction between the electrons is

1 3a+ 3 56

1 2

Vo sV =7 |55 ~ Bar By “3aray) - 09
With the energy unit

2
—— =13.605eV = 1 Rydberg, (40.9)

2a,

where a, is the Bohr radius, and the definitions

a = Qgo, b = Ba,, (40.10)

the expectation value of the energy in the trial wave function in equation
(40.4) finally works out to

_ (W, HYs) [ o 12 e R (3a + b)b° 56a3b°
7o R A P kT o
(40.11)
Now one has to do a numerical search for the minimum value of this
expression as a function of the parameters a and b. The result for the
even state is

Ey

ay =2.003, by =0.483, (40.12)

and the estimate of the energy in the even state is
E, = —4.245 Ry = —57.75eV. (40.13)

The measured value is
E, = —57.76eV, (40.14)

which is lower, as expected, but the approximation is quite close.

As in equations (39.17) and (39.18), we can interpret & and 3 in
terms of the effective charge seen by each electron. Equations (39.17),
(40.10), and (40.12) say the effective charge for the 1s electron wave
function is zeg = a4 = 2.003. This is quite close to the charge of the
nucleus. The definition of the 2p wave function in equations (40.2) and
(40.3) is such that in a hydrogen-like atom with charge ze the parameter
is 8 = z/(2a,) (eq. 18.34]). Therefore, equation (40.12) says the effective
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charge seen by the 2p electron is zeg = 2by = 0.97. That is, the inner 1s
electron sees almost exactly the bare nucleus with charge 2e, and this
inner electron almost exactly covers the nucleus so the negative charge
of the inner electron reduces the charge seen by the outer electron to
very nearly e.

The minimum of equation (40.11) for the odd function ¢_ is at

a_ =1.991, b_ = 0.544, (40.15)
and the approximation to the energy is
E_ = —4.261 Ry. (40.16)

This is lower than the even state energy by 0.22 eV; the measured energy
difference is 0.25eV. The odd v_ function actually is split into three
closely spaced energy levels. This is caused by the spin-orbit coupling to
be discussed in section 42.

The lower energy of the odd function ¢_ results from the fact that
the odd wave function vanishes when r; = ry (that is the only way to
satisfy the condition that the wave function changes sign when r; and
ro are exchanged). The wave function v_ therefore is small when r; is
close to ra, and this reduces the mean value of the positive energy term
e? /12 representing the interaction of the two electrons. The even wave
function ¢, is large when r; is close to rs, increasing the mean value of
€?/r12, and making the energy higher than in the odd state.

The lowest excited states of helium with zero orbital angular mo-
mentum can be approximated by the the trial wave functions

X+ = 015(71)P25(T2) £ P15(T2)P25(r1)- (40.17)

As before, ¢;5; has the form of the single-particle ground state wave
function in atomic hydrogen, and the single-particle function ¢o, has the
form of the hydrogen 2s wave function, ¢os ~ (1 —Br)e™P" (eq. [18.34]).
We know the even function in equation (40.17) represents a new state
in helium, rather than just a poor approximation to the ground state,
because it has a new feature, the zero from the factor ~ (1 — 8r) in ¢2,.
As for the [ = 1 states, the coulomb repulsion between the two electrons
makes the energy of the odd state x_ lower than the even state x4.
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The states approximated by equation (40.17) are said to have elec-
tron configuration 1s2s. In the same way, the ground state electron con-
figuration (eq. [39.2]) is 1s2, and the configuration of the lowest energy
state with [ = 1 in equation (40.4) is 1s2p.

Since in atomic hydrogen the 2s and 2p energy levels are degener-
ate (apart from small relativistic corrections), it is not surprising that
the states approximated by the 1s2s configuration have energies fairly
close to the 1s2p configuration. The latter have the higher energy (less
tight binding energy), because the angular momentum contribution to
the effective potential suppresses the 2p wave function near the nucleus
(¢p2p o 7 at small T in egs. [40.2] and [40.3], while @2, is nonzero at
r = 0).,In a classical picture, the 2s orbit with no angular momentum
plunges toward the nucleus, while the orbits with nonzero angular mo-
mentum avoid the nucleus. Either way, we see that the 1s electron is
more effective at screening a 2p electron from the attractive charge of
the nucleus than it is at screening a 2s electron, because the 2p electron
is less likely to be found near the nucleus. Thus the 1s2p configuration
is less tightly bound.

41 Pauli Exclusion Principle

To complete the physics we must take account of the symmetry imposed
on the state vector belonging to a system containing more than one elec-
tron. A complete set of compatible observables for n electrons includes
the position observables and one component of the spin of each particle.
The simultaneous eigenstates of these observables are the basis vectors

|l‘1,m1,r2,...,mn). (41.1)

The operator P, exchanges the quantum numbers belonging to particles
1 and 2:

Pia|ry,my, ¥, 2, I3, . .. ) = [r2, M2, T1,M, T3, ... ). (41.2)

The operator Pj; is defined the same way. To find the effect of P;; on
any state vector |1}, expand [¢) in the basis in equation (41.1) and then
apply P;; to each basis vector, as in equation (41.2).

Since the exchange operator applied twice does nothing, we know
Pfj = 1. This means the eigenvalues of P are p = =1, corresponding
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to eigenstates even or odd under P;;. Since electrons are identical, ex-
changing the electrons labeled i and j cannot affect the Hamiltonian,
that is, P;; has to commute with the Hamiltonian. That means energy
eigenstates can be classified as even or odd under P;;, and the symmetry
does not change with time.

The Pauli exclusion principle is that for electrons (and all other
fermions, including neutrons and protons) Nature allows only the odd
state. That is, the allowed state vectors for a system of electrons must
satisfy

Pyle) = —lv), (41.3)

for all 7 and 7 and all states [¢) of the electrons. Within quantum me-
chanics this principle has to be taken as a postulate, justified because
it helps account for the observed properties of atoms, as will be seen
in some examples in this and the following sections. In quantum field
theory, that develops along the lines of section 37, one finds under fairly
general conditions that spin 1/2 particles moving in three dimensions
have to obey the exclusion principle (41.3).

Let us apply this condition to the states of helium discussed in the
last two sections. It is a good first approximation to leave the spin opera-
tors out of the Hamiltonian, as in equation (39.1). In this approximation,
the solutions to the energy eigenvalue problem in the basis of equation
(41.1) are of the form

(r1,my,ro, ma|yp) = w(flam)Xm,mg- (41.4)

The spin variables m; and mo appear in an arbitrary multiplicative
function Xm, m,, because the electron spins do not appear in Schrod-
inger’s equation. However, this spin wave function is constrained by the
Pauli principle, which says

Prolyp) = —[9). (41.5)

Using equation (41.2), we see that the inner product of this equation
with a basis vector (eq. [41.1]) is

(r1,ma,r2, ma|Y)) = —(r2,m2,r1,M1f9h). (41.6)
That is, the wave function (eq. [41.4]) is antisymmetric:

PlL1 B0 s e = —P(02: F1 Y hmanis (41.7)
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We saw in the last two sections that the spatial part 1(ry,ry) is either
even or odd under exchange of the position quantum numbers r; and ry,
because the Hamiltonian is symmetric under exchange of the electron
positions. The exclusion principle in equation (41.7) says the spin wave
function Xm,m, has to be odd when the spatial part is even, and Xm, m,
has to be even when the spatial part is odd.

In the ground state of helium, the space part 1(r;, r2) is even (as in
eq. [39.2]), so x has to be odd:

Xmi,mz = —Xmg,m;- (41.8)

The solution to this functional equation (up to a phase factor) is

1

Xmy,mg = mwml,lﬁémz,-—lﬂ = ‘5mz,1/’26m1,-—1/2)' (41.9)

This is equivalent to the expression

|+ =) =]=+4)

s (41.10)

for the singlet spin zero state (eq. [25.19]). That is, the ground state of
helium has zero net spin.

The term symbol used to describe the ground state of a helium atom
is 11S. The letter S (for [ = 0) indicates that, in the approximation of
the wave function as a product of a spin wave function and a function
of position, the electrons have zero net orbital angular momentum. The
superscript means the state has a singlet spin wave function, that is,
zero net spin. The prefactor means that, in the approximation of the
space part of the wave function as a product of two single particle wave
functions, both the radial wave functions have no nodes (no zeros apart
from the one at 7 = 0.) The term symbol for the even 1s2s configuration
in equation (40.17) is 215, the prefactor meaning that in the approxima-
tion of equation (40.17) the radial wave function for the excited electron
has one node.

For the odd 1s2s configuration in equation (40.17), the exclusion
principle in equation (41.7) says the spin wave function Xm, m, has to
be even. The three even functions of m; and my are the triplet functions
in equation (25.19), with total spin s = 1 and z components ms = 1,
0, and —1. The term symbol for this triplet of states is 23S. The term
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symbols for the 1s2p configurations in equation (40.4) similarly are 2' P
and 23 P for the even and odd spatial functions, where the spin function
has to be respectively odd (singlet) and even (triplet). The letter P
indicates the electrons have unit orbital angular momentum.

The term symbol assigns to a state of the atom orbital and spin
angular momentum quantum numbers. This is correct in the approxi-
mation that the Hamiltonian H contains no spin observables, as in equa-
tion (39.1), so the eigenstates of H can be classified by definite spin and
orbital angular momentum quantum numbers. In the full Hamiltonian
for an atom spins do appear in the relativistic spin-orbit coupling to be
discussed in the next section, so spin and orbital angular momentum
are not separately conserved. That means an energy eigenstate does not
really have definite spin and orbital angular momentum, but rather is
a linear combination of wave functions with different spin and orbital
angular momenta that add up to the conserved total angular momentum
of the state. However, in low atomic weight atoms the spin-orbit inter-
action is weak, so states are well approximated by wave functions with
definite spin and orbital angular momentum. In this case, the states are
conveniently labeled by the term symbol

il (41.11)

The multiplicity in the superscript is the number of spin components
belonging to the total electron spin, s. The letter represents the total
orbital angular momentum, S for I = 0, Pfor I = 1, D for | = 2.
The subscript j is the quantum number for total angular momentum,
J=L+s.

Because spin is so close to being conserved in helium, atoms with
spin 0 and spin 1 act as different kinds of helium, called respectively
parahelium and orthohelium. In the spectrum of helium it is almost im-
possible to see lines corresponding to transitions between the ortho and
para states. Such radiative transitions require a matrix element (f|V|z)
that connects spin 0 and 1. The spins are coupled to the magnetic part of
the radiation field, as we saw in the radiative transitions among hyper-
fine states in hydrogen, but the coupling is weak and further suppressed
by the fact that the two electrons see almost the same magnetic field,
and a field difference is needed to change the total spin (by making one
spin precess at a different rate from the other). A result is that the low-
est energy 3S state, at ~ 20eV above the ground state, is metastable,
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having nowhere it can readily decay by emission of radiation. Instead,
helium in the 3S state tends to be deexcited by collisions with other
atoms.

Two general features of the exclusion principle are worth noting.
First, although the spins make only a very weak contribution to the
Hamiltonian for helium, the lowest energy state with spin one is ~ 20eV
above the spin zero ground state, which is a considerable difference. This
is a result of the symmetry imposed on the spatial part of the wave
function by the exclusion principle. Second, an electron arriving as a
cosmic ray particle from a distant galaxy has to have a wave function
antisymmetric with respect to the local electrons, even though the new
electron has been away from us for a long time (and in the inflation
paradigm for the early universe never before was in causal contact with
local electrons). As in the EPR effect discussed in section 27, this curious
result cannot be used for acausal communication: the only way to see
the antisymmetry is to bring the electrons together.

42 Lithium

Wave Functions

The dominant terms in the Hamiltonian for atomic lithium are the ki-
netic and electric potential energies, as in equation (39.1) for helium. In
the approximation that the weak spin-dependent terms to be discussed
below are ignored, the energy eigenstates are products of a spatial wave
function for the three electrons and a spin wave function, as in equation
(41.4). The spatial part is usefully approximated as a product of single-
particle functions. In these approximations, a solution to Schrédinger’s
equation for the ground state energy is of the form

Y = ¢15(r1)d15(r2) P25 (r3}){m1,mz,m3- (42.1)

The electron configuration in this expression is written 15%2s, meaning
two of the electrons have wave functions ¢, like the hydrogen atom
ground state function, and one has a wave function ¢s, like the excited
2s wave function in hydrogen with zero orbital angular momentum and
principal quantum number n = 2.

As in equation (41.7), the exclusion principle says the wave func-
tion has to be antisymmetric under exchange of the quantum numbers
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belonging to any two of the electrons,
w(rl) my, Iz, M2, I3, m3) i _w‘(rZs msg,ry, My, rs, m3)s (42'2)

and so on. To make the trial wave function (42.1) satisfy the exclusion
principle, we have to add or subtract the results of exchanging the quan-
tum numbers of the electrons, so as to make the function completely an-
tisymmetric. This yields the wanted approximation to the ground state
function,

1 single
Y= 317 les(rl)qbls(rz)Xr:ll%ln;¢’2s(r3)Xm3+

B15(r2) P15 (r3) XEmE " do (1) X, + (42.3)

@1 (r3)¢’1s (rl )X:::E:;ﬁ P25 (l'z)sz .

The last factor x,, in each term in this expression is an arbitrary funec-
tion of one spin component. The other spin wave function, Xfﬁ%iitzs is
the antisymmetric singlet two-spin function with total spin zero, as in
equation (41.9). The antisymmetry of this latter function makes each
term in equation (42.3) antisymmetric under the exchange of the first
pair of arguments. As you can check, it also makes the wave function
completely antisymmetric.

The normalization in equation (42.3) assumes the single particle

functions are orthogonal and normalized, so we have

/daﬂ‘plslz =1,
/ d®r|das|? = 1, (42.4)
f @1y bra = 0.

Then in the expression for the inner product of ¢ with itself the cross
terms vanish and the sum of the square terms cancels the factor 1/3, to
make (¥, %) = 1.

The total spin in the wave function (42.3) is 1/2, because in each
term two of the electrons couple to zero spin. Since the orbital angular
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momentum is [ = 0, the total angular momentum is j = 1/2, and the
term symbol (41.11) is 1s22s 25'1/2.

The configuration 1s, with all three electrons placed in ¢;, func-
tions, is not allowed because the antisymmetrization in equation (42.3)
would make the function vanish. That is why one of the electrons has to
be promoted to the 2s single particle function.

The first excited states in lithium have electron configuration
1s22p 2P, /5 3/2, With ¢, in equation (42.3) replaced by ¢o,. The to-
tal spin is s = 1/2, the orbital angular momentum is | = 1, and by
the triangle rule (17.74) these can couple to total angular momentum
j = 1/2 and 3/2. In hydrogen, the 2s and 2p wave functions have the
same energy. As was discussed in section 40, the 15?25 configuration in
lithium is the ground state, with lower energy than the 1522p configura-
tion, because the ¢2; wave function is less well shielded from the charge
of the nucleus by the two inner 1s electrons.

In the 1s%2p configuration, and the higher energy configurations
1523s, 15%3p, 1523d, and so on, the outer electron sees the nucleus of
charge 3e closely surrounded by the two 1s electrons. This acts as a
nearly pointlike charge e, so the wave function for the outer electron is
close to that of a hydrogen atom with charge e. Thus, the energy differ-
ence between the 15?3d and 15°2p configurations in lithium corresponds
to a wavelength of 6104 A, just slightly shorter than the wavelength of
the 3d to 2p transition in atomic hydrogen, 6563 A.

The configurations with orbital angular momentum greater than
unity are split into pairs of states with slightly different energies. This
fine-structure is caused by the spin-orbit interaction to be discussed now.

Spin-Orbit Interaction

The expression for the Hamiltonian as a sum of kinetic and potential
energy terms (as in eq. [39.1]) has to be corrected for relativistic ef-
fects, one of which introduces an interaction term between the electron
spin and its orbital motion. This term is derived in chapter 8; a crude
approach (that is off by a factor of two), goes as follows.

Recall that a particle moving through an electric field sees a mag-
netic field. This is because the charges that are the source of the electric
field are moving in the rest frame of the particle. For example, an ob-
server moving parallel to a line of charge sees a current, which produces
a magnetic field. To order v/c in the velocity, the magnetic field seen by
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a particle moving with velocity v through an electric field E is
B=Exv/ec (42.5)

As discussed in section 23, an electron has magnetic dipole moment
f=—=—"—s, (42.6)

and the energy of this dipole moment in a magnetic field B is (egs. [23.9]
and [23.11))
V=-i-B. (42.7)

In the approximation that the electron sees a spherically symmetric
charge distribution, we can write the electrostatic potential as a function
#(r) of distance r from the nucleus, so the electric field is

E=-V¢=*%i (42.8)

with ¢’ = d¢/dr. Collecting, and setting g = 2, we get

!

e ¢
V=—-—=s—rxv-s. © (429

me2 (42.9)
Since the angular momentum of the particle in classical mechanics is
L = mr x v, we can rewrite this as

e ¢

The only problem with this expression is that it is off by a factor of two.
The full relativistic calculation in chapter 8 gives

e ¢

2m2c? r

V= L:s. (42.11)
This form, with L. and s operators, is the quantum expression for the
spin-orbit interaction.

In the approximation that the electron sees a nearly pointlike charge
e, as for the 2p electron in lithium, the electrostatic potential is ¢ = e/r,
and equation (42.11) becomes

1 é?
T omza s

v (42.12)
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Now to find the fine-structure in the 15%2p 2P, /2,3/2 configuration in
lithium in linear perturbation theory, we must compute the expectation
value of this expression in a suitable approximation to the electron wave
function.

Fine-Structure

The useful first approximation to the wave function in the 1s%2p 2P
configuration is similar to equation (42.3):

1 .
Y= 3172 [4513(1‘1)ﬁf’ls(m)Xf;ﬁ%:g¢2p(r3)xm3+

G15(r2)B15(C3) Xmems G20 (T1) Xy + (42.13)

D15 (r3)¢ls (rl )Xf::;%al:t; ¢2p(r2)sz .

The spin-orbit interaction (42.12) for the three electrons is of the
form

V= Zf('ré)l-'i “ 84, (42.14)
where the function f for the 2p electron is
1 €2
= 42.
/ 2m?2¢c? 13 (2:18)

The computation of the expectation value of V' in the wave function
in equation (42.13) is greatly simplified by the fact that L; operating
on ¢15(r1) vanishes, because ¢, is spherically symmetric. That means
f(r1)Ly - s; operating on % in equation (42.13) leaves only one term,
where the argument of ¢o, is ri. As you can check, the inner product of
f(r1)Ly - 19 with ¢ has vanishing cross terms. The sum over the three
operators in the potential eliminates the factor 1/3 from the prefactor
in 9, giving finally

(V)= / &r1£(r1)$3p(r1)Laop(r1) - x;,gf"mz.m; Xm;- (42.16)

In the last factor, h&'/2 is the Pauli spin matrix representation of the
spin operator. The two electrons in the inner helium-like shell make no
contribution to the fine-structure.
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The trick in simplifying equation (42.16) was used in computing
the hyperfine structure of hydrogen (eq. [34.39]). The total angular mo-
mentum operator for the 2p electron is the sum of the orbital and spin
parts,

J1 =L +s;. (42.17)

The square of this vector operator is
J2=L}+5342L; 8. (42.18)

Thus we can rewrite the spin-orbit interaction term for the 2p electron
as
frL -s1 = f(r)(Jf — LT - s7)/2. (42.19)

This form makes it apparent that V' commutes with each component of
the total angular momentum J = 3 J; (for we recall that, for example,
L, commutes with L? and of course it commutes with s2). This is a good
thing, because the total angular momentum ought to be conserved.

The 2p electron has spin s = 1/2 and orbital angular momentum
quantum number [ = 1. Because the square of the total angular momen-
tum J? commutes with L? and s? we can arrange that the 2p electron
also is an eigenstate of J? with eigenvalue £%j(j + 1). The triangle rule
in section 17 says the allowed values of the total angular momentum
quantum number j are |l — s| to [+ s (eq. [17.74]). For a 2p electron this
is j = 1/2 and j = 3/2. The two 15*2p energy levels thus are 2P,/ and
2P5/2, (in the notation of eq. [41.11]).

Equation (42.18) says a state with quantum numbers 7, [ = 1, and
s = 1/2 is an eigenstate of L - s; with eigenvalue

R 5 . 2 R’ o

?(J +j=1*=1l-s —s)=?(;f +j—11/4). (42.20)
This means the matrix elements of L - s in the degenerate energy eigen-
states with different total angular momentum are diagonal, so can use
ordinary first-order perturbation theory, where the energy perturbation
is the expectation value of V. On replacing the operator L, -s; in equa-
tion (42.16) with the eigenvalue in equation (42.20), we get

2

R o 3 2
OF; = 3G+ 3 = 11/4) [ @rlon(r)P10). (12.21)
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This is the wanted expression for the perturbation to the energy of the
state from the 25%2p configuration with total angular momentum quan-
tum number j.

To evaluate this expression for §E;, we need the 2p wave function
@2p(r). Since we have observed that the 2p electron behaves very much
as it does in a hydrogen atom, it is a reasonable approximation to use
the hydrogen atom 2p wave function with charge e (eq. [18.34]),

re_rf(zao)ylm

Bap = _____“_{24)1/23,2/2 :

(42.22)
This function is normalized. (It will be recalled that [dQ|Y;™|? = 1.)
The Bohr radius is a, = h?/(me?). With equation (42.22), the integral
in equation (42.21) is easy to work. On collecting all the pieces, one
finds that the energy difference between the j = 3/2 and j = 1/2 states
1522p 2P; is (in the approximation of the wave functions in egs. [42.13]
and [42.22))

a*me?

32

This is a relatively small energy because the fine-structure constant a
(eq. [34.44]) enters to a high power.

It is customary to express the fine-structure energy difference in
units of wavenumbers. (The wavenumber A~! is the reciprocal of the
wavelength of a photon that would be produced or absorbed in a radia-
tive transition between the states. The frequency is ¢/), so the energy
difference is hc/A.) The numerical result for the fine-structure splitting
in the 1s%2p configuration in lithium, in our approximation, is

E3jo — Eyjp = (42.23)

E3jp — Eyj2 =0.36cm™!, (42.24)

close to the measured value. This can be compared to the energy differ-
ence between the 1s%2p 2P and ground state 1522s 28 configurations in
lithium, 15000 cm 1.

43 Beryllium to Carbon’

The rich structures of the heavier atoms are well beyond the scope of
this book, but is worth pausing to look at an interesting calculation that
appears at carbon.
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The atom after lithium in the periodic table is beryllium, with charge
in the nucleus z = 4. The four electrons in the ground state have the con-
figuration 1s22s?. In the approximation of the wave function as products
of single-particle functions, the spatial part is symmetric under exchange
of the position variables of the two 2s electrons, so the exclusion prin-
ciple says the spin wave function for these two electrons has to be the
antisymmetric singlet function with zero total spin. The term symbol
(eq. [41.11]) for the ground state thus is

152282 18,. (43.1)

The first excited states of beryllium, at ~ 2.7eV above the ground
state, are
15%252p3Py 1 5. (43.2)

As for helium and lithium, this configuration has higher energy than the
152252 ground state in equation (43.1) because the other three electrons
in beryllium more strongly shield the 2p electron from the nucleus than
the 2s electron with its larger wave function at small radius. In the 3P
states in equation (43.2) the spin part of the wave function is the even
triplet function with s = 1, so the orbital part is antisymmetric under
exchange of the positions of the 2s and 2p electrons.

The subscripts in equation (43.2) are the values of the total angular
momentum quantum number, j. Since the total spin of the atom is s = 1,
and the orbital angular momentum is [ = 1, the triangle rule (eq. [17.74])
says the total angular momentum can be j = 0, 1, or 2. The spin-orbit
interaction energy increases with increasing j in this atom, as in lithium
(eq. [42.21]), so 3P, has the lowest energy.

The next states in beryllium, at ~ 5.3 eV above the ground state, are
152252p 1 P;. These have the same electron configuration as in equation
(43.2), but higher energy because the coulomb energy of repulsion of the
two electrons is larger in the spatially symmetric ! P; states.

In boron, with z = 5, the ground state configuration of the five
electrons is 1522s%2p. The orbital angular momentum is [ = 1, and the
spin is § = 1/2, so the total angular momentum of the atom can be
7 =1/2 and 3/2. Because of the spin-orbit coupling energy, which varies
as j(j+1), the ground state is 2P, /; the state Py 5 is ~ 0.002 eV above
the ground state.

In carbon, with z = 6, the lowest energy configuration is 1s22s22p?.
Each 2p electron has [; = 1 and s; = 1/2, so the triangle rule says the
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total orbital angular momentum can be [ = 0, 1, and 2, the total spin
can be s = 0 and 1, and the total angular momentum can be j =0, 1,
2, or 3. We can understand the actual values of s, [, and j allowed by
the exclusion principle by constructing properly antisymmetric angular
momentum eigenstates out of the single-particle functions, as follows.
We can assign each 2p electron to any of three spatial functions, for
the three possible values of m for | = 1. Let us write these functions as

u™(r), m=-1, 0, 1. (43.3)
Consider the state with approximate wave function
1 o ut (r)u(re) — u®(ry)ut (r2). (43.4)

This is supposed to be multiplied by functions ¢, and ¢o for the inner
four electrons, and by a suitable spin wave function. Let L(1) and L(2)
be the single-particle orbital angular momentum operators for the two 2p
electrons, and let L = L(1)+L(2) be the total orbital angular momentum
operator for these two electrons. In the usual way, the z component is

L,=L,(1)+ L,(2), (43.5)
and the raising and lowering operators are
Li=Ly(1)+ Li(2) (43.6)

Since 1 in equation (43.4) is odd under exchange of the two 2p electrons,
it satisfies
Ly =0, L.y = hiy. (43.7)

This means the total orbital angular momentum in the state ¢, is [ = 1.
Since 1, is odd it has to be multiplied by an even spin wave function,
which is the triplet function with s = 1. This means 1); approximates
states with [ = s = 1, giving

3Po,1.2- (43.8)

The subscripts are the values of the total angular momentum, j, obtained
by adding spin s = 1 and orbital angular momentum [ = 1. The spatial
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part 9 of the wave function in equation (43.4) has m = 1 . The operator

L_ applied 9, gives the spatial wave functions for m = 0 and —1.
Next, let us seek states with total spin s = 0. Here the spin wave

function is odd, so the space part has to be even. One possibility is

'!,{)2 = ‘b:l (‘:“1 )'u.l (7‘2). (43.9}

This satisfies
Lty =0, Lo = 2h)o, (4310)

so the total angular momentum is [ = 2. With s = 0 and | = 2 we get
the states
'D,, (43.11)

with total angular momentum j = 2.
Finally, consider the symmetric linear combination of single-particle
functions

o = aul(r)u" (r2) + bul(r)ul(ra) + au= (r)ul (r2). (43.12)

If the ratio of the constants, a/b, is chosen so L operating on this com-
bination gives zero, then we know we have chosen the linear combination
with zero orbital angular momentum. Since this symmetric combination
requires a singlet spin wave function, we get the state

K6 (43.13)

with zero spin, zero orbital angular momentum, and 7 = 0.

A counting argument tells us we have exhausted the possibilities.
Each of the 2p electrons can be assigned one of three possible values for
the 2 component of orbital angular momentum, m; = 1, 0, and —1, and
one of two possible values for the spin component, m, = 1/2 and —1/2.
That is, there are 3 x 2 = 6 different possible assignments of single-
particle functions. The exclusion principle says each electron must have
a different assignment, so the number of different possible assignments
is 6 x 5/2 = 15. (The product is divided by 2 because it can’t matter
which of the identical electron has which assignment.) We can find linear
combinations of these assignments that have definite values of [, s, and
j. Since the states with definite [, s, and j are orthogonal, the linear
combinations that produce them must be linearly independent. There-
fore, there are just 15 possible states to be produced out of independent
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combinations of the 15 assignments. One is the 15, state in equation
(43.13). The ' D, state in equation (43.11) has j = 2, so there are 5
possible values for m;. The 3Py  states in equation (43.8) include one
with j = 0, three with j = 1, and five with j = 2. These add to 15, so
we know we are done.

The 3P, state has the lowest energy, because the antisymmetry of
the spatial part of the wave function for the two 2p electrons lowers
their coulomb repulsion energy. Just above 3P, are the 3P, and 3P,
states at 0.002eV and 0.005eV above the ground state, their energies
being increased by the spin-orbit interaction. The 1D, states are 1.26 eV
above the ground state, the 1Sy another 1.42eV higher.

44 Molecular Hydrogen

Born-Oppenheimer Approximation

In a hydrogen molecule we have to deal with four particles: two electrons
and two protons. The standard approximation that greatly simplifies the
analysis commences by writing the Hamiltonian as

H=K,+H.. (44.1)

The first term is the kinetic energy of the protons,

2

K,=1a +i=—f—(v2+v2) (44.2)
PTOM T oM oM " ° L4 '

The proton mass is M, and the two proton momenta are p, and ps.
The part H. contains the kinetic energies of the electrons and all the
potential energy terms:

2 2
H=B,.0 vy

" 9m  2m
2 2 2 2
T e _ € _ e _ € (44'3)
[r1 —ra| Jri—rs| [ra-—rs |ra—ry
e? e
_l_

+ A
[ry —ro|  |rg — T

The electron mass is m and the electron positions are r; and ry. The
proton positions are r, and r. The first four terms in the potential are
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the energies of each electron in the field of each proton, and the last two
are the energies of interaction of the electrons and of the protons.

The first step in the Born-Oppenheimer approximation is to imagine
that the proton positions r, and r, are fixed and consider a solution to
the wave equation

He = Eo(r)9. (44.4)

As indicated, the eigenvalue F, of the electron energy operator H, (eq.
[44.3)) is a function of the separation r = |r, — rp| of the protons. The
wave function ¢ depends on the positions of the electrons relative to the
protons:

¢ = ¢(r,r; —rq,rs —Tg), (44.5)

where r = r, — 1y, is the vector between the positions of the two protons.
Now we seek an approximate solution to the energy eigenvalue equa-

tion for the full system,
HV = EV, (44.6)

of the form
U = 1(rq,rs)0. (44.7)

In the Born-Oppenheimer approximation, the function 1 depends only
on the positions r, and r; of the protons. The proton kinetic energy part
K, of H (eq. [44.2]) operating on this function gives

h? ?

Kp¥ = 9Kptp — 5:Vad Vot = - V6 Votp + YKo (44.8)

The second derivatives with respect to position in K, differentiate either
1 or ¢ or both. Because the protons are considerably more massive, their
momenta are larger than the electron momenta, and since the momen-
tum operator is proportional to a space derivative this means the space
derivatives of the proton wave function ¢ are larger than the derivatives
of the electron function ¢. Therefore, the dominant term in the right-
hand side of equation (44.8) is the first, ¢K,1, containing the second
derivatives of the proton function. In the Born-Oppenheimer approxi-
mation one drops the sub-dominant terms, leaving

KV = Ko = 0Kpy. (44.9)
Then Schrodinger’s equation with H = K, + H, becomes

HY = (K, + H.)V¢ = 6K,y + YH.d = Bpo. (44.10)
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Since H, (eq. [44.3]) has derivatives only with respect to the electron
positions r; and rz, we can move ¥(r,, ry) past H, in the second expres-
sion in equation (44.10). We have to keep the second space derivatives
of ¢ in this second term, because they have a small denominator, the
electron mass.

The final step is to use equation (44.4) to replace H.¢ with E.(r)¢.
This makes the electron wave function ¢ a common factor that can be
divided out of Schrédinger’s equation (44.10), leaving

K, + Eo(r)y = Ev. (44.11)

This says the proton part of the wave function, 9 (r,, 1), acts like a two-
body system with the potential energy E.(r) found by solving equation
(44.4).

To summarize, the idea behind the Born-Oppenheimer approxima-
tion is that the electrons see the more massive protons as slowly mov-
ing, so the electron wave function can smoothly adjust to the chang-
ing positions of the protons. This is an adiabatic approximation, like
the WKB computation in section 7. The prescription that follows from
the Born-Oppenheimer approximation has two steps. First, one solves
equation (44.4) for the electron wave function ¢ for fixed and given
proton positions r, and ry. The eigenvalue E,(r) is the “electronic en-
ergy” of the electrons, kinetic and potential, plus the potential energy
€?/|rq — rp| of the protons. This energy, which is a function of the sep-
aration r = |r, — r}| of the protons, is the total energy of the molecule
when the proton positions are given. In the second step, the energy E.(r)
serves as the potential energy term in the Schrodinger equation (44.11)
for the motion of the protons. The eigenvalue E in this last equation is
the total energy of the molecule.

Low Energy Electronic States

We can make considerable progress to understanding the solutions to
Schrédinger’s equation (44.4) for the electron wave function for fixed
proton positions r, and rp by considering the symmetries of the Hamil-
tonian. Since H, is symmetric under reflection through the midpoint of
r = r, — Iy, the electron eigenfunctions ¢ can be classified as g for even
(the German word is gerade) or u for odd (ungerade) under this spatial
reflection. Since H, is symmetric under rotation about the axis r defined
by the protons, the component of the electron angular momentum along
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r is conserved. The states with zero angular momentum along the axis
are labeled ¥; there also are low-lying excited states IT with one unit of
angular momentum along the axis.

We will consider only the lowest energy states, ¥, and X,. First
approximations to their electron spatial wave functions are

O+ = P15(r1 — Ta)P1s(r2 — rp) £ d15(r1 — rp)d1(r2 — ra), (44.12)

where ¢, has the form of the ground state hydrogen atom wave function.
The combination ¢, is even under exchange of r; and r,, so to satisfy
the exclusion principle the spin wave function has to be odd under the
exchange of m; and ms. That means this is the singlet s = 0 state. The
state thus is more completely labeled '£,. The odd ¢_ state is 3%,.

Application of the variational principle to estimate E,(r) shows that
15, has lower energy than *%,; a qualitative explanation goes as follows.
The 3%, state, having an odd spatial part, is favored by the lower value
of the energy of interaction of the two electrons, (e2/r12). However, that
is overbalanced by the fact that in the even 1E o state the charge density
of the electrons is relatively large between the two protons, as a result of
the positive cross term in |¢, |2, while in the odd state there is a hole in
the mean charge distribution halfway between the protons because the
antisymmetry makes ¢_ vanish when r; and r, both are near the center
of the molecule. Because of this hole, the coulomb energy of repulsion
of the two protons makes E.(r) for 3, always exceed that of two well-
separated hydrogen atoms. That is, there is no triplet bound state. In the
spatially even ' ¥, state, the concentration of the electron charge between
the protons attracts them, lowering the energy. This is the source of the
binding energy in a hydrogen molecule.

The electronic energy in the !X, state at proton separations r near
the minimum of E.(r) can be approximated as a parabola,

1
Ee(r) = E(ro) + EK(T - ""o)2; (44.13)
where the separation at the minimum is

7o =0.74A = 7.4 x 107% cm, (44.14)

the curvature is
K =35eVA 2, (44.15)
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and the minimum value of E, is

E.(r,) = —4.746 V. (44.16)

This energy is referred to zero energy for two hydrogen atoms well sepa-
rated and at rest. It is left as an exercise to use these quantities to work
out the low-lying energy levels of the molecule.

Problems

VL1)

b)

Suppose a particle of mass m is confined to a rectangular box. The
potential energy of the particle is V' = 0 in the region 0 <z < a
and 0 < y < band 0 < z < ¢, and V is positive and very large
elsewhere. The sides are arranged so

a<b<e. (VL1)

The potential ensures that the wave function 1 (r) of the particle
is negligibly small outside the box.

Using the boundary condition on v, write down the normalized
ground state wave function and the ground state energy of the
particle.

Now suppose two of these particles are placed in the box. The
particles have spin 1/2, and are identical, so they obey the Pauli
exclusion principle. The particles do not interact with each other;
they see only the potential V', so the Hamiltonian is

2

2
_ P p3
H= 5 Viry) + 5 T V(ra). (VI1.2)

Write down the wave function for the lowest energy singlet state
for this two-particle system. Use as a basis the simultaneous eigen-
states of the positions and z components of the spins of the two
particles, so the wave function is of the form

{rl,rz,ml,sz) = ij}(l‘;,l‘g,ml,mz), (VI'S)

as in equation (41.4).
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¢) Write down the wave functions for the three degenerate lowest
energy triplet states.
Suppose now the two particles in the box interact by a po-
tential energy term that can be approximated as a Dirac delta
function in relative position,

V = Kﬁ(l‘."l = I';g), (VI4}

where K is a real constant.

d) Find in first-order perturbation theory the energy of the lowest
energy triplet state for the two particles.

e) Find in first-order perturbation theory the energy of the lowest
energy singlet state.

Suppose now three of these identical particles are placed in

the box. Ignoring the interaction energy in equation (VI.4), the
Hamiltonian is

_n

H2m

2 2

+V() + 22 + V() + 2 4 Vi(rg).  (VI5)

f) Write down the wave function for the lowest energy state of the
Hamiltonian with total spin 1/2.

g) Write down the spin part of the wave function for each of the
four lowest energy states with total spin 3/2 and z components
m=3/2,1/2, —1/2, and —3/2.

h) The interaction energy in equation (VI.4) is generalized to

Yi= K[é(rl —ry) +8(rp —r3) + 8(r3 — I'l)], (VL6)

for three particles. Find, in first-order perturbation theory, the
perturbation to the energy due to this interaction for the lowest
energy spin 3/2 state in part (g).

i) Find in first-order perturbation theory the perturbation to the
energy of the lowest energy spin 1/2 state considered in part (f)
due to the interaction in equation (VIL.6).

VI.2) Two particles of mass m are in the spherical potential well

V(r)=0, for r<r,,
(VL)

— 00, for P3Py,
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where r, is a positive constant. The single-particle wave functions
and energies for this case were derived in problem (1.12). For two
particles that do not interact, the Hamiltonian is

H~£é+-p—§—+V( )+ V(rp) (VL8)
" 2m 2m fa To): '
Suppose the two particles are identical spin 1 bosons. The
symmetry condition in this case is that the wave function is sym-
metric under exchange of all the quantum numbers belonging to
the two particles (rather than antisymmetric, as in eq. [41.5], for
fermions such as electrons).
Find the allowed value(s) of the total spin of the two spin 1 bosons
in the ground state, and write down the ground state wave func-
tion(s).
Find the allowed value(s) of the total spin in the first excited
state(s).

A relation between the mean kinetic and potential energies of
a system of electrons and nucleii in a stationary state (energy
eigenstate) is obtained as follows.
The Hamiltonian, ignoring the spin interactions terms, is of
the form
H=T+YV, (VI.9)

where the kinetic energy part is

B
T Z S Z G Vo (VL.10)
and the potential energy part is
v=y %4 (VL11)

e
i<j Y

The charge and mass of the i*! particle are ¢; and m;, and r;; is
the distance between the i*" and j** particles. The sums are over
the n particles in the system.

Consider a trial wave function % of the form

P(ry,ro,...,1,) = ¢(ary, arg, ..., ary,). (VI.12)
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Here « is a parameter, that multiplies every position variable in
the function ¢.

By introducing a suitable change of variables in the integrals, show
that the expectation value of the kinetic energy in the state 1,
JdridPry .. . dBr, " Ty
Jd3ridPry .. AP

is proportional to a power of a, and find the power.
Do the same for the expectation value (V) of the potential en-
ergy, and use this with the result from part (a) to find how the
expectation value of the energy, (H), in the state i varies with
the parameter a.

Suppose that, when o = 1, the function ¢ is the ground state
wave function for the system. Use the above results, with the en-
ergy variational principle, to show that the expectation value of
the kinetic energy in the ground state is equal to half the neg-
ative of the expectation value of the potential energy, and that
the expectation value of the potential energy in the ground state
therefore is twice the energy of the ground state. The result is
called the virial theorem.

(E) =

(V1.13)

Consider two well-separated hydrogen atoms at rest, each in the
ground state. Ignoring the hyperfine structure, this system is de-
generate, corresponding to the two choices +1/2 for the spin com-
ponents for the two electrons and the two protons. Suppose the two
protons are gently moved together to a separation ~ 0.7 A, with-
out any external perturbation to the electron spins, after which
the atoms are released at low velocity. The experiment is repeated
many times, each time with a random choice among the four de-
generate states for the electrons in the originally well-separated
hydrogen atoms. Sometimes the system flies apart when the pro-
tons are released, sometimes it is observed to stay together as a
hydrogen molecule. In what fraction of the trials does the system
stay together as a hydrogen molecule?

The lowest spin 1 energy levels in the bound state of a b quark
and a b (anti-b) quark are

T(138) = 9.46 GeV, x(1°P) =9.89GeV,
(VIL.14)
T(235) = 10.02GeV, x(23P) = 10.27GeV.
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These energies include the rest mass, 2Mc?, where M is the b
and b quark mass, and the potential and internal kinetic energy
of motion of the quarks. The 38 states have been given the name
T and the 3P states the name y. The notation in parentheses fol-
lows atomic spectroscopy: the superscript 3 means these are triplet
states, with the spins of the two spin 1/2 quarks aligned to spin
1. The S states have zero orbital angular momentum, and the P
states have orbital angular momentum quantum number [ = 1. A
spin-orbit interaction splits 3P into three slightly different energy
levels with total angular momentum j = 0, 1, and 2, but we can
ignore this relatively small effect. Colorful names are traditional
in this subject. The bb bound states are called the bottomonium
system.

The motion of the quarks is mildly relativistic, but it is a
reasonable approximation to describe the system in nonrelativistic
quantum mechanics, with the Hamiltonian

H:2Mc2+—gi+ﬁ+nr (VL15)

2M - 2M d ’

where  is a constant and r is the separation of the b and b quarks.
The potential energy term is that of a string with tension & that
is independent of the length of the string.
Write down the single-particle Hamiltonian for the relative motion
of the two quarks, as in section 12, with suitable reduced mass.
Since the Hamiltonian for the relative motion of the quarks is
spherically symmetric, its eigenstates can be assigned definite or-
bital angular momentum. The wave function with orbital angular
momentum quantum numbers [ and m is

y="yme,9), (VL16)

where u(r) is the radial wave function. Write down the one-
dimensional Schrédinger energy eigenvalue equation for the radial
wave function, as in section 18.

Sketch a graph showing the potential energy V(r) = kr as a func-
tion of separation r, and the radial wave functions u(r) for the
two lowest energy s-wave (I = 0) states as functions of r. Be sure
to indicate reasonable behavior of u(r) at r — 0 and r — oo, and
with the right number of zeros.
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Do the same for the effective potential (taking account of the
angular momentum term) and the radial wave functions for the
two lowest energy p-wave states. Show that in the p-wave states
u(r) has to approach zero at 7 — 0 as u o r2.

The energy variational principle in section 38 says the best choice
among a set of trial wave functions v for the ground state is the

one that minimizes the expectation value of the Hamiltonian,

(¥, HY) _ [ dryH
(¥, %) J &ry
Find an expression for this condition in terms of a one-dimensional

integral over the radial wave function.
Use the trial function

(H) =

(VL17)

u(r) =re ", (VIL.18)

with o an adjustable parameter, to estimate the ground state en-
ergy in terms of k and the quark mass.

The effective potential Veg(r) for the p-wave states has a minimum
at radius 7, > 0. One can get a quick approximation to the p-
wave energy levels by approximating Vg (r) as a parabola, so the
problem reduces to a simple harmonic oscillator with the familiar
energy levels (n + 1/2)hw. One way to fit to the parabola is to
expand V() in a Taylor series around its minimum at separation
Tt

T %K(r o (VL19)

Find K for the p-wave states, and use it to find approximate ex-
pressions for the energies of the 13P and 23 P states. Use the mea-
sured energies from equation (VI.14) to estimate the quark mass
M (in GeV) and the string tension x (in GeV fm~!, where 1fm
= 10" cm).

A better approximation uses the energy variational principle.
Adapt equation (VI.18) to take account of the behavior of the
radial wave function at small radius in a p-wave state, as dis-
cussed in part (d), and use it to estimate the 13P energy in terms
of k and M.

Use the results from parts (f) and (h), along with the measured
energies, to find another (and maybe better) set of estimates of
M and k.
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As discussed in section 44, the relative motion of the two protons
in a hydrogen molecule is well approximated as a one-body prob-
lem with potential energy V (r) that is a function of the separation
of the protons. Equation (44.13) approximates the shape of V(r)
near its minimum as a quadratic form. If the orbital angular mo-
mentum of the protons is not zero you can still approximate the
effective potential near its minimum as a simple harmonic oscilla-
tor potential by expanding the effective potential as a power series
in r and keeping only the terms through quadratic.

Find numerical estimates of the following quantities, giving
energies in electron Volts and lengths in Angstroms. Useful con-
stants and conversion factors are listed at the beginning of the
problem set in chapter 1.

The zero point energy of the protons in H.

The binding energy in the ground state of Hs.

The difference of binding energies of Hy and HD. (In the latter
molecule, one of the protons is replaced with a deuteron with the
same charge and twice the mass of a proton.)

The energy difference between the first vibrationally excited state
(v=1and | = 0) and the ground state (v = 0 and | = 0) of Hy
(where By, = (v + 1/2)hw).

The mean separation of the protons in Hy in the first rotationally
excited state, with angular momentum quantum number [ = 1
and vibrational quantum number v = 0.

The energy difference between the first rotationally excited state
(v =0 and [ = 1) and the ground state of Hs.

Suppose a molecular hydrogen gas is at thermal equilibrium at
a temperature such that the mean energy in rotation of the
molecules is 1 percent of classical energy equipartion. Use the
methods of section 1 to calculate the temperature. (Note that
for a complete computation one should evaluate an infinite series,
but you can make a sensible approximation.)






CHAPTER 7

SCATTERING THEORY

A powerful and commonly used way to explore the interaction between
particles is to study the way they scatter off each other. In the scat-
tering problems to be considered here motions are nonrelativistic and
particles are conserved: two particles move together, interact, and then
move apart again. It will also be assumed that the range of the interac-
tion is finite, so when the particles are well separated they move freely.

In a scattering experiment, one imagines that the particles approach
each other as wave packets with fairly definite momenta and positions
(within the limits allowed by the uncertainty principle). The motion
initially is free, because the particles are separated by great distances
compared to the range of their interaction. As the wave packets move
together the particles interact through a potential V' that is some func-
tion of the particle separation. The wave packets then move apart in a
scattering pattern that is determined by the interaction potential. We
will be considering the wave function for a scattering state with definite
energy. This time-independent function is not a good wave function for
a single pair of particles, because it is not normalizable. That is to be
expected, because the system has positive energy so there is nothing to
confine the wave function: it spreads over all space. But we can form a
wave packet as a linear combination of scattering state wave functions
with slightly different energies. The wave packet is normalizable and
describes the time-dependent scattering process.
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45 Scattering Amplitude and Scattering Cross Section

Wave Packets in a Scattering State

The purpose of this section is to develop the mathematical description of
the scattering process in terms of wave packets. This involves a boundary
condition for the solutions of Schrédinger’s equation for a scattering so-
lution with definite energy (in the form of eq. [45.8] below); the boundary
condition will be seen to contain a scattering amplitude whose square is
the cross section that is measured in scattering experiments.

We can describe the two particles in relative and center of mass
coordinates, as discussed in section 12. The wave function for the center
of mass motion is just a plane wave (eq. [12.21]). The wave function for
the relative motion of the particles satisfies the equation

ot 2m
where m is the reduced mass, and r = r; — ry is the relative position
of the two particles. This is Schrodinger’s equation for the motion of
a single particle with position observable r in the potential V (r). That
is, we can think of the two-body problem as a single-body problem, in
which a particle with mass m and the wave function v (r, t) is scattered
by a fixed potential, V(r).

The boundary condition for equation (45.1) differs from that of
a negative energy bound state solution, where the wave function ap-
proaches zero at r — oo. In a scattering state solution, the boundary
condition is that at sufficiently early times the wave function 3 repre-
sents a free wave packet, not yet disturbed by the interaction, moving
toward the interaction region in the neighborhood of r ~ 0. The problem
to be discussed here is the way to characterize the behavior of v after
the particles have interacted and have moved well apart again.

As a first step, let us recall from section 5 how one constructs a wave
packet for the motion of a particle (or for the relative motion of a pair
of particles, as in eq. [45.1]). A free particle with definite momentum
p = hk is described by the plane wave

Vi + V(r)y, (45.1)

Pi(r, t) = eflkr=ut), (45.2)

where the energy is
hk?
= om

E = hw

(45.3)
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Now we want to write down a wave packet, such that the wave function
at a given time is negligibly small outside a relatively small region where
we are sure to find the particle. This is done by writing the wave function
as a linear superposition of these plane waves,

vir) = [ & aulr.o), (45.4)

where the function a(k) is negligibly small outside an isolated peak in
the neighborhood of k ~ k,. As discussed in section 5, the oscillation of
the exponential function ¥ makes the integral ¥ (r,t) negligibly small
except for those values of r and ¢ for which the phase ¢ = k-r — wt of
1)k is stationary under small variations of k around the value k, at the
peak of a(k). This condition is

o 0 B B
2 = sl T-w) =0 at k=k, (45.5)
This says the peak of the wave packet defined in equation (45.4) is at
position

r = vt, (45.6)
where the group velocity is
ow  hk,
—_— e— T 4 -
Y= = (45.7)

with w(k) given by equation (45.3). Equation (45.6) says that the wave
packet for this free particle moves at the group velocity v, which is the
classical velocity of a particle with momentum p = hk,.

As we will see, to produce the wave packet in a scattering experiment
when the particles are well separated, either when they are approaching
or after they have interacted and moved well apart again, one replaces
the plane wave in equation (45.2) with the function

. etkr 4
Yi(r,t) = [T + fi(0, ¢) = J e (45.8)
This is the form of a scattering state solution to Schrédinger’s equation
in the limit of large r, well removed from the interaction region. The
scattering amplitude fx in the second term is a function of the direction
of r, where 6 and ¢ are polar angles for r relative to the line defined by
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k. This function of # and ¢ is multiplied by the spherical wave e**"/r
that is a function of radius r = |r|. The radius is computed from the
origin of coordinates placed within the interaction region, so we can be
sure the interaction potential vanishes at sufficiently large r.

The first term of equation (45.8) in equation (45.4) gives a freely
moving wave packet, as before. The second term, with the integral over
k in equation (45.4) written in polar coordinates, is

e / k2 dk a(K) fiee k=40 /1. (45.9)

The volume element for the integral over k is d®k = k2dkd, with
dQ = sin Oy dfyxddy the element of solid angle for the integral over the
direction of k. As for the plane wave case discussed above, we note that
in the limit of very large  and t the exponential factor e!(*~“%) in the
integrand is a rapidly oscillating function of k. This makes the integral,
s, negligibly small unless r and ¢ are such that the phase

b5 = kr —w(k)t (45.10)

is at an extremum when k is near the value k, at the peak of a(k). Thus
the condition for 1) to be appreciable is

_ do,

dw
0=—F=r—h= (45.11)

This says the radius r at the wave packet is

T~ %t = ut. (45.12)
m

As before, the frequency w is given by equation (45.3), so v is the mag-
nitude of the group velocity in equation (45.7).

At times ¢ < 0 equation (45.12) cannot be satisfied. (Since r is the
distance from the interaction region, r is positive.) Thus 1, is negligibly
small at t < 0, so the second term in equation (45.8), that contains the
scattering amplitude fy, has no effect: the wave packet at t < 0 is just
what we get from the plane wave from the first term, as if the scattered
wave were not present. This means we begin with a pure incoming wave
packet, moving as in equation (45.6), as required.
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At large and positive times the wave function is the sum of two
terms. The first is the wave packet from the plane wave in equation
(45.8), now moving away from the interaction region toward increasing
r in the direction of k,. This represents the unscattered part of the wave
function. The second term in the wave function is the scattered wave
packet 1, (eq. [45.9]) that is moving radially away from the interaction
region, as indicated in equation (45.12).

Equation (45.9) says the amplitude of the scattered wave 1), varies
inversely as the distance r from the interaction region. This is required
to conserve probability. The probability per unit volume for finding the
particle at a position off the axis of the incident motion of the wave
packet is |[1)|2 = |5|2. (We can ignore the plane wave term in eq. [45.8],
because the unscattered wave packet is small off the axis.) As the scat-
tered wave moves to larger r, its area spreads as 72, so the probability
density has to vary as 1/r?, in agreement with the factor 1/r in .

To see this another way, recall from section 8 that the probability
flux density for the wave function ¥(r,t) is (eq. [8.13])

. ihoo, "
i= %("(P VY — pVy*). (45.13)
For a plane wave, 1) = ce’®*, with ¢ a constant, the flux density is
j=lc/®hk/m = |¢)?v. (45.14)

This just says the probability density |¢|? = |¢|? is moving at the group
velocity v.

Now consider the probability flux density off the axis k, of the in-
coming beam. We can ignore the cross term between the plane and
scattered waves in equation (45.8), because after making a wave packet
the former is appreciable only in the undisturbed wave packet that runs
along the direction k,. The scattered part of equation (45.8) is

w = fi.(6, )e’*" /r. (45.15)

The radial component of the flux density, in the direction pointed away
from the interdction region, is determined by the radial derivative of w:

w _ ikr ﬁ _ _1__
B0 _ e ( ) . (45.16)

r 72
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At large r, the second term is negligible compared to the first. The
probability flux density normal to the radial direction is fixed by the
gradient of w in directions perpendicular to the radial direction. The
transverse gradient is proportional to 1/r2, which again is negligible
compared to the first term in the radial derivative of w when r is large.
That is, at large r the scattered flux is directed radially away from the
scattering region. This is reasonable: the scattered wave is moving away
from the interaction region.

The radial derivative of w from equation (45.16) with equation
(45.13) gives the flux density in the scattered wave at large r,

Jo = 10, 0)F (45.17)
As expected, this varies with distance from the interaction region as
jsex 1 /rg, consistent with the fact that the area of the scattered beam
spreads as r2.

To summarize, when solutions to Schrédinger’s equation with def-
inite energy and the boundary condition of equation (45.8) at large r
are used to make a wave packet, as in equation (45.4), it produces the
required situation: an incoming wave packet at large negative times that
at large and positive times becomes an unscattered outgoing wave packet
plus a radially moving outgoing scattered wave. The latter is determined
by the scattering amplitude fi.

The flux density in the scattered wave determines the differential
scattering cross section, as follows.

Differential Scattering Cross Section

Consider a scattering experiment with an incident beam that contains
n particles per unit volume moving toward a fixed target at speed v.
The incident particle flux density is ji, = nv particles passing unit area
normal to the beam in unit time. As indicated in Figure 45.1, a detector
with area A normal to the scattered wave is placed at distance r from
the interaction region in a direction 8, ¢ away from the direction of the
incident beam. The number of particles detected in A per unit time,
dN/dt, is proportional to the product of the incident flux density and
the detector area A, and is inversely proportional to the square of the
distance r of the detector from the interaction region, because the area
of the scattered wave spreads as r2. The constant of proportionality is
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A

Fig. 45.1 A scattering experiment with a fixed target. The interaction region,
where the potential energy is nonzero, is indicated by the shaded area. The beam
is incident from the left with n particles per unit volume moving at speed v. The
detector is placed at angle 6 from the incident direction, and at distance r from
the interaction rgegion. The distance r is very large compared to the de Broglie
wavelength and the size of the interaction region. The detector has area A normal
to the direction to the interaction region; it subtends solid angle §2 = A/r? at the
interaction region.

the differential scattering cross section, do/d2:

dN . do A

& g
This equation with fi, = nv defines do/dQ. The notation d) comes
from the fact that the detector subtends solid angle 6Q = A/r? at the
interaction region. The total scattering cross section, o, is found by
summing equation (45.18) over elements of area that cover all directions
except forward (as in eq. [45.21] below). In classical physics, o is the
cross section area of the incident beam within which the projectile hits
the target.

The incident beam in the wave function in equation (45.8) is repre-
sented by the plane wave part. It has a probability density equivalent to
one particle per unit volume in the incident beam, so the incident flux
density is the incident speed, ji, = hk/m, as in equation (45.14). The
probability per unit time for detection of the scattered particle is the
product of the detector area A and the probability flux js per unit area
in the scattered beam (eq. [45.17]):

dN hk A
o A= a?"—g[fk(e, o2 (45.19)

Since ji, = hk/m in this wave function, we see from equation (45.18)
that the differential scattering cross section is

(45.18)

9 0O, (45.20)
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This is the wanted relation between the scattering cross section,
do /dSY, which can be measured, and the scattering amplitude, fi. The
latter is defined by equation (45.8), which is the asymptotic form of
the scattering solution to Schrodinger’s equation with definite energy.
The scattering amplitude is a function of the polar angles # and ¢ of
the scattered direction relative to the direction of the incident beam.
Methods of computing the scattering amplitude are discussed beginning
in section 47.

The total scattering cross section, o, is the integral of the differential
cross section over all directions,

o= /dﬂ%. (45.21)

The element of solid angle is dQ2 = dA/r?, as in equation (45.18). The
integral has to exclude the forward direction, where the scattered wave
overlaps the unscattered wave packet, but by taking r large enough we
can make the excluded solid angle negligibly small. The interference
between the forward part of the scattered wave and the unscattered
wave packet nevertheless is interesting, as is discussed next.

46 Optical Theorem”

The plane wave part of equation (45.8) is e’®*. This represents an in-
cident flux density ji, = hk/m = v. The net flux of probability in the
scattered wave is va, where o is the total scattering cross section defined
in equations (45.18) and (45.21). Therefore, the net flux in the outgo-
ing unscattered wave must be reduced from the incoming flux by the
amount ve. This comes about as follows.

The undeflected outgoing flux comes from the sum of the incident
plane wave and the forward part of the scattered wave (at zero scattering
angle). Let us take the plane wave to be moving in the direction of the
positive z axis, so the wave function (45.8) well away from the interaction
region and in directions very near forward is

¥y = €% 4 f(0)e'*T r. (46.1)

The second term in this expression has to reduce the net flux in the
forward direction by the amount ov. To compute this flux, write the
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radius r in equation (46.1), for directions close to forward, as

2, .2y1/2 15
r=(22+2%)2=24-—, (46.2)
2z
to lowest nontrivial order in perpendicular distance x from the beam
axis. This brings the wave function in equation (46.1) in directions very
near forward to
by = e*2[1 + f(0)ei*=/(22) /7). (46.3)

We are taking the limit z > x, so we need to keep z only in the rapidly
varying exponential part of the second term.

Now consider the probability flux in the forward direction. The
rapidly varying part of equation (46.3) is the prefactor e¥**, so we can
write 0yy/0z = ikyy. (The other parts of the derivative have higher
powers of 1/z, so we can ignore them in the limit of large z, as in eq.
[45.16]). Then to lowest nontrivial order in 1/z we have

5 i 2
w}% _ ik[l b f(o);e—-tkm /(27-)/;:][1 + f(o)egkz /(2z)/z] (46.4)

= ik[1 + 2Ref(0)e™*="/(22) /5],

The sum of the cross terms gives the real part of f(0)e*=*/(22) The last

term in the product can be dropped because it has a higher power of

1/z. The probability flux density (eq. [45.13]) in the forward direction

is then

Ref(o)eikz2/(2z)
2

_nkf,

jp=—|1+2 (46.5)

This is the flux of probability per unit area, as a function of the
distance z off the beam axis passing through the interaction region.
The net flux is the integral of the flux density across the area of the
beam, [ 27z dz js. The value of this integral over the first term in equa-
tion (46.5) is undefined; that depends on the construction of a wave
packet, as in the last section. But we are interested in the second term,
which gives the effect of the scattering amplitude. This has a finite in-
tegral even before the construction of a wave packet because the factor
¢%7%/(22) makes the integral small off the scattering axis at z = 0. The
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contribution to the net probability flux in the forward direction due to
this second term is

) ikz? /(2z)
Fy —_—f 21r:rd:rﬂ2Ref(0)e s (46.6)
0 m z
‘We need the integral
1= f 2adzett=’/(22) (46.7)
0

On changing the variable of integration to w = ikz?/(2z), this is

=2 [ gew = 22 gupe. (46.8)

I‘EO k

The upper limit oscillates to zero mean value, leaving®
I =2iz/k. (46.9)

Since I in equation (46.9) is imaginary, the real part of the product
in equation (46.6) selects the imaginary part of the forward scattering
amplitude, f(0), giving

Fy = —4mhImf(0)/m. (46.10)

The flux from the first term in equation (46.5) is identical to what it
would have been in the absence of the interaction region. Therefore —F
must be the net amount of probability flux removed by the scattering.
Since the net flux removed is vo = hko /m, we have

o = 4xImf(0)/k. (46.11)

This relation between the total scattering cross section and the imagi-
nary part of the scattering amplitude is called the optical theorem (per-
haps because it was known well before wave mechanics, from the theories
of scattering of sound and electromagnetic waves).

1 To be more precise, the exponential e¥ = eike?/(22) g o rapidly oscillating function of
perpendicular distance z from the incident axis. The wave packet in equation (45.4)
is an average over slightly different incident directions. This smooths the rapidly
oscillating exponential to its zero mean value.
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47 Born Approximation
We want to solve the Schridinger equation

h2k?
2m

i 5 B B
"éﬁv Y+ V(r)p=Ey = Y, (47.1)

with definite energy E = h%k?/(2m) for incident velocity v = hk/m.
The boundary condition is that at large r the wave function has the
scattering wave form of equation (45.8),

?JD N eik‘r o fe‘:kr/f'. (472)
Let us rewrite equation (47.1) as

2mV

Vi + kY = —

¥ = U (47.3)
The wanted solution is of the form
¥ =%+, (47.4)

where u represents the scattered wave. This expression in equation (47.3)
is
V2u + k*u = U(r)(e'®T + u). (47.5)

If U = 0, the solution to equation (47.5) consistent with the bound-
ary condition in equation (47.2) is u = 0. If U is relatively small (we will
not pause to explore the conditions under which this is so), u is small, so
it makes sense to drop the product uU in the right-hand side of equation
(47.5), to get the approximate equation

V2u + k?u = U(r)e’*T. (47.6)

This is the first equation in the Born series for the scattered wave, u.
The next equation in the series is obtained by substituting the solution
u to equation (47.6) back into the right-hand side of equation (47.5), and
then solving for the new u that appears on the left side of the equation,
just as one does in perturbation theory.
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The formal solution to equation (47.6) is obtained by the following
Fourier transform method. It will be recalled from section 10 that the
Fourier transform of the function u(r) may be written as

U = /u(r')eh"k!‘r’dar’, (47.7)
and that the reverse relation is (by eq. [10.21])
/ukreik""d:sk’ = (2m)%u(r). (47.8)
The Fourier transform of V2u is
/(Vgu)e”ik"”dsr' = —(K)uye, (47.9)

as one finds by integration by parts twice. Thus the Fourier transform
of equation (47.6) is

(k2 = (K')?)ur = ] U )i 0¥ gy, (47.10)

On using this expression for uys in the reverse relation (47.8) for u(r),
we get

1 3./ eik’-r % J N ilk—k')-r’
u(r)=(2—ﬂ3/dkmdeU(r)e( k) - (4711)

This is the wanted formal expression for the solution u(r) to equation

(47.6).
We can rewrite the solution as
u(r) = (—2711_—}3 /d%’U(r’)eik"’I(r —r'), (47.12)
where
I(y) = f K™Y (K — (k)?), (47.13)
withy =r—r".

To evaluate the integral I, write k’ in polar coordinates, with polar
axis (z axis ) along the vector y. Then

k'-y = k'ycos#, (47.14)
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where @ is the angle between k' and y. The volume element in polar

coordinates is
3k’ = (k')2dk’ sin 0d0d¢. (47.15)

A handy integral is

™ +1 . ]
] sin @ de'* v<os? = j eR Vst cosf = 251n’k 3 (47.16)
0 iy 'y

On using this to work the angular integrals in equation (47.13), we get

® (k')2dk' sink'y
I=4 : 47.1
7"/0 k2 — (k)2 Ky (47.17)

The integrand is an even function of k', so we can write this as an integral
over negative as well as positive k'

o0 N2 g1t ik’
. (K')*dk’ e*Y
= —211‘%/00 k2 — ()2 kly (47.18)

The factor e**'¥ contains the term sin &’y in equation (47.17). The term
cos k'y from the real part of ¢i*'V vanishes because it makes the integrand
odd.

Now we come to an apparent problem. Equation (47.18) for I in
equation (47.12) seems to give a definite solution to the differential
equation (47.6). But we know that there is no definite solution unless
boundary conditions are specified. In fact, I is not defined by equation
(47.18), because the integral diverges at the singularities at k' = =+k.
We will see that the prescription for the treatment of the integral over
the singularities is equivalent to the assignment of boundary conditions
for the differential equation: different prescriptions give different linear
combinations of incoming (o e~ **") and outgoing waves.

The wanted pure outgoing wave in equation (47.2) is obtained by
taking the path of integration in equation (47.18) to go just above the
pole at k' = —k and just below the pole at ¥’ = k. As indicated in figure
47.1, we can close the contour integral by going back along the upper
complex plane at great distance from the origin. This adds nothing to I
because at great distance above the real k’ axis e**'V is negligibly small.
(Recall that y is positive because it is the magnitude of y; thus the
real part of ik’y is negative above the real axis.) Then we can shrink



372 Chapter 7

Im K’

S Re k’
-K K

Fig. 47.1 Contour integral for equation 47.18. The prescription for the wanted
outgoing wave solution for u(r) is that the integral along the real k' axis passes over
the singularity at —k and under the singularity at +k. The contour can be closed
along the upper half of the complex k' plane at great distance from the origin, where
ee’,k'r
+k.

is negligible. The contour then can be shrunk to an integral around the pole at

the contour to a tight loop going counterclockwise around the pole at
k' = k. After that, we can replace k' with k everywhere in the integral
save of course in the pole. This gives

k? — (k') = (k- k") (k + k') — 2k(k — k'), (47.19)
and leaves P ik
.Bt T
I =-2mi x § m (47.20)
The integral around the pole is
dk’' dz .
%m = - ? = —2?”, (4721)
S0
I = —2n2%eky fy, (47.22)
This result in equation (47.12), with y = |r — 1|, is
u(r) = ik, f d*r'U(r')ex ™ el (47.23)
T 4w v —r/| '
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The value of v’ in this integral is limited to the finite range of the
potential U(r'). When the separation r is much larger than this range of
the interaction, we can replace |r — r’| with r in the denominator of the
last factor. We have to be more careful in the exponential term in the
last factor because what matters here is the absolute change in |r — r’|
as r’ varies over the region of nonzero U. Here we can write

|r=2|=r—1'r/r, (47.24)

correct to order v’/r. This brings the last factor in equation (47.23) to
the form i
eiklr—r’ eikr
=gtk (47.25)
|r —r/| T
The conclusion is that the wave function (47.4) in the first Born
approximation of equation (47.6), and at large distance from the inter-

action region, is
. ; 1 T ihr
P = ezk.r + u(r) o eek‘r _ E/dST’U(r’)ei(k'r —kr .r/r)eT. {4726}

This expression agrees with the scattering boundary condition in equa-
tion (47.2): it is a sum of a plane wave and an outgoing spherical wave
o €*" /r. It will be recalled that we satisfied this boundary condition
by the choice of how to deal with the poles in the integrand in equation
(47.18): go over the pole at k' = —k, and below the one at k' = k. Other
prescriptions would add to u terms proportional to u o e~*" /r, which
are allowed by the differential equation (47.6), but are not allowed by
the scattering boundary condition (47.2).
The scattering amplitude in equation (47.26) is

f(0,¢) = —% / d*r'U(v")etr (k—kr/r), (47.27)

The unit vector r/r in the exponential points along the scattering direc-
tion @, ¢ in the argument of f.

The unit vector r/r multiplied by k defines a propagation vector
directed along the scattering direction:

k = kr/r. (47.28)
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Fig. 47.2 Scattering angle and momentum transfer. The incident momentum is ik,
the momentum of the scattered particle is ik, and the angle between these vectors is
8. The vectors define an isosceles triangle, with base equal to the momentum transfer,
h(ks — k).

With this definition, and replacing U with 2mV/h? (eq. [47.3]), we ar-
rive at the final expression for the scattering amplitude in the Born
approximation,

m

—52 | TV elle-lad e’ (47.99)

f(6,9) = f(k—k,) =
In this expression, k is the propagation vector of the incident beam in
equation (47.2), and k, (eq. [47.28]) is the propagation vector in the
scattered direction. The lengths of these vectors are the same, k| =
|ks| = k, and the energy is E = h%k?/2m. '
We see that in the Born approximation the scattering amplitude is
proportional to the Fourier transform of the potential, with argument

a=k, -k (47.30)

Since the incident momentum is p = hk, and the momentum in the
scattered direction is p; = hk,, the momentum transfer to the particle
is

Ap =ps; —p = hq, (47.31)

if the particle is detected in the direction of k,. In terms of the mo-
mentum transfer, the Born approximation to the scattering amplitude
is

f(0,0) = —2:;2 / d*r'V (r') e i APT /R, (47.32)

The relation between the momentum transfer and the scattering angle,
#, is indicated in figure 47.2.
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As an example, suppose the scattering potential vanishes, V = 0, at
radius r > r,, and consider low energy scattering, where E = h%k?/(2m)
is so small that kr, < 1. Then the exponential in equation (47.29) is
nearly unity where V' is nonzero, and the scattering amplitude is

~m
2rh?

f= d3rV (r). (47.33)

The differential scattering cross section is

% 1P = :1?22? (/ d3rV(r))2. (47.30)

This scattering cross section is isotropic, that is, independent of the
scattering direction k; relative to the incident beam along k.

48 Rutherford Scattering Cross Section

The differential cross section for the scattering of particles of charge ¢,
by particles of charge @, through the coulomb potential V = @Q,Q2/r
can be obtained analytically, but the calculation is long and not inspir-
ing, so we will consider only the Born approximation. It is one of the
charming coincidences that were so helpful to the discovery of quan-
tum mechanics that one gets the same (experimentally successful) an-
swer from the analytic solution to the Schrédinger coulomb scattering
problem, the simple Born approximation, and the classical mechanics
Rutherford used to deduce that an atom has to contain a massive point-
like charge, the nucleus.

The charge on the massive nucleus of an atom is screened by the
electron cloud around it; we will take account of the screening by writing
the potential energy as

V =Qi1Qze~"r, (48.1)

so the charge is screened at distance r > 1/a. It will be seen that the
factor e~®" drops out of the expression for the scattering cross section at
high momentum, where k > «, because the scattering is dominated by
the part of the potential at r < 1/a. In this limit, the form of the factor
multiplying the coulomb potential is irrelevant as long as it smoothly
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approaches unity at » — 0 and zero at large r; the factor is only needed
to make the integral in the Born approximation (47.29) well behaved.
In Born approximation, the differential scattering cross section is

do ‘2Q2
Fol 2,%1 % (48.2)
where the integral is
d3,',. —ig-r—or
I= Te 4 . (48.3)

Here q = k,; — k, where the propagation vector k; is along the scattering
direction, at angle € to the incident beam direction along k.

To evaluate the integral in equation (48.3), use polar coordinates,
with pole along q. In polar coordinates, the volume element is d*r =
r2dr d), where the element of solid angle is d2 = sin @ df d¢. The integral
over angles is given by equation (47.16), which is worth remembering:

/ Qe = Smfr (48.4)
This brings the integral to
oo s =]
I= i drsin(gr)e " = 4—ﬂ-Im/ dr e(19=)"
a Jo a Jo (48.5)
4 1 4m
=—Im

qg a-—iq o2+q
At large enough momentum transfer, where the de Broglie wavelength
1/q associated with the momentum transfer g is much smaller than the

screening radius 1/a, we can drop a from the denominator of the last
equation. Then equation (48.2) becomes

do _ 4m°QiQ3

& o (48.6)

In this limit, the screening of the coulomb potential is unimportant be-
cause the scattering is dominated by the potential at radii small com-
pared to the screening length ~ 1/a.

The scattering angle 6 between the scattered direction k, and the
incident direction k is indicated in figure 47.2. One sees from the figure
that the momentum transfer is given by the equation

q = 2ksin(0/2). (48.7)
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The classical (group) velocity of the beam is v = iik/m. On using these
equations to eliminate g and k from equation (48.6), we get the Ruther-
ford equation,

do Q1Q3

d? ~ 4m2visin?(6/2)°
It will be recalled that v is the relative velocity of the pair of particles,
and m is the reduced mass.

Planck’s constant does not appear in equation (48.8), so it is no sur-
prise that this equation agrees with the result from classical mechanics
that must be valid when h is unimportant. This is a fortunate coinci-
dence, because Rutherford used this cross section in the analysis of the
scattering of & particles (helium nuclei) by atoms that led him to deduce
that an atom contains a massive compact charge, the nucleus. The puz-
zle of how the electrons could move in stable orbits around the nucleus
was one of the elements leading to the discovery of the quantum me-
chanics by which one more correctly describes Rutherford’s scattering
experiments.

(48.8)

49 Partial Wave Expansion

Another method for computing scattering cross sections is based on the
expansion of the wave function for a scattering state with definite energy
E as a linear combination of states with definite orbital angular momen-
tum. It will be recalled that the wave function for a single particle with
orbital angular momentum quantum numbers [ and m is proportional
to the spherical harmonic Y;™(6, ¢) (section 17). Since the angular mo-
mentum eigenstates are a complete set, we can always expand the wave
function of a scattering state with definite energy E as a linear combi-
nation of angular momentum eigenstates,

Y(r) =D Y0, 8)gim(r). (49.1)
I,m

This is a general expression for a function #(r) of position as a linear
combination of spherical harmonics, with expansion coefficients g, that
are functions of radius 7. In a scattering problem, 3(r) is a solution to
Schrodinger’s equation with definite energy E, with a Hamiltonian that
is the Hamiltonian of a free particle outside the interaction region. There-
fore, as discussed in section 18, the radial wave function u(r) = rgim(r)
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outside the interaction region obeys a one-dimensional Schrédinger equa-
tion with an effective potential term due to the angular momentum (eq.
18.18):
B P(rgm) | B0+ 1)
“2m dr? 2mr?

(rg1m) = ETgim- (49.2)

On setting E = h?k?/(2m), y; = gim (we can drop the index m because
it does not appear in the differential equation), and changing the radius
variable to p = kr, the radial wave equation (49.2) becomes

2

L) 4 [1- 2] puge) =o. (9.3
This equation was studied well before quantum mechanics, in the theo-
ries of sound and electromagnetic radiation. The real solution finite at
the origin is called the spherical Bessel function ji(p). There also is a
real solution singular at the origin; it is the spherical Neumann function
ni(p). Only a few properties of these functions will be needed here, as
follows.

For [ = 0, the solutions to equation (49.3) for pyo(p) are sines and
cosines. In the standard normalization, the [ = 0 spherical Bessel and
Neumann functions are

sin p cos p

jC‘: p ] ng = — ,9 (494)

If [ > 1, it is easy to find the asymptotic behavior of the solutions
at large and small radii. At p < [, the second term in square brackets in
equation (49.3) dominates. On dropping the first term in the brackets,
we get a homogeneous differential equation,

doy(p)  U1+1)

dp2 p2 P = 0. (495)
This has the power law solutions
Gl pl, mop D for pxl (49.6)

As in equation (49.4), the solution regular at the origin is the spherical
Bessel function, and the solution singular at the origin is the spherical
Neumann function.
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At p > [, the constant term in the square brackets in equation
(49.3) dominates. In this limit, the solutions py;(p) are linear combina-
tions of €% and e~?. Since p = kr, the solution y; x e /p x e /r is
an expanding spherical wave, in the standard form of equation (45.8),
and e~ /p is an incoming spherical wave. That is, the functions g, in
equation (49.1) at large r are sums of incoming and outgoing spheri-
cal waves, each with definite orbital angular momentum. The expansion
of the wave function at great distance from the interaction region thus
looks like

ei e—e’kr

kr
+ > DY™6,¢)

T

- Y OrY6.9) (49.7)

r 1
where C" and Dj* are the constant expansion coefficients. This sum
over outgoing and incoming spherical waves is called the partial wave
expansion of the scattering state 1.

A plane wave, e’*7, satisfies the free Schrédinger equation, so it
can be expanded as a sum over partial waves. The result for a wave
propagating toward the positive z axis is

e =2n'/2 37 2+ 1) 20 O)su(kr), (49.8)

1=0,00

where z = rcosf. This expansion at large r is a special case of the
expression in equation (49.7), as is shown in equation (50.21) below.
Now we can outline the partial wave program. The scattering state
boundary condition is that the wave function approach the form in equa-
tion (45.8),
Y — T + fe'* Iy, (49.9)

at great distance from the interaction region. Since ¥ outside the in-
teraction region satisfies the free Schrodinger equation, we can expand
it as a sum over partial (spherical) incoming and outgoing waves, as in
equation (49.7). In particular, the plane wave e’ is a sum over par-
tial waves, each having a definite amplitude and phase. The interaction
potential has a limited range, so it cannot affect the incoming partial
waves in a scattering wave solution t; they have to be the same as
for a plane wave. That is, in a scattering solution the coefficients D}
multiplying the incoming waves in equation (49.7) have to be the same
as for a plane wave. The effect of the interaction is to alter the coeffi-
cients C™ of the outgoing waves from what they would be for a pure
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plane wave. The solution to the scattering problem thus is equivalent to
a tabulation of the factors by which the amplitude and phase of each
outgoing partial wave has been altered from those of a pure plane wave.
These factors can be a useful way to summarize the results of scattering
measurements, and they can be computed from Schrédinger’s equation
for a given interaction potential, as will be seen in the examples in the
following sections.

In principle, a scattering solution is specified by an infinite number
of amplitudes and phases for all values of [ and m for the outgoing par-
tial waves, but in practice only a few may be interestingly different from
the plane wave values. To see why this is, note that the partial wave ex-
pansion of a plane wave can only contain the spherical Bessel functions
j1(kr), as shown in equation (49.8), because the spherical Neumann func-
tions are singular at the origin (eq. [49.6]). As one might suspect from
equation (49.6), the spherical Bessel function j;(kr) is negligibly small
at p < l. Since p = kr, this means

s~0 at kr<l (49.10)

In classical mechanics, a particle moving toward the origin with orbital
angular momentum L = [i and linear momentum p = hk has impact
parameter ry, = L/p = l/k. For a free particle, this is the distance
of closest approach Lo the origin. We see [rom equation (49.10) that
quantum mechanics says the particle is not likely to be found much
closer to the origin than this classical distance of closest approach. The
relevance for the present discussion is that the incoming partial wave
with angular momentum [ is suppressed at r < [/k. If the interaction
region is bounded by radius r,, then incoming partial waves with [ > kr,
enter the interaction region with strongly suppressed amplitudes, so it
is not likely that the interaction can affect the amplitudes and phases of
the outgoing parts of the waves. At low energies, where k is small, only
the small [ partial waves are appreciably affected by the interaction. The
following sections for the most part deal with the case where only the
| = 0 wave (s-wave) is appreciably affected.

50 Phase Shifts and Cross Sections

The s-Wave Case

It is particularly easy to extract the s-wave (I = 0) part of the par-
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tial wave expansion in equations (49.1) and (49.7). The ! = 0 spherical
harmonic is independent of direction (corresponding to the fact that
it is an eigenstate of the generators of rotations with zero eigenvalue).
Therefore, if we integrate equation (49.7) over all directions of r at fixed
radius r, and then divide by the total solid angle 47 (so as to average the
expression over directions), we eliminate all the terms in this sum over
angular momentum eigenstates with [ > 0 (because they are orthogonal
to the spherically symmetric s-wave term). We are left with the s-wave,
[ = 0 part. The result of averaging a plane wave over directions at fixed
7 has been used several times (eq. 48.4). It is

dQ gor  sinkr 1 [ e7thr  gthr
/Ee  kr _5( kr *+ kr )’ (50:1)

where as usual d§ = sin #dfdg, with 6 and ¢ the polar coordinates of r.
It follows that the partial wave expansion of a plane wave is of the form

ik ]_ e—'ik‘r eikr
¢ =% (- o e ) "‘ggsm(f)l’i - (50.2)

Now suppose we introduce a scattering potential with a finite range.
This changes equation (50.2) for the wave function outside the interac-
tion region to

=1 _ﬂ+ fik_r +Z A 0) (50.3

>0

The incoming s-wave term oc e **”/r is unchanged, because this in-
coming wave comes in from great distance and cannot know about the
potential. The outgoing s-wave is affected; this is represented by the
factor ng. The same applies to all the other terms in the sum over [: the
incoming parts are the same as for a plane wave, and the outgoing parts
may have new amplitudes and phases.

If the interaction is elastic, so no particles are lost, and if the scat-
tering potential conserves angular momentum, then all the probability
flux entering in the s-wave must leave by the s-wave. This means the
amplitude of the outgoing s-wave must be the same as for a plane wave;
the interaction can only affect the phase. Thus 7, has to be a pure phase
factor,

no = e, (50.4)
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The factor of two is a convenient convention; ég is called the s-wave
phase shift.

To get the scattering amplitude, we must write equation (50.3) as
the sum of a plane wave and an outgoing spherical wave, as in equation
(49.9). This gives

no — 1 et’k'r
2tk 1

Y =ekT 4 (50.5)
The second term on the right-hand side is just the difference between
equations (50.3) and (50.2): the scattered wave is the difference between
the actual outgoing s-wave and what it would have been in the absence
of the interaction. The dots indicate the higher angular momentum out-
going scattered spherical waves.

Equation (50.5) says the s-wave part of the scattering amplitude is

_nﬂ_l _62150_1
WSS g (30.6)

The second equation assumes elastic scattering. If the phase shifts of the
higher [ partial waves are negligible, then the scattering cross section is

Sinr‘! (50
k2

do 2 =
e = : 0.7
70 = ol (50.7)
It is left as an exercise to check that this is consistent with the optical
theorem in equation (46.11).

Hard Sphere Scattering Cross Section

By a hard sphere one means that the interaction potential is V' (r) =0 at
separations r > r,, and that V is positive (repulsive) and very large at
smaller r. The s-wave radial wave function u = rgg(r) for the scattering
solution with energy E satisfies the usual one-dimensional Schrodinger
equation (with no effective potential term because I = 0),

2 2.2
—;—m% (r)u:Eu:ﬁ—k—u

ot (50.8)

as in equation (18.18). The last expression defines the wave number k
in terms of the energy E.
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The usual boundary condition is that u — 0 at 7 — 0 (so that
1 = u(r)/r is well behaved). The effect of the large repulsive potential
in equation (50.8) is to keep u small at r < r,, so for a hard sphere we
have the condition u = 0 at r = r,. Referring to the first expression on
the right-hand side of equation (50.3), we see that this condition requires

Ny = e~ 2tkro, (50.9)

(Formally, this makes the s-wave radial wave function in eq. [50.3] vanish
only at r = r,, but that is all we require, because eq. [50.3] only applies
outside the interaction region.) Equation (50.9) for 1y says the phase
shift is 6o = —kr, (eq. [50.4]), so the cross section (eq. [50.7]) is

do _ sin® kr, 2
ds k? °

(50.10)

The last step follows because we are assuming that kr, < 1, so the
I > 1 partial waves are not appreciably affected by the hard sphere (as
in the discussion of eq. [49.10]). The total scattering cross section is then
o = 4mr2. This is four times the geometrical cross section of the sphere,
w2,

The general approach to finding the phase shift éy for a given spher-
ical potential V' (r) commences with the observation that the solution to

equation (50.8) has to approach the form
u(r) ox 2 e™*" — e~ o sin(kr + &), (50.11)

at r greater than the range of the interaction. This is because the general
solution when V = 0 is a linear combination of exponentials e***" or
equivalently a sine wave with some constant phase factor, u = sin(kr +
éo). This phase factor is just the s-wave phase shift defined in equations
(50.3) and (50.4). To find g, one computes u(r) by integrating equation
(50.8) (perhaps numerically), with the boundary condition u(0) = 0,
through the interaction region where V (r) is nonzero, and then matching
the solution outside the interaction region to equation (50.11).

s-Wave Absorption

It can happen that incident particles are absorbed, as in the capture of
neutrons by an atomic nucleus (which might be followed by the emission
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of a photon). Outside the nucleus, the neutron wave function satisfies
the free Schrodinger wave equation, so it still must be possible to write
the wave function outside the nucleus as a linear combination of incom-
ing and outgoing spherical waves, as in equation (50.3). However, here
we only have the condition that the outgoing flux cannot exceed the
incoming flux. This means 7y must be a complex number with |ng| < 1.

The outgoing s-wave flux still is determined by the square of the
amplitude of the outgoing scattered wave, so the differential scattering
cross section still is do /dQ = |f|? with fo = (no — 1)/2ik, as in equation
(50.6). Thus, if s-wave scattering dominates, the total scattering cross
section is

™
7y = dalfol? = Z5lio 11 (50.12)

This scattering cross section is defined by the rate of detection of
particles scattered out of the beam, as discussed in section 45. One can
also define an absorption cross section, o,, by the probability per unit
time and per target particle, dN,/dt, for capture of particles from a
beam with incident flux density nv:

dN,
dt

= 0gnv. (50.13)

We can calculate o, in terms of 79 without a lot of work as follows.

The fluxes of probability entering and leaving by the s-wave are pro-
portional to the squares of the amplitudes of the incoming and outgoing
waves. We see from equation (50.3) that the ratio of the s-wave fluxes
leaving and entering is |1,|%. The absorption cross section is proportional
to the difference of fluxes entering and leaving, so if the absorption is
from s-waves, o, is proportional to 1 — |ng|?. To get the constant of
proportionality, note that the maximum value for the total s-wave scat-
tering cross section is o5 = 4 /k?, for ng = —1 (eq. [50.12]) We see from
equations (50.3) and (50.5) that when 7y = —1 the scattered wave has
twice the amplitude of the s-wave part of a plane wave, so in this case
the scattered s-wave flux is four times the entering flux. The maximum
possible value of o, for complete absorption of the incident s-wave flux
thus must be one quarter of the maximum possible value of o, or 7/ k2.
Thus the s-wave absorption cross section is

™

21— Inol?): (50.14)

Oa
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The maximum absorption cross section is obtained when 7y = 0.
In this case, the absorption and scattering cross sections are equal,
0s = 0q = m/k? (egs. [50.12] and [50.14] with 7o = 0). That is, if
the target is “black” in the sense that it absorbs all the flux incident
on it, then it necessarily scatters as many particles as it absorbs (even
though all particles that enter the absorber are lost). This “shadow scat-
tering” or diffraction effect is familiar in optics: when a black object in
a beam of light removes a section of the light wave, the remaining part
of the wave moves to fill in the hole. This bends the wave away from the
original direction. That is, if part of the incident plane wave is removed
by absorption, it disturbs the remaining part of the wave that is not
absorbed, producing a scattered wave.

Extension to Higher Angular Momentum

We can understand the asymptotic form of the expansion of a plane
wave €T as a sum over incoming and outgoing spherical waves with
definite angular momentum, as in equation (49.7) and (49.8), as follows.
If the propagation vector k points along the z axis the plane wave is
symmetric under rotation around the z axis, so the sum over angular
momentum eigenstates in equation (49.1) can only contain the axially
symmetric m = 0 terms. Thus the expansion is of the form

eikz o eikrcoaﬂ = Zgl (kr)nu(g) (5015)
l

The spherical harmonics Y;™ are orthogonal, with the normalization (eq.
[17.54])

f Y dQ = by (50.16)
so we have from equation (50.15)
1

qi(kr) = 271'/ d cos fe*Fm =0y 0(g). (50.17)
-1

The result of integrating this expression once by parts is

2 ,
ailkr) = =% [ Y2(6) de™r =

— 2_7" 0 ikr cos 6 conb=1 _ /“ ikrcos&@{_o
- ikr ([YE (9)8 ]cusﬂ:—l 0 ¢ db )
(50.18)



386 Chapter 7

Well away from the interaction region, at kr > 1, the exponential func-
tion et <089 ggcillates rapidly with 8, making the integral in the second
term negligibly small, leaving us with

2m . .
akr) = —— (Y2 (0)e™ = ¥ (m)e™™*), (50.19)

at kr > 1. It will be recalled that Y;™ has parity (—1)!, so Y,%(n) =
(=1)'Y;%(0). Finally, the value of the [ = 0 spherical harmonic in the
forward direction is

o 1\
+) . (50.20)

v = (2

Collecting, we get the wanted asymptotic form of the partial wave ex-
pansion of a plane wave,

—ikr ikr

ikrcosf . _: 1/2 1/2v-0 _yi+16 €
e — —ir/2y (21 +1) };(9)(( D

(50.21)
This is the asymptotic form of the plane wave expansion in equation
(49.8).

If an interaction region is present it can affect only the outgoing part
of the scattering solution in equation (50.3). If the interaction is axially
symmetric along the incident beam, it can only produce m = 0 waves,
so the scattering changes the wave function from equation (50.21) to

—ikr ikr
. 1/2 1/24,-0 _1y+1€ €
P — —irt/ E (20 +1)°Y; (&) (( 1) s + o ) . (50.22)

The factors n; represent the effect of the interaction on the amplitudes
and phases of the outgoing partial waves. Since the plane wave expansion
in equation (50.21) has n; = 1, we can write this expression as

eikr

‘w . e"kz . '!..71'1/2 Z(2£ + 1)1/21@0(6)(;% = 1) &

(50.23)

> .

This is the standard form of equation (45.8) for a scattering state, with
scattering amplitude

£(8) = —im/2 )" (20 + 1)/2%(8) (m — 1) /k. (50.24)
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The differential scattering cross section is do/dQ = |f|2. The total
scattering cross section is the integral of this over all solid angles. On
using the orthonormality of the spherical harmonics (eq. [50.16]), we get

oy = /IflzdQ = ;:% > o@+1)m - 12 (50.25)

For a spherically symmetric scattering potential, with no absorption,
the flux of probability in each angular momentum channel is conserved.
In this case, the amplitude of each outgoing wave in the scattering so-
lution in equation (50.22) has to be the same as the amplitude of the
incoming wave, |n;|2 = 1, so n; is a pure phase shift:

m =¥, (50.26)

In this case the total scattering cross section becomes

4
b= k—: (2L + 1) sin? 6. (50.27)
This generalizes equation (50.7) for s-wave scattering to a sum over
partial waves with phase shifts §;.

51 Resonant s-Wave Scattering

The scattering cross section as a function of energy may show prominent
peaks, or resonances. Here are some ways to deal with these resonances.
To keep the discussion relatively simple, we will consider s-wave reso-
nances.

Effect of a Bound State Near Zero Energy

Suppose two particles interact by the potential V(r) that has a bound
state of the two-particle system with [ = 0 and binding energy B = —F
that is much less than the depth of the well. It will be supposed also
that V(r) is negligibly small beyond some radius r,, and that r, satisfies

To < h/(mB)Y/2. (51.1)

As you can check, this means that when the scattering energy is compa-
rable to the binding energy B the de Broglie wavelength of the incident
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particle is large compared to the range r, of the interaction. Under these
two inequalities, we can estimate the low energy scattering cross section
as a function of energy as follows.

The radial wave function u = ) for the s-wave satisfies the one-

dimensional Schrodinger equation
h? d%u

———— + Vu= Fu. 1.2

s +Vu u (51.2)

For the bound state near zero energy, with F = —B, the behavior of the
radial wave function u,(r) may be very complicated within the potential
at r < r,, but at r > r,, where V' = 0, the solution is just

up o exp —(2mB)/?r/h. (51.3)

Now suppose we increase the energy from —B to a small positive value,
E. This changes the exterior solution from an exponential to a sine wave,

us o sin(kr + éo), (51.4)
where the energy is
Rk
E= oy (51.5)

The constant & in this general solution to equation (51.2) with V' =0
and positive energy is the scattering phase shift defined in equations
(50.3) and (50.4), as in equation (50.11).

Because the depth of the potential well is supposed to be large com-
pared to the binding energy B, the change in energy in going from
E = —B for the bound state to a small positive energy for a low energy
scattering state does not have much effect on the value of £ — V' within
the interaction region at r < r,. This means the change of energy does
not have much effect on the shape of the solution u(r) to equation (51.2)
at r < r,. Therefore, the radial wave functions uy and u, for the bound
state and the low energy scattering state must have nearly the same
shape at r ~ r,. This means we can find the phase shift §; in uy (eq.
[51.4]) by matching the value and derivative of u, at r = r, to the value
and derivative of u, at r = r,.

The matching condition on u, and us at » = r, is conveniently

written as d d
(&? logub)ra = (.(E log us)ra ; (51.6)
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because this automatically eliminates the normalizing factors multiply-
ing the functions. (The same method is used in the cold fusion calculation
in eq. [9.5]). Equations (51.3) and (51.4) in equation (51.6) give

tan(kr, + 6) = — (hgkz) . (g—)m. (51.7)

2mB

This is the wanted equation for the s-wave phase shift 6. The re-
sult is approximate because it ignores the difference between F — V
within the interaction region for the bound and scattering states, and
because the radius r, is not sharply defined. The latter does not matter
under the assumption of equation (51.1), however, because if the energy
E in the scattering solution is on the order of the binding energy B then
equation (51.1) says kr, < 1, so equation (51.7) further simplifies to

1/2

tan® 6y = E/B, (51.8)

independent of r,. This is equivalent to

E
=2 —
sin® ég = 1B (51.9)
The total s-wave scattering cross section (eq. [50.7]) is then
_Am o 2R 1 (51.10)
0y =g sin bo=——g—%- .

Equation (51.5) for the energy E has been used to eliminate k2.

Equation (51.10) says the scattering cross section is nearly constant
at F < B, and is on the order of the square of the de Broglie wavelength
defined by the binding energy B, A\? ~ h?/(mB). By equation (51.1),
this is much larger than the geometrical area ~ r2 of the scattering
potential. This seems paradoxical if one thinks of a classical particle,
but of course the particle is moving as a wave that can have a scattering
cross section as large as 4w /k? in the s-wave channel (eq. [50.7)).

Resonances atE > 0"

The scattering cross section o, of neutrons on an atomic nucleus can
exhibit sharp peaks as a function of the scattering energy E. Here is a
way to interpret these peaks, or resonances.
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We seek positive energy scattering solutions to the Schrodinger equa-
tion F2p2
2m
Outside the range of the interaction, the s-wave part of the solution is
of the form

Hy = B =

. (51.11)

—ikr ikr

+ B(k)<

r r

¥ = a(k)S

(51.12)

This agrees with the s-wave part of equation (50.3), up to a multiplica-
tive factor. Since equation (51.11) is real, there must be a real solution,
for which

B(k) = a*(k), for real k. (51.13)

This allows us to define the usual s-wave phase shift,
Mo =B/a=a" /o= e, (51.14)

as in equations (50.3), (50.4), and (50.11).

Now suppose we let k be a complex number, and consider the ana-
lytic continuation of the solution (51.12) off the real k axis. This may
seem absurd at first glance, but we readily find some interesting physics.
Suppose «(k) has a zero on the upper half of the imaginary k axis,
at k = ik, with & real and positive. At this value of k, the energy E
in equation (51.11) is real and negative, because k* = —x2. Also, at
k = ik we have a(ik) = 0, so the wave function in equation (51.12) is
¥ o e o e (for it is unlikely that the zeros of a(k) and B(k) off
the real axis coincide). This is the wave function outside the potential
well for an | = 0 bound state, as in equation (51.3). That is, the zeros
of a(k) along the upper half of the imaginary k axis are the negative
energy s-wave bound states.

Next suppose a(k) has a zero just below the positive real k axis.
It will be convenient here to consider o as a function of energy E =
h?k? /2m, which is what enters the equation (51.12) that fixes a. The
zero is at F = E, —il'/2, where E, and I" are real and positive. It will
be supposed that I' < FE,, so the zero is close to the real axis. The first
term in the power series expansion of a around this zero is

a = K(E — E, +1iT'/2), (51.15)

with K a constant.
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If T is small, equation (51.15) is a good approximation to @ along the
real axis at energies near E ~ FE,. In this case, we have from equation
(51.14), for E real and near E,,

- K*E—E,—1il'/2
e . A 51.16
§ K E—E,+iT/2 (Bl-15)
The first factor is a constant with unit modulus, which we can write as
K*/K = e%%, We can write the second factor as e**(®), where a little
algebra gives

(E — E,)? —T?/4 I'(E - E,)

wdB) = Emyprrea OG- Eyrra
(51.17)
This gives the phase shift
b0 = ¢o + ¢(E)/2. (51.18)

At E « E, — T, equation (51.17) says cos¢ ~ 1 and sin¢g ~ 0, so
the phase ¢(E) is close to ¢ ~ 0. The phase increases to ¢ = 7/2 at
E=E,-T/2,top=mat E=E,,andonto ¢ =27 at E> E+T.
This carries the s-wave phase shift g through 7/2 or 37/2, where the
scattering cross section (eq. [50.7]) reaches its maximum possible value,
os = 4n/k?. For example, if [¢,] < 1, then 8y = ¢(E)/2, and the
scattering cross section is

sin® 8 _ 4w I?/4
k2~ k? (E—E,)?+TI?2/4

os =4m (51.19)
This is the Breit-Wigner resonance form.
The cross section on resonance, where E = E,, is 0, = 47 /k? =
A2 /m, where A\ = 2r/k is the de Broglie wavelength of the incident
particle. For thermal neutrons, with energy
h2k?
E = ~ kT, (51.20)

2m

with T ~ 300K, this works out to o, ~ 10716 cm? at the resonance,
much larger than the geometrical area of the nucleus, ~ 10726 cm?2. This
seems paradoxical if one thinks of the neutron as a particle, but of course
the neutron moves as a wave.
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One can understand the size of the cross section on resonance by
the argument in equation (49.10). In classical mechanics, the impact
parameter at angular momentum L ~ h and incident momentum p ~ hk
is 7o = L/p ~ 1/k. This defines a cross section area ~ 72 ~ 1/k? in the
incident beam within which the angular momentum is less than ~ k.
In quantum mechanics, the lowest nonzero value of the orbital angular
momentum is ~ f, so the probability flux within this cross section has
to belong to the s-wave part. On resonance the s-wave flux is entirely
scattered, so the cross section on resonance is ~ 1/k2.

At the resonance, the particle is trapped in the interaction potential
for a time on the order of /T". To see this, construct a wave packet, as in
section 45, as a linear superposition of scattering solutions with energies
in the neighborhood of the resonance energy E,. The s-wave part of the
wave packet is

~ikr i(kre-260) .
B(et) = /d"k a(k)alE (—e T )e—“ﬁk /@m)  (5191)

kr kr
The factor in parentheses is the s-wave part of equation (50.3), with the
phase shift defined in equation (50.4). The last factor is the usual time
dependence, with E = h’k?/2m. The function a(k) in the integral is
supposed to be appreciably different from zero only in the neighborhood
of k = k,, where k, = (2mE,)*/?/h. This can be compared to the wave
packet constructions in equations (5.9), (7.16), and (45.4).

Now the argument proceeds in the usual way. At large r, the expo-
nential phase factors in equation (51.21) oscillate rapidly as functions
of k, making the integral negligibly small, unless the phase is stationary
where the weight function a(k) peaks up, at k ~ k,. If the radius and
time are such that the phase of the first exponential in equation (51.21),
for the incoming wave, is stationary at k = k,, we have

a thk?
2 (kr + 25 ) =0, (51.22)
or
r = —ut, (51.23)

where v = hk,/m is the classical velocity. This gives the position of the
incoming wave; it arrives at the interaction region at time t ~ 0. The
value of the outgoing wave is large where

9 thk?
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or -
TR o
r=uvt—2 o (51.25)
Comparing equations (51.23) and (51.25), we see that the outgoing wave
is delayed by the time interval

2m dé,

6! — EE!

(51.26)

where v = hk/m. With the resonance equations (51.18) and (51.19) for
&p, we see that, at E = E,, the time delay 1s

8, = 4T. (51.27)

Equation (51.27) indicates that on resonance, where E ~ E,, the
scattering particles form an unstable state that has a lifetime ~ h/T.
Equation (51.19) says the probability of forming this state is relatively
high if the energy differs from resonance by |E — E,| £ I'. The relation
between the resonance width I" and the lifetime ~ /I’ was seen also in
the form for the transition probability in equation (35.15).

Problems

VIL.1) In a one-dimensional “scattering” or barrier penetration problem,
a particle moves toward the positive = direction, initially as a
free wave packet. The particle encounters a potential that is a
function of z. The potential is nonzero in some finite range of
x; this range of z plays the role of the interaction region. The
potential transmits part of the wave packet, and reflects part. For
a scattering state with definite energy, E = h?k?/(2m), the spatial
part of the wave function has the form

P = e*® 4 ae~*=, (VIL1)
to the left of the region where the potential is nonzero, and

Py = G, (VIL2)
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to the right of the region of nonzero potential. Equation (VII.1) is
the sum of the incident and reflected waves, and equation (VII.2)
is the transmitted wave. The boundary conditions in equations
(VIL1) and (VIL2) are the analog of the boundary condition in
equation (45.8) for a three-dimensional scattering state.
Compute the probability flux densities for ¢/_ and v,. Use the
condition that the net flux densities have to be the same to the
left and right of the barrier (assuming particles are not absorbed)
to find a relation between a and 3.

Suppose the potential is

V(z) = Ab(x), (VIL3)

where A is a real constant. Here equations (VIL.1) and (VIL.2)
apply everywhere except in an infinitesimal region around z = 0.
Since the wave function has to be continuous, we have in this
case the condition that ¢_(0) = 1, (0), from which it follows that
1+ a = . You can get another relation between o and 3 by
solving Schrédinger’s equation for d?¢/dz?, and then integrating
this expression across an infinitesimal range of z that includes
z = 0. Solve the two equations for & and 3, show the results agree
with the relation from part (a), and find the probability that a
particle incident on this potential is transmitted.

The Born approximation can be derived from first-order time-
dependent perturbation theory, as follows. Consider a single par-
ticle that is scattered by a fixed potential, V(r). Let the unper-
turbed part of the Hamiltonian be

p?

H,=—, I1.4
and adopt periodic boundary conditions in a cube of volume V,,,
so the eigenstates of H, and momentum are

1 g
P =——7e"", (VIL5)
Val2

with the usual conditions k = Eﬂ(nm‘ny,nz]/‘lﬂi/a, as in section
1 (eq. [1.55]). The scattering potential V(r) is treated as a per-
turbation to H,. This potential does not depend on time, but of
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course one can still use the method of time-dependent perturba-
tion theory.

Given that the initial value of the wave function at time t = 0
is one of the plane waves in equation (VIL5), with propagation
vector k = k;, write down the expression for the probability that
at a fixed time ¢t > 0 the system is observed to have momentum
hky, that is, that the state vector is the one of the plane waves in
equation (VIL.5) with k = ky # k;.

The probability that the particle is scattered from the initial mo-
mentum hk; to a new momentum pointing in a given direction
within a small solid angle 612 is the sum of the transition proba-
bilities from part (a) over all the ks contained in the solid angle
6§2. One can simplify this sum by approximating it as an integral,
as in equations (1.58) and (37.34). The integral expressed in polar
coordinates is over a small range 692 in the direction of ky and
over all values for the magnitude of k. You can evaluate the in-
tegral over ks by a suitably clever approximation and change of
variables, as in section 37 (egs. [37.35] to [37.37]). The resulting
probability is equal to the product of the differential scattering
cross section do/dS) in the direction of ky, the element of solid
angle 690, the incident velocity hk;/m, the time interval ¢, and the
effective number density of particles in the initial beam. Show that
the result is consistent with the Born approximation in equation
(47.29).

A particle of mass m scatters off the fixed spherical potential well
V(r) = Ae™ ™, (VIL6)

where A and « are real positive constants. Find the differential
scattering cross section in Born approximation.

Consider a spherically symmetric flat potential well,

V(T} = —VOI s Tos
(VILT)
= 0., r> Tas

where V,, and r, are real positive constants.

Find the differential scattering cross section for this potential
in Born approximation and in the limit of low energy E =
h%k?/(2m), such that kr, < 1.
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Find the s-wave phase shift §9 produced by this potential. To
simplify the calculation, consider the low energy limit, and assume
the scattering potential is weak, so

(mV,)/?r, < h. (VIL8)

The first step is to find the solution to the one-dimensional Schrod-
inger equation for the s-wave radial wave function at r < r,, with
the right boundary condition at » = 0. The matching condition at
r = r, gives an equation for the phase shift, §;. Equation (VII.8)
brings this equation to a form in which it is easy to solve for &y at
low energy.

Find the low energy scattering cross section from the phase shift
from part (b). The result ought to agree with what you found in
part (a).

Consider a spin 1/2 particle that is moving in the direction of
the positive z axis with momentum p = hk. The particle has
positive helicity, which means the component of the spin along the
direction of the momentum is +1/2. The wave function, ¥ (r,m),
where mh = +h/2 is the eigenvalue of s, can be written as

P(r,+) oc %%, (r,-) =0, (VIL9)

or equivalently as
P [[1)] etkz, (VIL10)

Use the methods of section 24 to find the wave function, in the
notation of equation (VII.10), for a particle with positive helicity
and momentum k that is in the zz plane and tilted away from the
z axis by the angle 6.
Suppose this spin 1/2 particle scatters off a fixed pointlike poten-
tial,

V = Aé(r), (VIL11)

where A is a constant. Find the Born approximation to the differ-
ential cross section do/dS2 for scattering from the initial positive
helicity state in equation (VIL.10) to a state moving at angle 8 to
the initial direction with positive helicity.

This requires a generalization of the derivation of the Born
approximation in section 47. The easiest way is to note that the
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Born approximation is equivalent to first-order time-dependent
perturbation theory, as discussed in problem (VII.2). Thus the
inner product (v, V1);) in equation (47.29) generalizes to (f|V]i)
when the particles have spin.

Find in Born approximation the differential scattering cross sec-
tion do/dQ for scattering by angle 6 from a positive helicity state
to a negative helicity state.

The potential energy of interaction of a neutron and proton is
spin dependent, but to a reasonable approximation the potential
energy is a function only of the total spin of the two particles and
of the distance between the particles.

The triplet neutron-proton s-wave radial wave function u(r) at
zero energy is sketched as the lower solid curve in Figure VIIL.1.
The potential energy vanishes at r > r,, and is deep enough at
r < r, that this radial wave function hooks over from the required
value u; = 0 at r = 0 and slopes back toward the axis at 7 = r,. At
r >, and E = 0, Schrédinger’s equation says wu.(r) is a straight
line; the line passes through u; = 0 at r = a;, with

a: = 5.4 x 1073 cm = 5.4 fm. (VIL12)
S
/”” t
,’, .
-7 Qg QO % a,\
r —

Fig. VIL.1 Radial wave functions for the neutron-proton system at zero
energy. The lower solid curve is the triplet s-wave function, and the upper
solid curve is the singlet s-wave function.
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Find the zero energy triplet s-wave phase shift (as defined in

egs. [50.3] and [50.4], or [50.11]), and use the phase shift to find
the total low energy triplet scattering cross section, o;.
The singlet s-wave radial wave function us(r) for a neutron and
proton at zero energy is the upper solid curve in the figure. The
interaction in the singlet state is slightly weaker than in the triplet
state; the result is that the singlet radial wave function leaves the
interaction region pointing away from the axis. (That is why the
deuteron has spin 1: the bound state wave function is a triplet
state.) The straight line part of u,(r) at r > r, extrapolates back
to ug =0 at r = ag, with

as = —24fm. (VIL.13)

Find the low energy singlet scattering cross section, o,.

Suppose a beam of neutrons with spin up scatters off target pro-
tons also with spin up. Find the low energy scattering cross section
in terms of o; and o,.

If the beam of neutrons has spin up and the target protons have
spin down, what is the low energy scattering cross section in terms
of o; and 0,7

If the beam and target are unpolarized, so the spins are randomly
oriented, what is the low energy scattering cross section in terms
of oy and 0,7

Particle a with mass m and zero spin is bound in a spherically
symmetric three-dimensional simple harmonic oscillator potential
well, so its ground state wave function is

1 2 1602
- ~r2/(2r3)
¥lra) = — 4372 , (VIL14)

where r, is a constant. A second particle b with zero spin and
mass m' is not affected by this potential, but it weakly interacts
with particle a by the short-range potential

Vi = Aé(rq — 1p), (VIL.15)

where A is a real constant, and r, and r;, are the position variables
for the two particles.
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The unconfined particle b is incident with momentum p = Rk along
the z axis, and scatters off the confined particle a. Given that the con-
fined particle initially is in the ground state, and ends up in the ground
state, find in Born approximation how the differential scattering cross
section varies with scattering angle. You need not bother to compute
constants of proportionality.






CHAPTER 8

DIRAC THEORY OF THE ELECTRON

In the treatment of electrons we pulled three rabbits from the hat: an
electron has spin 1/2, its magnetic dipole moment is very nearly twice
that of the orbital model in which charge and mass move together, and
the spin-orbit interaction is a factor of two off the value we arrived at by
the heuristic argument in section 42. The factor of two in the last effect is
recovered if one does the Lorentz transformations in a more careful (and
correct) way, but it is easier to get it from the relativistic Dirac equation
to be presented here. This equation applied to an electron also says the
particle has spin 1/2, as observed, and it says the gyromagnetic ratio in
equation (23.11) is g = 2. The small difference from the observed value,
g = 2.002... for an electron, is accounted for by the quantum treatment
of the electromagnetic field, but that goes beyond the bounds of this
book.

52 Electron Spin, Magnetic Dipole Moment, and Spin-Orbit
Coupling”

Relativistic de Broglie Relations

It will be recalled that in special relativity theory an event is labeled by
its coordinates in space and time: z, y, z, and t. Since these quantities
depend on a specific choice for the origin and orientation of the coordi-
nate axes, their values have no fundamental significance: the same event
in spacetime can be labeled by another set of quantities, ', ¥/, 2/, and
t’, simply by using another coordinate system.

A Lorentz transformation is the set of relations between the coor-
dinates of a given event in spacelime as measured in two coordinate
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systems that are moving relative to each other at some fixed velocity. If
the coordinate axes are perpendicular (a cartesian coordinate system)
and the relative velocity of the two coordinate systems is along the z
axes, the relations are

5 l—vz

b= (1 —v2)172’

;. T—wut

T a-ee (52.1)
'

¥y =1

7=z

The two coordinate systems have parallel axes and the same origin: the
event at £ = y = z = t = 0 also has coordinate label 2’ = ¢/ = 2/ =
t' = 0. The primed coordinate axes are moving toward the positive x
axis at speed v. To check this, note that the second equation says the
spatial origin of the primed coordinates, at ' = 0, has position z = vt
in the unprimed coordinates. Finally, equation (52.1) is written in units
of length and time such that the velocity of light is unity:

c=1 (52.2)

This standard convention simplifies the equations.

If two events in spacetime are labeled by the coordinates z, vy, z, t,
and = + Az, y + Ay, z+ Az, t + At in a given coordinate system, the
invariant “distance” s between the events is given by the equation

§2 = At® — Az? — Ay? - A2 (52.3)

As you can check, the same value of s? is obtained if it is computed in the
new coordinate system given by the Lorentz transformation (52.1). The
value of s for the two given events also is left unchanged by a rotation
of the spatial part of the coordinate system (which of course does not
change the spatial separation [Az? + Ay? + Az?]'/2) or by a shift of the
origin of the coordinates (which cancels out of the coordinate differences
Az).

We can attach physical significance to s because its value for the
given two events is independent of the choice of coordinate system in
which it is computed. If s? is negative, the magnitude of s is the spatial
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distance between the events measured by an observer moving so the
events are observed to happen at the same time. If s2 > 0, s is the time
between the events measured by an observer who moves freely from one
event to the other. If the two events are connected by a pulse of light, the
pulse moving from spatial position x, ¥, z at time ¢ to spatial position
r+ Az, y+ Ay, z+ Az at time ¢ + At, then in the time interval At the
pulse has moved through space by the distance

r=(Az? + Ay? + Az2?)2 = At, (52.4)

so s = 0. (Recall that we have chosen units of length and time so the
velocity of light is unity.)

Another invariant is constructed from the energy and momentum of
a particle,

m
E=-——F—
— a)1/2°
( . JH (52.5)
PT a7
The particle is moving with velocity
dr
vV = d—tl., (526)

in the coordinate system to which these relativistic expressions for energy
and momentum refer. The energy and momentum referred to a new
coordinate system moving with respect to the first one are given by
the Lorentz transformations (52.1), with F replacing ¢, p, replacing r,
and so on. One says that t,z,y, z and E, p,, p,, p. both are four-vectors,
transforming in the same way under a coordinate transformation. An
easy way to arrive at the energy and momentum relations in equations
(52.5) is to suppose the particle is at rest in the unprimed coordinates
of equation (52.1). In this rest coordinate system, the energy is the
annihilation energy, F = m, and the momentum is p = 0 because the
particle is not moving. Then on replacing ¢ with E = m and z with p =0
in the first two lines of equation (52.1), we get E' =m/(1 — v?)'/2 and
p' = —muv/(1 —v?)'/2. The minus sign appears because the particle is at
rest in the unprimed coordinates that are moving toward the negative
z' axis at speed v.
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The same algebra that showed s? in equation (52.3) is an invariant,
that is, unaffected by a coordinate transformation, shows that another
Lorentz invariant is

E*—pi—p,—p=E*-p* =m?. (52.7)

The invariant here is the square of the particle rest mass, m.

We arrive at yet another invariant in quantum mechanics. In section
5 we wrote down the wave function for a free particle with definite energy
and momentum F and p (egs. [5.1] and [5.4]):

P x €, o=k -r—uwt (52.8)

The discussion in section 5 assumes the momentum p is small (energy E,
including annihilation energy m, > p), so we can do mechanics in the
nonrelativistic limit. However, we can always make the momentum of
the particle large ( p comparable to E), for the same physical situation,
simply by transforming to a coordinate frame that is moving at high
speed relative to the original one. Since the phases, ¢(r,t), of waves de-
termine how they interfere, and constructive or destructive interference
exists independent of the choice of coordinate system in which we choose
to compute it, phases have to be invariants. We assure that is the case
by postulating that the quantities w, k., k,, and k, in equation (52.8)
transform as a four-vector under a change of velocity of the coordinate
system, following the same Lorentz transformation law we applied to the
four-vectors t, z, y, and z, and to E, p;, py, and p,. Then the algebra
that showed s (eq. [52.3]) and m (eq. [52.7]) are invariants shows ¢ in
equation (52.8) is invariant.

The key point of this discussion is that the quantities F, pz, py,
and p, transform as a four-vector, as do the quantities w, k., ky, and
k.. In the nonrelativistic limit, where p is small compared to F, the de
Broglie relations (eq. [5.4]) say the two four-vectors are proportional to
each other:

E = hw, p = hk. (52.9)

Since they transform in the same way under a change of velocity of the
coordinate system, these four-vectors have to be proportional to each
other (with constant of proportionality ) whatever the particle velocity.
That is, equations (52.9) are the general de Broglie relations, where E
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and p are the relativistic energy and momentum defined in equation
(52.5). This relativistic relation is used for photons in equation (5.4).

In section 6 the de Broglie relations are used to write down the non-
relativistic Schrodinger equation satisfied by a free particle. The analo-
gous approach here is to note that, by equations (52.7) and (52.9), the
de Broglie frequency and wave number satisfy

R (w? - k) =m?, (52.10)

so the wave function in equation (52.8) satisfies the differential equation

—73@ + RV = m%y (52.11)
ot? N ' '
If we wanted to use this as a relativistic Schridinger equation, we would
have to come up with expressions for the probability distribution in posi-
tion, p(r,t), and the probability flux, j(r,t), that satisfy the conservation
law (eq. [8.11])

L4 -
5t +V-j=0. (52.12)
Candidates are
ih ay oyp*
p =4-— (w*___ = w ) 1

N Eh * *
J——%(w Vi — 9 Vy*).

One readily checks that if ¢ satisfies the wave equation (52.11) then p
and j satisfy the conservation law (52.12). The probability flux density
j in equation (52.13) is the same as the nonrelativistic expression in
equation (8.13), so this looks like the right relativistic generalization.
However, the expression for p is unacceptable because it can be negative,
and a probability density has to be greater than or equal to zero.

It is easy to see why we have a problem with probability density. The
discussion in equations (21.12) to (21.15) indicates that Schrodinger’s
equation has to be first order in the time derivative, while equation
(52.11) is second order. To get a first-order equation we want to write
equation (52.7) as

E = (p? + m?)'/? (52.14)

and then replace F and p with time and space derivative operators. But
how does one deal with the square root of an operator? Dirac’s beautiful
trick for taking the “square root” in equation (52.14) is discussed next.
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The Dirac Equation

Dirac introduced the Hamiltonian
H=a&- -p+ fm. (52.15)

The rest mass of the particle is m, (3 is a constant, @ is a constant space
vector, and the momentum operator is

p = —ihV. (52.16)

This familiar expression for the momentum operator is consistent with
the second of the relativistic de Broglie relations in equation (52.9), that
is, it is the proper relativistic expression for the momentum operator.
Consistent with the first de Broglie relation, Schrodinger’s equation is
the usual form

L OY
ih—r = HY, (52.17)
with
Hvy = Ev, (52.18)

for a state with definite relativistic energy E.
Now we want the energy operator H to agree with equation (52.7),
so it must satisfy
H? =p* +m?. (52.19)

The square of the Dirac form for H in equation (52.15) is
H? = agappape + m(aaf + Bag)p. + m2 4. (52.20)

The order of & and 3 has been preserved, because to get this expression
to agree with equation (52.19) we have to assume @ and 3 do not com-
mute. But since & and [ are constants (independent of position) we can
put them on either side of the derivative operator p. The summation
convention is used here: repeated indices are to be summed from 1 to 3,
representing the z, y, and z components. Thus the dot product between
vectors A and B is

A-B = A,B,. (52.21)

Previously we used this index notation with Greek letters «, £, . .. ; Latin
letters are used here to avoid confusion with Dirac’s vector &.
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The two expressions for H in equations (52.19) and (52.20) agree if

of + B = [@q, B+ =0, (52.22)

QaQp + Qplyg = [(}‘a, ab]-F— = 26ab-

The plus sign in the subscript means an anticommutator, rather than
the commutators we have been dealing with up to now. Thus

(A, B]. = AB + BA. (52.23)

To see that the first term in the right-hand side of equation (52.20) is
reduced to the wanted form, write it as

(aaab I abﬂ'a)papb = PaPblab = pz- (5224)

b =

The conclusion is that if Dirac’s constants & and [ satisfy the anti-
commutation relations in equation (52.22) then the square of Dirac’s
Hamiltonian (eq. [52.15]) satisfies the wanted relation between energy,
momentum, and rest mass.

Dirac had a good model for what @ and  might be from the Pauli
spin matrices (eq. 24.20]),

U$:|:(l) :}] oyz[g Bi]‘ az=[(l] mol]. (52.25)

It will be recalled that the square of any one of these matrices is the
identity matrix,
g2 =1 (52.26)

and that the product of two different matrices satisfies
Oz0y = i0y; OyOy = —i0, (52.27)
and so on. Thus these matrices satisfy the anticommutation relations

[Uﬂ.o'b]+ = 264p. (52.28)
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This is just what is wanted for the Dirac constants (eq. [52.22]). However,
there are only three Pauli matrices and we need four for # and the three
components of @ This means we have to go to matrices of larger size;
four-by-four does it.

Dirac’s choices for the four-by-four matrices are

aa=[;] ‘H ﬂ:[é _OI]. (52.29)

These are two-by-two matrices each of whose elements are two-by-two
matrices, where I is the identity,

1:[(1] {1’] (52.30)
Thus for example
0 001
o I R | R
1 000

Here is a notation that helps keep track of multiplications of these
matrices. If A and B are matrices,

An Au] [Bll Bl?]
A= , B= , 52.32
[A‘Zl Agg Bgl ng ( )

then we can define a four-by-four matrix

AuBu AnByz AieBinn AwBi
AnB A12B]_ A1 Ba AnBze A12By A1aBag
A B A21Bia AxnBi AxBi

A®B=[ =
A91Ba1  A1Bay  ApBsy  ABi

AnB AxB

(52.33)

That is, each element of A® B is the matrix element of A multiplied by
the matrix B. In computing the product of A ® B with C ® D we can
multiply out the product AC in the usual way, but we note that all the
matrix elements of A are multiplied by B, and all the elements of C are
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multiplied by D, so the elements of the product AC all are multiplied
by the matrix product BD:

(A® B)(C® D) = AC ® BD. (52.34)
The Dirac matrices in equation (52.29) are
a, =01 ®0g B=03® 1. (52.35)

Here o, and o3 are the same as o, and o, in equation (52.25); the use
of numbers may help distinguish them from the matrices o, and I that
appear in their matrix elements. As an example of the product of two
of these matrices, consider

o= (01R0;)(e3R1) =0103 Q0.1 =—ios ® 0. (52.36)

The product 0,03 is —io2 (eq. [52.27]). The product of o, with the
identity is just ¢,. The same product in the opposite order is

Boay =o030; @ Io; = 103 @ 0. (52.37)

The sum is

oz + Pa, = [a_..:, ﬁ]+ =0. (52-38)

These matrices anticommute, as desired. It is left as an exercise to check
that the Dirac matrices in equation (52.35) satisfy the other relations in
equation (52.22).

Since @ and 3 are four-by-four matrices, the wave function has four
components, of the form

¢1 (r, t)
_ 11)2(1‘1 t)
Y= wart) | - (52.39)

1!':'4(!.1 t]

As for the matrices, we can write the wave function as a two-component
vector,

_ ¥+
¥ = [w_] , (52.40)

where 1, and 1_ each are two-element column vectors. Then in the
notation in equation (52.29) for & and 3 as two-by-two matrices, each
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of whose elements is a two-by-two matrix, Dirac’s equation for a free
particle is (egs. [52.15], [52.17], and [52.35])

il bl R P [ o A R S B

The two components of this equation are

. a -
%ﬁaﬂ% =0 pY- +mipy,
(52.42)

7]
h—y_ =4 —mi_.
{ (%lf) PY+ ()
Each of these two equations has two components.

Spin

Let us place the Dirac particle in a spherically symmetric potential well
that is represented by adding the potential energy V(r) to the Hamilto-
nian, giving

H=a-p+pm+V(r). (52.43)

To see that the particle has spin, consider angular momentum con-
servation. The orbital angular momentum operator for this particle is
L = r x p; in the notation of equation (17.8) this is

L, = €abeTvpe- (52.44)

As usual, repeated indices are summed. The permutation symbol is
€123 = 1, and €45 changes sign if indices are exchanged.

The commutator of the angular momentum component L, with the
potential V (r) vanishes because V is spherically symmetric. Since 8m is
a constant it commutes with L,. Thus the commutator of H in equation
(52.43) with the a** component of orbital angular momentum is

[H, Lo] = €abc0ta[pa, Tope)- (52.45)

We have from equation (52.16) the canonical commutation relation
[Pa, rs] = —ihbpa, so this is

[H1 Ln] = *iﬁ'eabcab'pc- (5246)
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Since this commutator does not identically vanish, orbital angular mo-
mentum is not conserved. This means there has to be another contribu-
tion to the total angular momentum.

We arrive at the angular momentum conservation law by considering
the three matrices

o, 0
E,,:I@cra:[o GJ, (52.47)

for a = 1,2,3. Let us find the commutator of ¥, with the Dirac Hamil-
tonian. The commutator of 3 with X, is

[8,5a] = [03®@ 1,1 Q04 = 03 @ [I,04] = 0. (52.48)

The multiplication procedure works as in equation (52.36): the identity
matrix multiplied by g3 gives o3; its matrix elements are multiplied by
the commutator of the identity matrix with o,, which vanishes. In the
same way, one finds

[ty Za] = [01 ® 0c, I ® 04) = 01 ® [0, 4] (52.49)
The commutator here is
[0ey0a] = 2i€qbcob. (52.50)

This follows from equation (52.27), or from the general angular momen-
tum commutation relations (eq. [24.28]). Equation (52.49) is then

[ate, Ba] = 2i€ape01 @ 0 = 2i€0pc0p. (52.51)

In the last step we recognize the Dirac matrix (eq. [52.35]).
With equations (52.48) and (52.51), we see that the commutator of
¥, with the Hamiltonian (52.43) is

[H,Z4] = pelac, Za] = 2i€apc0ppe- (52.52)

This differs from the commutator of H with the orbital angular momen-
tum component L, by the factor —#/2 (eq. [52.46]). This suggests we
form the vector sum

T Lt gza. (52.53)
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Equations (52.46) and (52.52) say the sum J, commutes with the Hamil-
tonian, that is, J, represents a conserved quantity.

The conclusion is that the orbital angular momentum L of a Dirac
particle in a spherically symmetric potential well is not conserved, but
that we get a conservation law by adding to L the observables called the
components of the particle spin,

Sg = g}:a, (52.54)

One sees from equations (52.47) and (52.50) that the spin operators
obey the usual angular momentum commutation relations,

[Sa, Sb) = theapese. (52.55)

Since Ei = I (eq. [52.26]), the square of the spin operator defined in
equation (52.54) is

=8 +s2+s2=3h%/4=hx1/2x3/2 (52.56)

This is the eigenvalue of the square of the angular momentum operator
for spin 1/2. That is, the Dirac particle has spin 1/2 (for the X, are spin
1/2 matrices).

It is easy to write down the eigenvectors of the z component of the
spin. The z spin matrix is (egs. [52.47] and [52.54])

hleo, 0
8, = '§ [ 0 Jz] . (5257)

Let the two-component eigenvector of the two-by-two Pauli matrix o,
with eigenvalue +1 be (7). Then in the wave function notation of equa-
tion (52.40) two eigenvectors of s, both having eigenvalue +h/2, are

[mO(T)] o [w_‘}m] _ (52.58)

Since we need two components to represent a spin 1/2 particle, why
does the Dirac equation have four components? Having arranged to ex-
press the Hamiltonian as the “square root” of the relativistic relation
between energy and momentum (eq. [52.14]), we should not be surprised
that the mathematics allows either sign for the square root, that is, that
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it allows negative energy solutions as well as positive energy ones. The
two pairs of components in the wave function reflect the possibility of
choosing either positive or negative energy. As will be seen, in the non-
relativistic limit the positive energy solutions have ¢_ small compared
to ¥4 in equation (52.40).

Magnetic Moment

The prescription for the Hamiltonian of a particle with charge ¢ in a
magnetic field B was discussed in section 19: wherever the momentum
operator p appears in the Hamiltonian in the absence of B, replace p
with

pP—P—4qA, (52.59)

where the magnetic field is the curl of the vector potential A (egs. [19.14]
and [19.32]):
B=VxA. (52.60)

The Hamiltonian for a Dirac particle of charge ¢ in a magnetic field thus
becomes (eq. [52.15))

H=a-(p-qgA)+pm, (52.61)

where p is the derivative operator in equation (52.16).
* With this Hamiltonian, equation (52.42) is changed to

0 o
ihaﬂ% =0-(p—qA)Y_ +miy,
(52.62)

a
tho¥- =6 (P — gAY —mi_.

To see why this describes a particle with a magnetic dipole moment,
suppose the energy F is positive and the motions are nonrelativistic,
so E is close to the annihilation energy, m. Since the wave function
varies with time as ¥ ~ e *F¥" and FE is close to m, we remove the
dominant part of the time dependence by defining the functions ¢4 by
the equations

P e mih, o migo e (52.63)
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This in equation (52.62) gives

i 6e =5 (p—aA)é,
(52.64)

d
ih*égfﬁ— =0-(p—qA)ps —2mo_.

The substitution eliminates m from the first equation, but not the sec-
ond, where the mass appears with the opposite sign.

The time rate of change of the ¢4 is determined by the difference
between the total energy and the annihilation energy, m. In the non-
relativistic limit this difference is small compared to m. Thus in the
second of equations (52.64) we can neglect ihd¢_ /6t as small compared
to m¢_. This leaves

|
¢-=5-5" (p—qA)ods, (52.65)

in the nonrelativistic limit. The large denominator in this expression
makes ¢_ much smaller than ¢4 in this limit.

The result of substituting equation (52.65) for ¢_ back into equation
(52.64) for ¢4 is

., 0 1
1555 by = Q—maao‘b(Pa — qAq)(ps — qAb) P (52.66)
This expression is simplified by using the identity
a0y = dap + i€qpc0c. (5267)

If a = b this is equation (52.26); if a = 1 and b = 2 it says 0,0, = i0,,
which is equation (52.27). The second term in this identity in the right-
hand side of equation (52.66) gives

i iq
%‘aceabc{pa = qAa)(pb = qAb)¢+ = 'Q'T;Jcﬁabc(PaAb + Aa.’pb)¢+

qh
== '%Ucfabc(va’qb = Abva)¢+

_gh oA

Oc€abe— P+
2m ¢ or,

h
= —;?10' 'B¢+.

(52.68)
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The first step eliminates the even terms p,p, and A, Ay, because €., is
odd. The second step replaces the momentum with the derivative opera-
tor and exchanges the indices of summation a and b in the second term.
The latter changes the sign of the term, because €4, is antisymmetric.
This yields the commutator that produces the derivative of the vector
potential in the next line. The last step is to note that we have arrived
at the curl of the vector potential A, which is the magnetic field.

This result with the first term in the identity (52.67) brings equation
(52.66) to

L d¢r _(P—qAP? g
ih ot = om ¢+ ms . B¢+‘ (52-69)

with s = hd/2, as in equation (52.57). This is a two-component wave
equation, representing the two spin components of the particle. The
first term on the right-hand side of this equation is the nonrelativistic
form for the kinetic energy in a magnetic field (eq. [19.32]). The second
term is equations (23.9) and (23.11) for the energy of a particle with
gyromagnetic ratio g = 2. As we have noted, the slightly larger measured
value of g for the electron is accounted for in a quantum treatment of
the electromagnetic field.

Spin-Orbit Coupling

Consider again a Dirac particle in a spherically symmetric potential well
V(r), with no magnetic field, so the Hamiltonian is given in equation
(52.43). The goal here is to write the energy eigenvalue equation at low
energy in a form that reveals the spin-orbit coupling discussed in section
42,

Let us write the total energy of the particle as m+ E, so the term F
represents the contribution of the kinetic and potential energies. The en-
ergy eigenvalue equation written out in the notation of equation (52.42)
is

G-pY- +myy + Vi = (E+m)yy,
(52.70)
G py —mY_ + Voo = (E+m)y_.
We can use the second equation to express 1 in terms of ¥:
P = - G- py (52.71)
-~ T oam+E-V° P¥+ :
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This in the first of equations (52.70) gives

- !

O PomtyE—V
We have arrived at a two-component energy eigenvalue equation.

The first term in the equation contains the product o,0p, which we can

replace with the identity in equation (52.67). The second term in this
identity gives an expression of the form

G pY+ + Vo = Eyy. (52.72)

1€abeOcPal Po - (52.73)
In the nonrelativistic limit, the function F' is
1 1 V—-E
~emoy = w ) G2

to lowest nontrivial order in the small number (V — E)/m. In equation
(52.73) we can write

. OF
PaFpy = [pa, Flps + Fpaps = -%harmpb + Fpaps- (52.75)

The second term vanishes in equation (52.73), because p,py is symmetric
in @ and b and €,4p. is antisymmetric. The derivative of F in equation

(52.74) is
OF _ 1 8V _ 1 dVr,

Ore  4m2dr, 4m?dr r’
The last step assumes the potential V' is a function of radius r, and
uses Or/0r, =1, /1 (eq. [6.11]). On collecting all these results, equation
(52.72) becomes

1 (, V-E hodv
% (p + D 2m p) TP+ =+ 4m27‘ E;Eﬂbcacrqpbw+ - Ew-[u (52.77)

(52.76)

We recognize €gpcrqpp S L., the & component of the orbital angular
momentum operator. On writing the spin operator as s = hd /2, as in
equation (52.69), we get finally

dv

% ('p +p- om p) Py + .2‘.'?.?._2?"?1‘ sy = By, (52.78)

The second term is the same as in equation (42.11), with potential V' =
q¢ = —ed, where ¢ is the electrostatic potential, and the right numerical
factor for the spin-orbit coupling. The first term contains the first-order
relativistic correction to the kinetic energy.



absorption cross section, 384

adjoint, 93, 180; in polar cuordinates,
172

ammonia inversion oscillation, 86, 162

Angstrom, 82

angular frequency, 26; positive, 290

angular momentum, 11, 25, 123; addi-
tion of, 136, 165, 214, 312; commuta-
tion relations for, 124; conservation of,
134; eigenvalues of, 129; ladder opera-
tors for, 127, 165, 312; and rotations,
133, 197. See also orbital angular mo-
mentum; spin angular momentum

annihilation operator, 295

anticommutator, 117, 407

barrier penetration. See tunneling
basis, 102

Bell’s inequality, 252

binding energy, 35

blackbody radiation, 18
Bohm-Aharonov effect, 155

Bohr model, 24

Bohr radius, 25

Boltzmann constant, 6

Boltzmann distribution, 7, 241

Born approximation, 374, 394
Born-Oppenheimer approximation, 348
bracket, 178

bra vector, 177

Breit-Wigner resonance line shape, 391

canonical momentum, 148; and velocity,
154

canonical quantization, 152

carbon, 344

circular polarization, 290, 321

cold fusion, 52

collapse of the wave function, 51, 236

combination principle, 23

commutator, 37

compatible observables, 109, 188

complementarity principle, 246

completeness, 101, 184

Compton effect, 23

Index

Compton wavelength, 58, 283

conservalion of angular momentum, 134;
of linear momentum, 121; of mass, 12;
of parity, 119

creation operator, 295

de Broglie relations, 27, 404

de Broglie wavelength, 27, 83, 404

Debye heat capacity, 12, 77, 83

decay from hyperfine state, 303; from
resonance state, 393

degenerate perturbation theory, 271

density matrix, 239

deuteron, 52, 87, 229; and neutron-
proton scattering, 397; spin of, 315

differential cross section, 365

dipole clectromagnetic field, 274

Dirac delta function, 62

Dirac equation, 406

Dirac matrices, 408

dispersion relation, 26

double slit experiment, 243

effective charge, 328

effective potential for central force, 142

Ehrenfest’s theorem, 113

eigenfunctions, 33, 95; simultaneous, 98

eigenvalue, 33, 97; continuous, 106, 184

eigenvalue equation, 33, 72, 78, 95, 182

eigenvector, 181

electric dipole moment, 266

electric dipole radiation rate, 319

electric dipole transition, 317; selection
rules for, 320

electron charge, 58; magnetic moment,
200; mass, 82; spin, 198

electron configuration, 333

electron volt, 82

energy eigenvalue equation, 32, 192

energy quantization, 4, 24, 31, 41

energy variational principle, 323

EPR effect, 246

equipartition, 9

exclusion principle, 333

expectation value, 7, 70; time evolution
of, 113. See also observable
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fine-structure, 341

fine-structure constant, 283

first-order perturbation theory, 261

flux density of mass, 12; of particles, 364;
of probability, 50

Fourier transform, 60; and Dirac delta
function, 63

four-vector, 403

gauge transformation for the electromag-
netic field, 149; for the wave function,
154 )

Gaussian wave function, 84, 88

generators for rotation, 133; for transla-
tion, 121

group velocity, 30, 47

gyromagnetic ratio, 200

Hamiltonian, 110, 148, 192; for particle
in magnetic field, 151

heat capacity of Debye solid, 18; of Ein-
stein solid, 11; of molecular hydrogen,
10

Heisenberg representation, 112; for
quantum field, 292

helium, 326

hermitian adjoint, 186

hidden variables, 252

hydrogen atom, 33, 143; wave functions
of, 145; 2s state of, 310

hydrogen molecule, 10, 82, 347, 357

hyperfine structure, 228; in atomic hy-
drogen, 273; in deuterium, 315

induced transition, 288, 299
inner product, 71, 92

ket vector, 177
Kronecker delta function, 61

Lagrangian, 147; for particle in magnetic
field, 149

Landé g-factor, 316

Laplacian in polar coordinates, 141, 173

Legendre polynomial, 161

linear independence, 97

linearity of probability amplitude, 234

linear space, 91, 175

lithium, 337

Lorentz transformation, 402

magnetic dipole interaction, 200, 275,
311

magnetic dipole moment, 199; for
deuteron, 315; in Dirac equation, 413;
for electron, 200; for proton, 275

magnetic resonance, 309

many-particle system, 73, 196

matrix eigenvalue equation, 78, 99

matrix mechanics, 185

Maxwell’s equations, 19

measurement theory, 231

mixed state, 237

momentum eigenfunction, 72; measure-
ment, 64; operator, 71; wave function,
67, 195, 226

normalization, 48, 106, 191; of continu-
ous eigenvectors, 184
normal modes, 15, 81

observable, 105, 188; expectation value
of, 71, 107, 190

operator, 36, 92, 179; matrix element of,
185

optical theorem, 366

orbital angular momentum, 123; eigen-
functions for, 132

orthogonality, 61, 182; of eigenvectors,
a7

oscillator, 36, 167; coherent states of|
169; and the electromagnetic field,
292; energy levels of, 40; ladder oper-
ators of, 39, 293; position matrix ele-
ments of, 294; squeezed states of, 170;
thermal energy of, 9; wave function of,
84

parity, 115; conservation of, 119

partial wave, 362, 377; expansion of
plane wave, 379, 386; phase shift of,
381, 387

Pauli spin matrices, 207

periodic boundary condition, 16

permutation symbol, 125

perturbation theory, 259

phase velocity, 26

phonon, 77

photoionization, 22, 318

photon, 22, 295; spin of, 291

Planck constant, 8

Planck spectrum, 21



plane wave, 26; as momentum eigen-
state, 72; as sum of spherical waves,
379, 386

polar coordinates, 130

polarizability tensor, 269

position observable, 193

position representation, 187

position translation operator, 121

precession, 167, 212, 227

probability, 4; conservation of, 49, 191;
distribution of, 67, 105, 189; flux of, 50

probability amplitude, 189, 208; linearity
of, 234

probability in quantum mechanics, 48,
231

propagation vector, 26

proton magnetic moment, 275; mass, 11;
spin, 198

pure state, 232

p-wave, 146

radial wave function, 34, 142; and proba-
bility, 89

Rayleigh-Jeans spectrum, 21

reduced mass, 76

resonant scattering, 391; and time delay,
303

rotation operator, 134; for spin one-half,
209

Rutherford cross section, 377

Rydberg, 331

scalar product. See inner product

scattering, 359; boundary condition for,
361, 371

scattering amplitude, 361

scattering cross section, 365

Schrédinger representation, 110, 191

Schridinger’s cat, 248

Schrodinger’s equation, 32, 110, 192;
radial form of, 34, 142

selection rules, 291, 320

self-adjoint operator, 93, 160, 181

shadow scattering, 385

singlet spin state, 217

solid angle, 365

spherical Bessel function, 378

spherical harmonic, 132

spherical wave. See partial wave

spin angular momentum, 196; in Dirac
equation, 410

Index 419

spin one matrices, 227

spin one-half matrices, 207

spin-orbit interaction, 339; in Dirac
equation, 415

spin wave function, 277, 334

spontaneous transition, 299

square potential well, 44, 85, 87

standard deviation, 88

Stark effect, 266

state vector, 188; and measurements, 51,
232; time-dependence of, 111, 192

Stefan-Boltzmann law, 21

Stern-Gerlach effect, 202, 232

stimulated transition. See induced tran-
sition

sum over momentum states, 17, 21, 302

s-wave, 146; part of plane wave, 381;
phase shift, 381

symmetries and conservation laws, 119

term symbol, 335

time-dependent perturbation theory, 283
time translation operator, 111, 191
transition probability, 287

triangle rule for angular momentum, 137
triplet spin state, 217

tunneling, 54, 163, 393

two-particle system, 74, 139

uncertainty in energy and time, 287, 393
uncertainty principle, 68, 224
unitary transformation, 95, 191

virial theorem, 353

wave equation for radiation, 20; for
sound, 14

wave function, 91, 187; nodes of, 43; nor-
malization of, 48, 106; radial, 34, 142

wavelength, 26

wave mechanics, 91, 187, 192

wavenumber, 26

wave packet, 28, 46, 65, 360, 392; for
minimum energy-momentum uncer-
tainty, 88

Wigner-Eckart theorem, 316

Wigner's friend, 248

WKB approximation, 44

Zeeman effect, 264; in hyperfine splitting
in atomic hydrogen, 228
zero point energy, 40, 357



